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This volume is dedicated to the 80" anniversary of Ladislaus Alexander
Banyai - Laci, for his many friends -, (retired) extraordinary professor
at the Johann Wolfgang Goethe Universitit, Frankfurt am Main. This
volume contains a biographic and a scientific part. The biographic one
starts with a discussion with him. He recounts some significant events
of his life including his remembrance about friends and coworkers.

The scientific part includes a selection of his papers with their short
presentation, as well as a list of his about 140 scientific papers and
3 physics books. An English translation of his early (1968) but still
relevant review on the quantum mechanical transport theory is also
included.
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Who are you, Mr. Banyai?

Conversations with Victor Barsan

VB: Dear Laci, I think, it would be interesting for those who want to learn about
your activity, to get also some biographical marks. Life is strongly related to work
and you went through many domains of science, got a wealth of personal experience
in scientific centers, countries and political systems.

LB: [ was born in Cluj, in a family of Hungarian intellectuals. My father, after his
university studies in France, adhered in the thirties to the communist ideology
and was for a while even jailed for communist propaganda. After the second
world war, he had several important, but not political positions, for instance that
of the Rector of the Bolyai Hungarian university in Cluj. My parents taught me
internationalism, humanism, dignity and political courage. The latter contradicted
their own political stances, however they accepted mine. By the end of his life my
father became disillusioned with communism. His last words to me were: “I put my
life on a wrong card!”.

VB: Can you give a glimpse at the history of the today Babes-Bolyai University,
which is Romanian, but has also a Hungarian section?

LB: Since the end of the 16" century Cluj is a university town. The Academies under
the auspices of the catholic church educated in the German and Latin languages.
In 1881 the Hungarian Royal Franz Josef University (the second in Hungary)
was founded in Cluj. Among the students of this university were also famous
Romanian intellectuals like Iuliu Maniu, Iuliu Hatieganu and George Cosbuc.
After 1918 Transylvania became part of Romania and the Hungarian university
was transferred to Debrecen. The Romanian King Ferdinand I University was
founded on its place. After the Dictate of Vienna in 1940 the Romanian university
was transferred to Sibiu and Timisoara, while in Cluj the Hungarian University
was reopened. However, due to the 22-year long lack of continuity, with a heavy
import of staff from Hungary. After the second world war and the return of North-
Transylvania to Romania, two universities were simultaneously acting until 1959
in Cluj: the Romanian “Babes” -university and the Hungarian “Bolyai” -university.
There was a cordial, good relationship between the two universities. My father
for instance, during his time as a rector became life-long friends with Constantin
Daicoviciu, the rector of the Babes University (well-known archeologist and
historian of Dacian civilization).

VB: The multicultural character of Cluj always fascinated me, mostly for two of
its aspects. On the one hand, two catholic clerics (roughly in the 15-th century)
there firstly realized that the Romanian language belongs to the Romanic family.
On the other hand here spent his youth Farkas Bolyai and here was born his son
Janos, (“the unhappiest among the famous mathematicians”). It seems to me that
this multicultural color of Cluj unfortunately has paled since your childhood.

LB: The name of the city in Hungarian is Kolozsvar, respectively Klausenburg in
German (Claudiopolis in the middle-age Latin) and it was multi-ethnical along the

Ladislaus Banyai: Profile in Motion m



centuries, though less today. During the middle-ages the population was mostly
Hungarian and German. In the 18" century became mostly Hungarian, while in
the 19' century it witnessed the development of the new Romanian bourgeoisie.
Besides these three main groups there was an important French colony (refugees
of the religious persecutions and of the French revolution). I should name also
the neighboring Dutch colonist’s village of Hochstadt. The last one supplied in
abundance the city with first class vegetables and fruits (until Ceausescu!). The
Jews played an important role both in the industrialization of the city, as well as in
the cultural life, however most of them died in the Holocaust.

VB: The collective memory, at least in Romania, blames Horthy for the deportation
of the Jews, but it seems, it is not correct.

LB: The anti-Jewish laws were introduced under Horthy and the deportation of the
rural Jews began also under his rule. Therefore, it would be difficult not to blame
him at all. It is also true, however, that after his anglophile youngest son presented
him evidence about the real purpose of the deportations, Horthy stopped the
deportations from Budapest. His son was kidnapped later by the Germans, Horthy’s
clumsy, slow efforts to get out Hungary from the war (he hoped the coming of the
British instead of that of the Soviets) ended with the German occupation of Hungary
and his arrest. The Germans brought the extremist “Nyilas” (Arrow Cross) party to
ruling, The Nyilas government continued enthusiastically the deportation of Jews,
even in the very last days of the war. The deportation of the Jews in Cluj occurred
just three months before the Russians entered Cluj. It is worth mentioning, that
the Nazis tried to hide the purpose of the deportations. They forced some of the
deported Jews to send post-cards with nice landscapes about their well-being to
their acquaintances in Cluj. On the other hand, in this period the Transylvanian
catholic bishop of Alba-Iulia, Marton Aron (himself son of simple peasants), visited
Cluj and held a sermon in the St. Michael cathedral against the persecution of the
Jews. After the war, under the communist rule, he was arrested and kept under
home-arrest until his death.

VB: The bright personality of bishop Marton Aron was subject of many reports
in the Hungarian broadcast of the Romanian TV (with Romanian subtitles) in the
early nineties. But let us come back to the story of your life.

LB: The first four classes I learned in Cluj in Hungarian, my mother tongue. The
fifth class I continued also in Hungarian, but in Bucharest, after my father in 1949
had to move to the capital city as one of the leaders of the MNSz (Hungarian Popular
Union) and after its forced dissolution as counselor in the ministry of education. In
the 6 class I moved to a Romanian school for boys. Until that time, my knowledge of
the Romanian language reached only a rudimentary level. I learned Romanian in a
summer vacation camp. Nevertheless,  had to fight for years with the grammatical
genders, lacking in Hungarian.

The 7% class I started in a special school for the children of the political elite,
with special emphasis on the Russian language. This school had a lot of highly
competent soviet teachers. We really loved them as good pedagogues. Contrary to
the expectations of the regime, with a few exceptions, this school did not produce
fervent adepts of the communism, or of the Soviet Union. However, I learned the
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Russian language and got respect for the classical Russian literature, since we
went over it according to the original Russian textbooks. Later I was able to read
Solzhenitsyn Ulitskaya and others in original, as well as the rich amount of physics
books in Russian.

My break with the political indoctrination occurred immediately after my arrival
for study in the fatherland of socialism in the famous year 1956. “This is what we
must build up?” I shall tell more about later, in describing my student years.

Strange enough, I discovered my skill in mathematics by a teacher with very poor
formation (former sport-teacher). She run in a dead end by the proof of a geometry
theorem at the blackboard an I helped her to get out of the catch.

Afterwards I became aware of my mathematical success and by the written tests [
solved the problems of all my friends. To avoid cheating the teacher gave everyone a
different problem but did not care to look at and I had enough time to do the whole
job.

[ had also artistic ambitions and painted in the Pioneers Palace under the guidance
of Spiru Chintilda. Unfortunately, he used me for propagandistic paintings like
Stalin’s portrait and Tito’s caricature and I lost my interest in painting. The last
kick was my acquaintance with Eugen Mihdescu a true young artist, who later
illustrated “The New Yorker”. Now, at old age sometimes I again play around with
painting.

=n

I became a regular reader of the “Gazeta de Matematica si Fizica” (Journal for
Mathematics and Physics, a publication for schoolchildren), solving a lot of the
proposed mathematical problemsjustfor fun.I remained untilnow justapassionate
problem solver. Pure mathematics was not my domain. However, as I learned that
mathematics plays an importantrole in physics, I have chosen physics for my future
studies. A book just published at that time in Russian by Jungk: “Thousands time
brighter than the sun” about the history of nuclear physics played a peculiar role
in this decision.

Here it is the right place to relate an important aspect of my school years. My father
was moved again to Cluj as rector of the Bolyai University from 1952 to 1956.
However, I succeeded to convince my parents to let me further remain in Bucharest
at the preferred school, getting full lodging in a room of an acquaintance of my
parents. Thus, starting at the age of less than 14, I got my independence.

After graduating from high-school (that meant 10 years only in those times) I got
a Diploma cum Laude and the opportunity to start my university studies in the
Soviet Union. However, since there were no places in physics, I opted for the Physics
Department of the Bucharest University.

VB: Were you not rather attracted by the home city of Cluj?

LB: Of course, I felt and still feel myself deeply connected to Cluj (where I spent
also all my holydays), but the Bucharest University had a better fame, linked to the
existence of the Institute of Atomic Physiscs (IFA - Institutul de Fizica Atomica in
Romanian) and the names of Titeica and Hulubei. That’s why I opted for Bucharest.

My first impressions were not positive though. In the first year we had no good
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teachers. The one who read Analysis we called just “the convergent”, according to
a known theorem, since he was monotonous and bounded (in Romanian it means
also “narrow-minded”!). The Mechanics lecture was elementary and annoying. In
one of the Heat Physics lectures the professor showed us different thermometers
lying on the desk. “This is the thermometer with mercury, this one is with alcohol,
and this one with sand ...” Due to a mistake of his labor- assistant a clepsydra
was laying on the desk. We as students were very malign and defined the unit of
stupidity after his name, recommending for everyday use only its pico- variant.
On the other hand, together with other colleagues I frequented on free basis the
beautiful Calculus lectures of Miron Nicolescu for mathematicians.

During the first semester | was informed, that within a few months I could continue
my physics studies in the Soviet Union. In this first semester [ had to share a room
with 24 colleagues in the students hostel with primitive beds on straw mattresses
with bedbugs. The dishes in the refectory were hard to swallow. Under these
conditions I decided to spend these last months at home in better conditions and
moved to the Babes University in Cluj. I did not want to go to the Bolyai to avoid
being the rector’s son. The Babes University I enjoyed for his nice atmosphere, but I
cannot recall very much about it, since after two months [ went to Leningrad.

VB: Tell me about your time as a student in the USSR.

LB: Of course, in Leningrad (today Sankt Petersburg), as a foreign student I got
much better conditions. I shared a clean, well-heated room with a Chinese, a Czech
and two Russians, all of them studying journalism. At least one of the Russians of
course was a KGB stoolie. The student’s refectory was not good, but acceptable.
Sometimes [ went to a restaurant to get better dishes.

The Physics Department was less attractive, it was placed in the former stables
of czar Peter the Great. The lavatories had seats in tandem with a low fence in
between. One could conversate with his neighbor (student or teacher). A lot of
primitive things shocked me. The housing was a big problem in the cities. Several
families had to share a big apartment with only one bath-room and kitchen. The
ugliestimpressions came however from the stories heard from my colleagues about
the situation outside the big cities. It was the time of the twentieth Conference of
the Soviet Communist Party with Khrushchev demystifying Stalin and revealing
his crimes. This was a very hot political period.

I found interesting as well as useful, that all physicists had to learn minimal
technical skills (technical design, descriptive geometry, mechanical, glass and
electric workshops etc.). The general physics and mathematics lectures were
taught by lecturers according to the good standard books. The professors did not
lecture at undergraduate level. Accordingly, one did not need to take notes or to
read miserable heliographed texts, as the state of the art was in Romania. Strangely
enough, we foreign students had to participate at the military training together
with our Russian colleagues. We learned how to mount and unmount a Kalashnikov
and similar things. (Later in Romania at the student’s military summer-trainings
we learned almost nothing useful. It was just a useless tormenting.) Since I
already spoke well Russian, [ had no difficulties passing exams with good grades.
Unfortunately, I did not reach the interesting lectures, compelled to leave soon
Russia.
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During the Hungarian revolution in the fall of 1956, we kept us informed about the
events by listening Hungarian radio, as well as Free Europe and Voice of America.
In Leningrad the Hungarian and Romanian broadcasts were not jammed. The
jamming emitters had a finite radius of action and even in Romania there were
some areas without jamming.

VB: Could You please explain for the younger readers something about the
Hungarian revolution?

LB: After Stalin’s death and the disclosure of his crimes in Hungary, agitations
of left-wing intellectuals and students started to reform socialism. Due to the
rigidity of the system finally a revolt emerged. In Hungary a new government was
installed under the leadership of Nagy Imre (an old communist very popular for his
aura of a reformer). Of course, the revolt was joined also by all anti-communists
including also extreme right. Nagy demanded the depart of soviet troops and
declared that Hungary leaves the Warsaw Pact. The answer was an armed soviet
intervention, that after heavy fights on the streets of Budapest reinstalled the old
regime and arrested the Nagy government. They were brought to Romania and
lived some years detained at Snagov, a small town not far from Bucharest. Later
Kadar, the new leader installed by the soviets, arranged a political trial and Nagy
together with some members of his government were executed. Nevertheless, this
revolution was not in vain. After a few years of terror, the Kaddar government had to
loosen the grip. In a well-defined frame in Hungary has been established a status
thatin the west one called “goulash communism”, with a higher standard oflife and
arelative freedom of expression and travel. Looking from Romania, it appeared as
a dreamland. The Hungarians themselves said that they are living in “the gayest
shack of the camp”.

But let me return to my own story:

Not only in Hungary, but even in the USSR there were student movements in
1956, with spontaneous readings of non-conventional poems at the statue of
Mayakovski. Some unorthodox novels got published like “Not the bread alone”.
Our Marxism assistant wanted to learn from me (between four eyes) about the
events in Hungary. Later I learned that the students were boiling also in Romania
and this turned into many arrestations, especially in Transylvania. At the general
meeting of the Romanian students in Leningrad, some students of philosophy
required more democracy. Soon after the defeat of the Hungarian revolution, a
special committee arrived from Bucharest inquiring the political behavior of the
Romanian students in the USSR and at the same time lecturing us about the right
policies of the Romanian communist party.

Many students and doctorands (called “aspirants”) were immediately called back to
Romania. Among them my friend from Cluj, Stephan Fischer. I was falling slowly in
the trap. [ had to face the committee’s accusation that I am a Hungarian nationalist
and, in this way, to harm also my father. Of course, I denied it, but they insisted
“perhaps subconsciously?”. What could I answer to such insinuations? Finally, I
was asked if my level of political education deserves getting further a stipendium
in the USSSR. As [ was naive and young [ signed it, and that was it. My “unfriendly”
comments regarding the soviet intervention in Hungary were transmitted by the
KGB to this committee and in March 1957 I received a telegram ordering me back
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into Romania to continue my studies at the Bucharest University.

Totally I spent only a year in Leningrad. Before leaving the vice-dean Novozhilov,
a theorist, advised me to continue in Romania theoretical and not experimental
physics.

My departure caused lots of tears, since | had to leave behind my love (later my wife
for already 60 years). We met in the Bucharest-Moscow train among my classmate
girls.

VB: How long did this separation last?

LB: Until she got her engineer diploma in 1960. However, she came home in every
semester break and we spent those times together. After her return we married,
although I was still in my last year of studies. (1 lost a year due to a punishment [ am
going to tell about later.)

VB: Thus, you returned to Bucharest ...

LB: Indeed, however this time I was living with my parents, who were again
transferred to Bucharest. In the physics department now, I attended interesting
lectures and this time we had good teachers and many very good assistants.

I was lucky having gifted colleagues like Adam Schwimmer, who became later a
very known and appreciated theorist after he left Romania and got with four years
of retardation his degree in Israel. We competed in problem solving. The most
important lecture was the electrodynamics of Prof. Valeriu Novacu. His lecturing
itself was not good, but he had a good choice of the thematic. Often, he was replaced
by his lecturers (Klarsfeld, Eftimiu) who gave a good performance. I took no notes
butstarted to read the best textbooks available both in Russian as well as in English
(already available in the library!). These lectures arose my passion for theoretical
physics.

[ have a nice recollection about Chaim Iusim (who left later for Israel), lecturing
about statistical mechanics, as well as about Viorel Sergiescu (emigrated to France
in 1972) lecturing thermodynamics, both from Prof. Serban Titeica’s chair. Prof.
Radu Grigorovici’s lectures on optics were also remarkable due to the many
impressive experimental demonstrations.

VB: People lived with the illusion, that after Stalin’s death, things should improve ...

LB: Indeed, there was a hope until 1958 when the big cleansing started. That
summer Gheorghiu-Dej, prime secretary of the PMR (Romanian Workers' Party)
started a big cleansing of cadres overall. People were fired for any or no reason at
all. Gheorghiu-Dej was afraid, that along the destalinization process, Khrushchev
might want to eliminate him also. Therefore, he eliminated his opponents from
the party leadership the “rightist deviationists” Miron Constantinescu, losif
Chisinevschi and Gheorghe Apostol.) and eliminated all those suspected for
loyalty to the soviets. (Before he Kkilled already his competitor Patrascanu.) To
hide the purpose of this operation he promoted chaotic reprisals. Afterwards he
rehabilitated many of the victims.

That summer my parents were fired from the ministry of education and my later
father-in-law from the ministry of commerce.
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I was expelled from all the universities for “adverse attitude towards the RPR
(Romanian People's Republic)”, due to my old sins in the USSR. Fortunately, thanks
to the empathy of most of my colleagues I was not excluded from the UTM (Union of
Young Workers) and this was very important in those times.

The only way for saving itself was to try rehabilitation by “work at the basis”.
This rehabilitation was nothing more but a period of humiliation. I went as a lathe
apprentice into a factory. In the beginning the workers looked at me with suspicion.
They felt, I am different. After a very short time I got enough qualification to get
respected also by the older workers. Of course, for me it was easy to learn the art
from a textbook and I had also a natural skill for technics. I enjoyed solving not
only theoretical, but technical problems alike. Later I repaired my car Dacia in our
courtyard myself.

In the fall at the meeting of the Romanian students still returning to continue their
study in the USSR one has exposed in a speech “the right deviationist clique of
Fischer-Banyai”. Many years after indeed we both deviated to West-Germany.

VB: What happened to the “deviationist” Fischer in that summer of 1958?

LB: After the “work at the basis” as a frigorific technician and “rehabilitation” he
gothis diploma at the Bucharest Institute of Cinematography and worked as camera
man and editor at the Hungarian TV in Bucharest. He left for West-Germany before
me and worked for the German TV. He made a lot of very interesting documentaries
about many countries. Even one about the Papuans in the jungle. He was a well-
known and esteemed person among the Hungarian intellectuals in Romania as well
as in Hungary. He was a charming and talkative person. We stayed good friends
until his death two years ago in Aachen.

VB: What happened to you after the nightmare of “rehabilitation”?

LB: Next year the atmosphere got lighter and after my worker colleagues have
lifted my UTM (Union of Worker Youth) sanction, I could continue my university
studies. Nevertheless, at the Physics Department [ was continuously victimized by
the party secretary Smaranda, who treated me as a “spiteful element”. He forbad
me a practicum at the IFA and any path to an academic career after Diploma.

During my work in the factory, as a headstrong I read many books on quantum
mechanics and back in the university I felt myself above the level of my colleagues,
even above some of the professors. | worked out my Thesis under the guidance of
the lecturer Meinhard Mayer form Novacu'’s chair about the renormalization group
in the quantum field theory. He had a good reputation after signing a paper with
Bogolyubov at Dubna and after publishing the first book on quantum field theory
in Romanian.

VB: [t would be interesting to explain the meaning of IFA and IFB. These acronyms
look amazing, since the alphabetic order suggest a certain hierarchy, that
incidentally was not fictitious.

LB: Indeed IFA (Institutul de Fizica Atomica) founded by Prof. Horia Hulubei
(in Magurele near Bucharest) had the first rang as importance (atomic reactor,
betatron) and dimensions, but had very severe political criteria for the personnel.
Prof. Eugen Badarau founded another more modest institute in Bucharest
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(Institutul de Fizica Bucuresti) with research aims in gas discharges (a precursor
of plasma physics) and solid state, with somewhat more liberal political personnel

policy.

Let me return to my griefs: although I had excellent grades, due to my political case
history, I got only a job in the radio-active logging by Ploesti, which I turned down.
Six month [ was hanging in the air, living on the salary of my wife, who worked as
engineer at IOR.

However, [ got the support of Prof. Valeriu Novacu deputy member of the Romanian
Academy, head of one of the chairs of theoretical physics at the Bucharest University,
member of the central committee of the communist party and governor at IAEA).
He was an acquaintance of my father from the illegal times of the communist
movement before the war. He was one of the idealistic communists and helped
gifted young physicist without regard to their political sins. He stems also from Cluj
and became, like my father, communist during his studies in France. After 6 months
indeed, I succeeded to join the theoretical physics section of the IFB, that had been
recently founded by Novacu.

VB: How did it look this theory section and what kind of activities were on in the
IFB?

LB: This section at that time comprised only six researchers. The unofficial boss
was Viorel Sergiescu, specialized in solid stat theory (noise in solids), a former
lecturer at Titeica’s chair. During the 1958 cleansing he lost his faculty position,
went first to IFA, but landed finally at the IFB. There were also other researchers
who got transferred from IFA on political grounds: George Ciobanu worked on
transport theory and Alexandru Glodeanu on the theory of impurity states in
semiconductors. There was also Peter Handel, one year elder, working on the 1/f
noise, that remained his life-obsession. And there were the two novices: Lucian
Brindus and me.

The orientation was determined by the experimental solid-state research in the
institute, but without any direct link.

I met here again Prof. Grigorovici, who also lost his faculty position and led an
experimental lab on semiconductors, something completely new for him.

VB: How did you integrate in this collective, and who guided you?

LB: Sergiescu showed me a list of solid-state theory books, but I interacted sparsely
with him. I respected him for his solid-state book in Romanian, as well as for his
courageous political mentality and his broad culture.

The two novices however cooperated from the beginning and we succeeded to
publish already in the first year in science two papers on the quantum theory of
transport in the Studii si Cercetari de Fizica (Studies and Research in Physics)
and Revue Roumaine de Physique. The first one, although correct, was a typical
beginners work. The next paper I wrote already with a senior researcher, George
Ciobanu, on magneto-optical phenomena treated with the modern Green functions
method. It was published in English in the just started Physica Satus Solidi. [ was
joined soon this time as a senior by Alexandru Aldea from Grigorovici’s lab and we
published a paper in the Physical Review about the Hall effect in impurity band
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conduction.
VB: Soon you started to interact with the experimentalists from the IFB.

LB: Seemingly, it was rumored that there is a new researcher on his own feet and
the experimentalist, whose contact with the previous theorists failed, tried to
contact me. First it was Cruceanu, but after some discussions with him I saw no
common interests. Then one nice summer evening after some event in the institute
we walked together with Grigorovici , Cruceanu (the scientific secretary) and
Rodeanu (the party secretary) along the Dorobanti street on a common home
way. The conversation was mainly a monologue of Grigorovici about his extremely
interesting experimental findings with thin layers of amorphous Germanium.
First at all he observed, that these had similar properties to the crystalline
semiconductors. On the other hand, the activation energy of the conduction was
much greater than the optical gap. He tried to convince me to solve theoretically
this challenge.

VB: How did you react?

LB: The story of Grigorovici raised indeed my interestand I tried to build up myself
an image about the amorphous semiconductors. I looked around at the literature
but found nothing relevant. Unfortunately, | missed Anderson’s paper. However,
the Coster-Slater model seemed to me the right tool. I tried to imagine building an
amorphous material out of a crystal by moving atoms out of their positions. Every
such a displacement had to create a localized state eliminating in the same time
one from the bands. In this way I concluded, that this leads to partially “eaten”
nonlocalized (conducting) bands and a lot of localized states in the former gap.
These states do not conduct, but still contribute to optical transitions. Therefore,
the conduction gap should be greater than the optical one.

VB: How reacted Grigorovici to this theory of yours?

LB: [ made a presentation in the seminar of Grigorovici’'s lab, preceded by a
description of the Kubo formula. Until then everyone thought only in terms of
Boltzmann’ theory. Grigorovici was very excited and enthusiastic. He encouraged
me to send a short paper about my theory to the international semiconductor
conference in Paris. I did it, adding also another piece of theory to it. I extended the
tight binding model to a disordered lattice of atoms for the estimation of the band
conductivity using also the experimental X-ray results about the lattice structure.
It came out surprisingly good, but I could not really justify the approximations I
used.

Grigorovici was extremely interested to have me with him at the Paris conference,
but with my background the chance to get a pass was just zero. Nevertheless,
he made a desperate attempt. Without telling me about it, he visited my parents
knowing, that they are old communists and convinced them about my scientific gift
in the naive hope they may move something through their connections. Anyway,
my parents were very impressed.

Although I could not attend the conference, the paper appeared in the Proceedings
and the later Nobel prize winner Sir Neville Mott read both the paper of Grigorovici
and of mine. He made a lot of publicity to my theory and of course thereafter it was
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quoted in hundreds of other papers.

VB: As far as [ know, the crowning of the success occurred at the first international
conference on amorphous semiconductors held in Bucharest.

BL: Grigorovici personally met Mott and as an old spice intellectual got his respect.
I do not know how it did happen, but Grigorovici succeeded to organize this first
amorphous semiconductor conference in Bucharest and Mott itself attended it. At
that time my mind was already on elementary particles.

What I do know however is that this project could not have occurred without the
full rehabilitation of Grigorovici. There were some intrigues against him and at a
given time he went to counter attack. He assembled all his publications in a nicely
bound book and with this in the hand succeeded to obtain an audience by Stefan
Voitec (one of the secretaries of the communist party, a former social- democrat,
colleague of Radu’s father, who died in prison). The time was probably rife and
Voitec perhaps wanted to calm down his own conscience. Anyway, he succeeded
to promote Radu Grigorovici to be a member of the Academy and nominated him
asvice director of IFB. Without these preliminaries the conference had no chances
atall.

Mottvisited also the IFB and gave a talk speaking ata given moment about professor
Banyai. He was shocked when he heard the audience laugh. Then, somebody
explained him, that Banyai was just a young research associate, not a professor.
He replied, that in America every young physicist is a professor, at least assistant
professor.

VB: To my knowledge Mott invited you to Cambridge?

LB: Indeed, Mott invited me as a postdoc to Cambridge, but I politely declined it. It
may look strange, but I had a clear motivation in my head. In the meantime, within
the theory section Novacu initiated also a research group on elementary particles.
[ plunged myself into this new field having already several published papers at that
time. Even more, I obtained by competition a six-month grant at the ICTP (Trieste),
and I knew I had more chances to obtain a pass for that.

Besides this already important and passionate argument, there was another even
one weighting more heavily. [ could not enjoy being under the authority of the
famous Mott dictating me what to do. Besides I did not like at all his style. Sure,
it would have helped my career, but [ would have lost my freedom in choosing my
research topics and my coworkers. In Romania, under the conditions of a good
connection to the external scientific word (what seemed plausible at that time) I
felt myself in a more advantageous position.

Nevertheless. much later as I returned to solid state theory and worked together
with Paul Gartner and Alexandru Aldea on hopping conduction, I had a fruitful
correspondence with Mott.

VB: Please tell me more about that elementary particle theory group.

LB: Slowly Novacu brought a lot of new theorists into the IFB. First came Hans
Raszillier (my very gifted former university colleague), then Vladimir Rittenberg,
a former assistant at the chair of Novacu, who lost his university job due to the
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political purge. Together with Niky Marinescu (also a former colleague of mine)
who came over from Grigorovici’s experimental lab, we formed the nucleus of
the elementary particle theory group, later joined us also the younger Petre Dita,
Nucu Stamatescu and Luca Mezincescu . The solid-state theory group grew also.
Mircea Bundaru came (a physicist with very bright mind), Tony Fazekas and Alex
Friedmann. At these new dimensions of the theoretical physics section one could
already organize regular seminars with well-prepared reports, published in a
collection of volumes published by the Romanian Academy. The dynamic soul of the
elementary particle group was my 4 four years older friend Vladimir Rittenberg.
He was an enthusiast, full of energy and thirst for knowledge and he had a true gift
for organizing. A person with rare intelligence and many human qualities. Around
him assembled young physicists not only from Bucharest, but also from Cluj and
Craiova. The two of us quarreled often about physics, but this did not at all affected
our friendship, but just served for a better understanding. (Later I learned about
the Securitate records of my phone conversations full, with mysterious terms like
“Gamma function”, “beta”, “bootstrap” and so on).

Rittenberg organized a weekly informative seminar on particle physics about new
papers in the Physical Review Letters. Each of us choose an article, worked it out
and presented it the next week. He also organized the editing of preprints of our
own works and that way also an exchange of preprints with important scientific
centers.

After leaving Romania, Rittenberg spent 5 years in the USA as a postdoc and
became a university professor at the Bonn University, having a wide international
recognition. He died recently at the age of 84, but just a few months before, already
having lost his mobility, he still worked on physics with his Brazilian and Russian
coworkers.

Here I would like to tell a few words about a phenomenon, typical in those years
for the science in socialist countries. [ was already at the IFB, but Rittenberg grew
crystals in a technical institute (ICET), while the excellent Adam Schwimmer was
substitute teacherin Slobozia, a small town atabout 100km from Bucharest. He was
expelled also in 1958 from the university because his family applied for emigration
to Israel. Together with other physicists interested in elementary particles, I
organized a private seminar at my home, trying to follow the evolution in that field.

After Rittenberg, Marinescu and Stamatescu left for the West, the group became
smaller and after the relocation of the institute, under the newname IFTM (Institute
for Physics and Thechnology of Materials) to Magurele it was even split, part of it
went to the [FA (renamed as [FIN (Institute for Physiscs and Nuclear Engineering).
I continued to work for a while with the 8 year younger Luca Mezincescu and we
remained good friends till now even being at a big distance from each other.

VB: Can you tell me more about the Novacu's role in the theory section and in the
elementary particle group at the IFB?

LB: As I already told, Novacu not only founded these collectives, but by his personal
intervention he brought here young gifted physicists regardless of their “personal
files”. In a way he offered them a “political asylum”. He was an idealist communist
of the old guard, who rejected any kind of discrimination.
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Novacu had very clear moral principles he always kept. He was against exploitation
and never signed works of his coworkers. Therefore, had no scientific publications
at all. His enemies in the Academy hated him because he was a communist and
tried to mob him. Grigorovici heard about it and advised us to put his name at
least on one of our papers, otherwise the very existence of the theory section was
endangered. Novacu, like a virgin, held against, but in the end, we convinced him to
do it for us the theorists of IFB.

Novacu was always present in our seminars but spoke rarely and was not nasty if
we rebuked him. He gave us free hands in our activity.

Although he was not a remarkable physicist, his role in the development of
theoretical physics in Romania was extremely important.

VB: What was the general ambiance in Romania, that allowed this evolution of the
scientific activity?

LB: All this occurred in the frame of a slow opening under Georghiu-Dej regime.
The collections of the physics libraries were filled with western books and
journals. We succeeded to have in the I[FTM even a better library than the one I
found in Frankfurt. Of course, we alone chose the titles. Already in the university
library one could read original books in English, not only the Russian translations.
Nevertheless, the Russian physics literature (translated, or original Russian) played
an important role for my generation. The Russian books (ignoring copy rights)
were very cheap, covered almost all domains of physics and contrasted with the
poor print quality of the Romanian books. I collected hundreds of physics books. Of
these I succeeded to bring about a hundred to Germany.

Moreover, our generation had already the possibility to publish in western journals
and | was among the first who published a paper in The Physical Review.

We got foreign visitors. At the beginning only from the socialist countries but later
also from the USA. The doors opened a little bit for scientific visits in the west.

The previous after war generation of scientists had to work under extremely
difficultcircumstances. Especially those who did not managed the Russian language
were restricted to a few poor translations. The libraries were empty. Publishing
was restricted to local journals and of course any link to the west was blocked. No
conferences, no visits and no visitors. Not to speak about the ideological dogmas.
Quantum mechanics was hardly accepted because the indeterminacy relation.
Blohintsev’s famous book, translated into Romanian had to include a chapter
invoking Lenin. I do not have to recall the true political persecutions.

[ would say: [ was lucky not to be born earlier!

VB: You sustained Your PhD Thesis at the age of 29 with a subject concerning the
theory of elementary particles. Tell me something about the most interesting part
of this work.

LB: I shall not mention the content of the Thesis. Today it lost its importance.
However, I will tell You about the work done on this Thesis, since it influenced my
later evolution.

With Novacu’s help Rittenberg and me could work two weeks at the DACIC
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computer of the Mathematical Institute in Cluj. It was a self-made computer built up
by enthusiastic local engineers and mathematicians out of occasional spare parts
of different origin and electronic tubes. It took two big rooms of space and was
noisy as a tractor. After several hours of work, it had to be shut down after having
saved the data. The neon lamps showed only 0 or 1 (not lightening or lightening).
It allowed programming in a primitive assembler language. The output was on
punched bands or on an old telefax inherited form the railways. A mathematician
explained us on the first day the meaning of programming and the use of the
machine. Thereafter we had the monster in our own hands. This was the start of
my flirt with the computers and they fascinate me up to this very time.

VB: [n this period of opening of Romania you had the chance to “go west” frequently
and you spent even there even longer periods. How did influence you this new
experience?

LB: Of course, the visits in Trieste at the ICTP (the first one of 6 months, followed by
shorter ones each of two months) impressed me very much and allowed to develop
contacts with western physicists. I got also several invitations. One of them was
by Ziman for a postdoc position at Bristol, but like by Mott I declined it, since [ was
at that time interested strictly in elementary particles. However, I visited several
institutes in Italy giving seminar talks. I gave a talk also at CERN. While at the
ICTP I published some papers, | worked out there. I lived with the hope that due to
these contacts with the physics world I can further work in the field of elementary
particle theory while still residing in Romania.

In 1974 T went to Marseille at the Centre de Physique Theorique du CNRS for a
whole year. Luca Mezincescu at the same time went to Dubna for several years with
my personal recommendation to Ogievetsky (during a short visit I had in Dubna).

When [ got back from France, [ decided to turn slowly back to solid-state physics.
This change was motivated by many arguments. First of all, I understood that
unfortunately, with the weak contacts we had, we cannot keep the pace with the
rapid progresses in the field of elementary particles. Secondly, I felt already, that the
relative opening in Romania is coming to its end (the “mini cultural revolution” just
started). The third thought was also my disappointment regarding the quantum
theory of fields. It made big progresses predicting and discovering a lot of new
elementary particles, but there was no hope to compute anything, while the link to
the rest of the physics was rather confuse.

VB: A change of the research orientation might be rather traumatic. It seems, with
you it was quite different.

BL: It was not difficult. [ enjoyed changing from time-to time my scientific interests.
Otherwise [ would get bored. On the other hand, on has a big advantage entering a
new field. One is not yet impregnated with the prejudices that impede progresses
forward and one might bring in methods and approaches from other domains.
Changes of research objectives accompanied my whole life even in Germany.

Back in Romania I worked for a while on two fields. With Paul Gartner and
Alexandru Aldea on solid-state theory (hopping conduction) and with Sorin
Marculescu from Titeica’s chair, on quantum field theory. According to my opinion,
he was the most talented theorist from this chair. Of course, with the exception of
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the late Andrei Mezincescu, who choose to change soon to the IFTM, since he was
a creative mind and had no people to talk with there and did not want to waste
his time with teaching. Besides, he heard from his younger brother Luca about the
pleasant, fertile atmosphere in our section. Previously he spent two years at the
Moscow university by the famous Tyablikov, who died before Andrei could have
had finished his PhD. Andrei was an encyclopedic mind with profound knowledge
of physics and mathematics. He could immediately name the paper, where one may
find the right answer to the given question. The only problem of communication
with him was the enormous amount of links opened by him and one had to bring
him back to the initial subject. Andrei spent two days in prison during the anti-
Ceausescu upheaval and afterwards led the IFM for a while. I invited him to
Frankfurt to give a talk, mostly for mathematicians. He spent also some time in
the USA and the two brothers published their only common paper, which is a dear
memory for Luca about brother who died so early.

During my collaboration with Marculescu we had often chats with Titeica, but
he avoided recent aspects of physics, even those related to his famous thesis. I
remarked a similar stand by other famous physicists in advanced age as they
could not follow any more the evolution of science. Now I am also old, and I can
understand very well their behavior.

In the same frame I recall the oft heard allegation that Titeica did not create a
Romanian school of theoretical physics. The truth is that, after losing the link to
the world it was not any more possible. While his former colleagues by Heisenberg
revolutionized physics in the USA, he sat in a corner completely isolated. Later
maybe he could have compensated this, but he did it not. As I entered the IFB he
was 53 old and for me it was already clear, he lost the link. On the other hand, he
disposed of no such strong political position as Novacu, nor had he the energy to
organize something. Titeica was a disappointed man, looking for refuge in music
and only on rare occasions showed the shining of his remarkable mind.

VB: Many of your colleauges left Romania and the institute underwent many
changes, IFB became IFTM. The political atmosphere also changed drastically.
How did that affect your scientific activity?

L.B. Indeed, after the “mini cultural revolution” of Ceausescu many things changed
in Romania and our Institute moved to Magurele near IFA. Despite the serious
worsening of the situation, without being a party member I still enjoyed support
from many persons in key positions. On local level [ had to mention the late Florin
Ciorascu, a former director of the IFB a man of outstanding qualities and Alexandru
Glodeanu the party secretary in the IFTM. My big Maecenas however was lon Ursu
the president of the CNST. I enjoyed direct access to him and he even kissed me at
one of these encounters. I was also his intermediary connection to Abdus Salam
(Nobel prize winner and director of ICTP). Among others I transmitted to Ursu
Salam’s initiative to invite Chinese physicists to Trieste through the Romanian
channel. As a major action I got the support of the ICTP to organize in Bucharest
the first international conference on hopping conduction.

The theoretical physics section and the IFTM itself still conserved a pleasant
atmosphere of work. We lived in an ivory tower amid a gray society. In the IFTM
I worked with Gartner and Aldea on hopping transport and we won the prize of
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the Academy. With Gartner [ wrote also a series of papers about purely theoretical
problems at the edge to mathematical physics like the quantum mechanical proof
of the Clausius-Mosotti formula, the Meissner effect and the connection between
the kinetic and hydrodynamic levels of description of semiconductors. Mircea
Bundaru, Andrei Mezincescu and Paul Gartner established a bridge to the excellent
mathematical physicists of the IFIN: the late Nae Angelescu, George Nenciu and
Vlad Protopopescu. We hold several common seminars with them.

Otherwise, the connection to the external word was very reduced and we got
less and less foreign journals in the library. For a xerox copy one needed a special
approval. There was a shortage of writing paper. Instead coffee we drank a mixture
of chickpea and rye coffee substitute. One mobbed us with meaningless “voluntary”
works at the weekends. During the draught we had to irrigate the tomato fields
with cups of water. The toughest torture were the winters without heating in the
institute building. We worked with mantles and gloves on and hid small electric
heaters under the desk.

VB: How it went the cooperation with the socialist countries?

LB: There were agreements between the academies including visits and
cooperation. Although they did not compensate the lack of links to the West, they
played an important role. I went for short visits to Czechoslovakia, Hungary and
the USSR.

We had two important visitors from my point of view: Vladek Capek from
Czechoslovakia and Harald Bottger from the GDR. With both I got soon a common
language not only in physics, but also in politics. I really don’t know by what kind of
miracle we had an immediate confidence to each other and remained good friends
even after my emigration to Germany. With Capek, Aldea and Gartner we wrote
also a paper to explain the very low temperature plateau of the Seebeck coefficient
in amorphous semiconductors. This effect was observed also by Lili Vescan
and I heard about during my morning coffee drinking by Tia Belu directly from
Grigorovici.

At that time, I still had a close relationship to Grigorovici. He wanted to convince
me to become his successor as the “virtual boss” of solid-state physics in Romania. |
decidedly refused his proposal as [ had no ambitions for any leadership.  wished to
do research for my own pleasure. My wife always used to tell about me that I never
worked but just played my whole life long. There is some truth in it.

VB: You had the chance after many years to visit again the USSR. What kind of
impression you got this time?

LB: The one-weekvisitseachin Moscowand Leningrad proved tobeveryinteresting
as well as from the scientific side as from the general view of the country. At the
Moscow university I met Igor Zvyagin and we became friends. He was formerly a
colleague with Ciobanu at de Noziéres in Paris. Later he was one of the external
referees for my Professor title in Frankfurt.

In Moscow I visited also FIAN (Physics Institute of the Academy of Sciences) and
got an enthusiastic receival by Maximov and his coworkers. With them we had
some common topics on the theory of dielectric response. The welcome resulted
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in a lot of vodka drinking. I managed to keep myself sober, but Maximov drunk out
of his mind and one stopped him at the Metro entrance. After recovering a little
bit, he took me against all my resistance to his home outside the city to show me
as an outer space being to his family. Only before returning to Moscow he told me
that the place he was living was forbidden for foreigners and I must keep my mouth
closed during my travel. I felt a little bit cold in my back but succeeded to return
without incidents.

In Leningrad I gave a seminar talk at the Joffe institute and got new friends Efros
and Shklovsky. Both invited me to their homes. Their living conditions were
decent. One of them had a renovated flat separated from a former huge apartment
(“kommunalka”), the other one was the owner of two small (“koopertivnye”) flats
in a new building. One of them served as his office. The theorists worked mainly at
home and met at the institute only for the seminars.

I made a visit also at a former colleague of my wife. They also lived on a decent
standard. However, during the dinner her man looked often out of the windows to
check if their car, they brought out of the garage for me, was not stolen. There were
still some bizarre things, as the long years of wait for a car and its use only in the
summer collecting mushrooms in the woods. The way they could spend their state
organized summer vacations sounded also strange to me.

Compared to Ceausescu’s Romania, things looked still better. The people carried
not any more the permanent fear with them, discussing freely. I was lodged in a
new modern hotel built by the Finns on the Neva river-shore. (But the supervising
ladies still sat at every floor at their small tables.) Both Moscow and Leningrad
were brightly lightened in the night and everywhere [ saw modern color TV-s.

Another funny experience I had as [ went on my own money, out of curiosity to the
amorphous semiconductor conference of the socialist countries in Chisinau. In the
Ungheni border station the soviet officer could not conceive how one can combine
two such things as a scientific visit and a private pass. As a private person | had to
go through the Intourist offices and as a scientist [ must have had an official pass.
He led me to the commanding officer’s office. I showed him my invitation to the
conference, but at night around two o’clock he could reach nobody. I told him in
an amused tone, that [ am ready to take the next train back to Bucharest to relate
about not being allowed to participate at an international conference. After that
he got angry and greeted me with “idite k chortu” and I could continue my travel.

The Moldavians were very kind with us and again I met a lot of relevant soviet
physicists like Dneprovskyi, with whom I kept also later the contact. The city itself
was not very attractive. | had an interesting private visit by a Moldavian family and
learned a lot about their fate and lives.

VB: Although you spent longer periods in the West, even together with you wife,
you always returned to Romania. What determined you later to change your mind
and how did you managed to emigrate?

LB: During my six months Trieste visitin 1970 my wife could visit me and with our
Dacia 1100 car we travelled through Italy (Venice, Rome, Florence, Napoli, Capri,
Amalfi, ...). On our way I gave also a seminar talk at FRASCATI and from the fees |
bought new tires. I accompanied her by the return until Vienna and made a nice
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guided tour of the city. It was wonderful, but we never thoughtatall about remaining
in the West. We believed, from now on everything would turn to be better.

In France where I stayed a whole year from March 1973 my wife got the permission
to visit me for two months. I waited her in Switzerland at my old friend Victor
Ionescu and we travelled through the beautiful landscapes of the Alps with my
small, used Citroen “deux chevaux”. Later we travelled around in France (Paris,
Vallée du Loire, Nizza, Monte Carlo, Avignon, Arles, ...). It was wonderful in France,
but in Romania the things were not any more looking pink. My wife had the first
thoughts not to return. [ was less pessimistic and still was for returning. Anyway,
it was not a well-defined option. Our 10-year-old son and our parents would not
understand such a step and [ had no immediate job options.

After returning to Romania the changes 1 felt were so disastrous, that I was
depressed for months. I succeeded however to change the direction of research
and to adapt myself to the new conditions.

As I already mentioned, I was in the graces of Ursu and in August 1983 I was to
travel to Trieste as lecturer at a summer school and in the same time to finalize
the organization of the international conference on “hopping” I initiated with the
support of the ICTP. I felt myself too sure in the “saddle” and convinced Ursu to let
my coworkers (Gartner and Aldea) to accompany me. They already went to Trieste,
but I still did not get a pass. I went to Ursu to complain about and he reassured me
to solve the problem by phoning to the Securitate. I should call him the next day.
Next day his secretary told me that Ursu was not in. It went on like this for days. My
wife suggested me to clarify the situation and check the “absence” of Ursu. I placed
in the early morning my Dacia 1300 at a corner with a nearby public phone and a
good visibility towards the CNST entrance. [ saw Ursu climbing the steps and ten
minutes later I called his secretary. Although she covered the phone micro with her
hands, I could overhear as she was asking, “What shall I say to this guy?”. Things
got clear for us, [ fell in disgrace due to something the “securitate” told Ursu. (Here
I have to mention, that during the same summer [ was summoned twice by the
“securitate” to cooperate with them and I flatly refused it.)

You might understand how frightened and depressed we became. But things did not
end that way. Since I applied for a private pass for this scientific visit, I applied for
an audience at the passport office. The audience came fortunately at a time, when
Ursu left Romania with an official delegation to South America. [ brought with me
all the correspondence regarding the future conference and bluffed saying: If they
do not deliver my pass within two days, they must share the responsibility for the
failure of this international event. Seemingly nobody wanted that, Ursu was not
there to be asked and the next day I got a phone call to get my pass. The day Ursu
landed at the Bucharest airport [ was already in the train toward Budapest. Just
before (under the blanket) my wife told me. “If you return I shall divorce you!”. She
was ready to wait despite all the risks but did not want to remain any further in
Romania.

I told my mother about our decision only on the way to the railway station and our
son only as the train started. From Budapest, being at my uncle, I phoned home,
that am already outside.
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A poignant detail expected me in Trieste. As Salam saw me, he got confused saying:
“I just met Ursu a few days ago and he excused himself of not being able to support
you anymore and nevertheless you are here!”

VB: You felt no remorse to leave your old mothers alone?

LB: Even, too much! However, my mother and later the mother of my wife were in
good hands. From the West we were able to help them more efficiently with money,
parcels of food, medicine, as well as all kind of gifts for those who took care of them.
Both visited us in Germany and we tried to show to them form the western world,
as much as they could enjoy. After the borders opened for us we went twice a year
to visit them. My wife and me, we loved enormously our parents and always keep
them in our heart and mind. Nevertheless, we think, it would have not been right to
sacrifice our future and our mothers also encouraged us in our endeavor.

VB: Tell me about your first steps as a physicist in the West? How did you succeeded
to get into the first lines of solid-state theory?

LB: After my arrival in Trieste, I called my old friend Vladimir Rittenberg, who
was a professor at the Bonn University and told him, that I decided not to return to
Romania. He sent me immediately an invitation for three weeks to give a series of
lectures at his university. On this basis | got immediately a visa for West Germany.
In the meantime, at the ICTP in the frame of the summer school Prof. Franz Wegener
from the Heidelberg university gave a lecture about disorder and he wrote my name
on the blackboard quoting my Paris paper. After that it met him, introduced myself
and told him, that [ would be glad if he could offer me some months at Heidelberg
to put my feet in Germany. He promised and indeed he offered me later a 6 months’
work contract in his theory group.

In Bonn I stayed more than three weeks. My friend succeeded to get some financial
support to prolongate my stay until the Heidelberg invitation could start. He was
extremely generous with me and I lived in his apartment for almost all this time. 1
have to mention here, that in the 14 years of separation our ways in Physics splat
far away and he could not offer me any perspectives, besides the human solidarity.

In the meantime, I renewed my contacts with the German physicists I already met
at the ICTP. Prof. Peter Thomas invited me to give a seminar talk at the Marburg
University and I was a guest in his house for a couple of days. He recommended
me a young coworker of him, who went to Heidelberg as a postdoc. In Heidelberg I
wrote a paper together with him and a mathematician, that was published in Phys.
Rev.

[ had several invitations for seminar talks and in Kéln even for a colloquium. Prof.
Hajdu told me, that he knew two papers of mine: the one at the Paris Conference
and my review paper about Kubo’s theory in Novacu’ s Seminars. Although it was in
Romanian, he somehow managed to understand it.

Still being in Heidelberg I got an invitation to lecture at a summer school in Santa
Fe (Arizona) about the scaling connection between the kinetic and hydrodynamic
descriptions we published with Paul Gartner. I spent a month in the USA and got
also a job proposal from Prof. Scully, which I declined, since I did not understand
the American system. He told me to prepare a research proposal and I had no
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Idea how to do it. In Europe you should adhere to the subjects of the group and the
proposal for the financial support is forwarded by the inviting Professor not by
the guest. Anyway, I was not very attracted by the American way of life and rather
wanted to remain in Europe. In my eastern naivete I thought the farther one goes
westward, the higher is the living standard and civilization, but it was not that way.

After returning to Germany I got soon two positive answers at my job applications.
First came one from Prof. Gétze at the Technical University in Miinchen. We met
in Trieste and he worked on “hopping” like me. The position however was limited
to two years. I visited him, gave a seminar talk and even got a lodging offer of a
small furnished flat in the villa of another professor. A few days after I got by post
the contract to sign. Before posting it, [ got a phone call from the secretary of Prof.
Hartmut Haug of the Frankfurt University inviting me to meet him the next day. We
went to a small restaurant and had a pleasant conversation. At the end he offered
me a position that could be extended up to 5 years. His condition was, that I must
turn my activity toward his new, modern research orientation (non-linear optics
of semiconductors). I decidedly preferred Haug’s variant, while the new research
field attracted me. On the other hand, 5 years gave me the needed stability, since as
[ expected to get within a year or so my family out of Romania.

During the two and half years of waiting my wife could keep her job and my son
continued his architecture studies. Before leaving Romania, my wife succeeded to
change our spacious apartment, where we lived together with her mother into a
small one not far away of her sister. She took over the burden of caring.

The choice of Haug was a very lucky one, although I knew almost nothing about
him before. He was already an important person in the optics of semiconductors.
A field with growing actuality due to the new lasers of high intensity with ultra-
short pulses as well as the new low dimensional semiconductor structures. His
field became soon one of the most important ones in solid state theory. I had luck
also sharing the office with Stephan Koch preparing his habilitation. He was a
bright ambitious young physicist and later he got to be one of the most important
scientists and science organizers in Germany and the USA. We soon developed a
friendship and published within a year together with him and Haug a successful
paper. The cooperation with him went on over the years and I was his scientific
guest at the Optical Science Center in Tucson for several months, while together
with my wife we lived in his splendid villa in the Sonora desert.

By Haug I could benefit also of similar advantages [ had in Romania. [ got enough
freedom in the research and I had several young gifted students and doctorands to
supervise and work with me. Haug was an extremely active, stimulating physicist,
being always up to date with the latest most important and interesting theoretical
and experimental problems and I was glad to join him in solving these. We
were complementary to each other. He also appreciated my experience with the
quantum theory of fields as well as my mathematical skill. I participated at his
broad cooperation, with many theoretical and experimental groups in the whole
world and got also some appreciation. In the same time, he offered me and even
encouraged me to have my own different, independent fields of research with own
coworkers and invited scientists. He cared to equip the group with the most up-to-
date computers, so we were the first to solve many new difficult problems.
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As [ came to Germany the prospects to get a professorship were just zero, due to
formal aspects as well as to the lack of large contacts and knowledge of science
organization. For a C2 or C3 professor [ was too old, while for a C4 I had to follow a
longer path. In Germany before getting the professor title one has to get the title of
a “Privat-Dozent”, implying the publication of a scientific monography. Therefore,
only a position of a “wissenschaftlicher Mitarbeiter” (scientific coworker) was
available for me. It was well payed, but its duration is limited to 5 years. Haug
got me on such a job but also pushed me forward to get the Privat- Dozent title
followed with that of an extraordinary Professor. Moreover, in order to keep me
in the Institute he succeeded to obtain the exceptional approval of the Ministry of
Education to transform my position into a permanent one. [ was not keen to be a
globetrotter and [ remained here.

[ had various invitations for seminar talks at many universities. In Cambridge I
met again Mott as a bronze statue. My most successful talk was at The Humboldt
University in Berlin at the invitation of Prof. Zimmermann. The first day I had a
Colloquium about quantum kinetics with many experimental illustrations and the
next day I gave a supplementary seminar talk about irreversibility in a solvable
classical polaron model, intended for a restricted auditory of theorists. To my
greatest surprise, it turned out that so many were interested in my lecture, that
they filled the room.

[ held many years along the solid-state theory lecture in Frankfurt, 6 months also
atthe university of Strasbourg and I gave a series of lectures about low dimensional
semiconductors at the University of Lausanne and about quantum kinetics at
the university of Marburg. I had also an invited talk at the Spring meeting of the
American Physical Society.

My old tradition to cooperate with experimentalist in the IFB continued also
being in Germany with experimental groups in Frankfurt, Karlsruhe, Stuttgart,
Miinchen, Strasbourg, Paris and Tucson. We used often to publish joint papers with
them (experimental results and the theoretical interpretation). On the other hand,
sometimes I worked on pure theoretical topics as Bose condensation in real time,
biexciton in a quantum dot or motion of a classical polaron in an electric field.

[ spent exceptionally interesting years with Hartmut Haug and we remained good
friends, meeting often at our common office at the university.

VB: As far as [ know, you kept along this time also a strong link with the old
coworkers in Bucharest.

LB: After the regime change in Romania I invited Paul Gartner to Frankfurt and
we worked again together for two and half years and published together with
Haug and some of the doctorands 12 papers in Phys. Rev. and Phys. Rev. Letters.
Thereafter Paul was already so known in Germany, that he got immediately a job
at the University of Bremen, where he worked until his retirement. Just before my
own retirement I invited also Mircea Bundaru for 6 months and we worked out
together with Haug a nice paper on Bose condensation in a finite potential well.
[ invited also old friends to give seminar talks in Frankfurt like Luca and Andrei
Mezincescu, Alexandru Aldea and some of my Russian acquaintances.

VB: Runs scientific research in Germany different compared to the one you
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experienced in Romania? What are the main differences?

LB: The most important difference is that scientific research occurs mostly in the
universities and not in independent scientific centers. A professor most have had
aresearch record and his main activity is still doing research. Pedagogy is merely
a secondary task. His efficiency depends on the quality and number of coworkers
(graduate students, doctorands and postdocs), on the technical equipment (by
theorist -modern computers), on the good contacts with other research groups, the
number and quality of visiting scientists and the possibilities to attend important
conferences. To fulfill all these requirements, beyond the minimum offered by the
finances of the university one has to apply for founding at the DFG (German Physical
Society), EU or DAAG (Foundation for international cooperation) or other sources.

Generally, in Western Europe physicists prefer to work in large groups of theorists
and experimentalists from different universities. In this way one forms clubs
around a certain thematic. This collective activity is encouraged by getting easily
financial support for their projects. Individual projects have less chance to get
approved.

Of course, in the very last years in Romania we had to have research contracts,
but for the theorists it was a formal game, while for the experimentalist it was
detrimental guiding them toward industrial applications. The result was the
drop of the scientific quality. Here the link to the industry is a spontaneous one.
For example, Koch himself, together with some experimentalists is active as
businessman trying to get money from their discoveries.

VB: Tell me something about the typical way of a young physicist in the West.

LB: This is a very relevant question since it differs essentially from the one used
to be in the former socialist countries. As a young physicist at the IFB I envied
the western colleagues moving around at various scientific centers in the world.
Actually, there is not too much to envy. Stable jobs do not exist for the young
scientists. These are always limited to a few years and may be prolongated only by
looking for other sources of support, in the frame of some of the mentioned projects.
One is compelled to look always for the next job and this mostly implies another
country. To get any job one must have good recommendations from important
people. If one does not succeed within a given time to get a professorship, one is
lost for science. Then one has to look for a job in the industry or elsewhere. Here
one must add, that it is forbidden to get a professorship at the university where one
obtained the necessary titles (PHD, Privat-Dozent, extraordinary Professor). One
has to be very talented and very self-conscious to follow this path. Another aspect
not to be ignored is that under the above described conditions it is very difficult
to get a stable partner and to ground a family. This complicates especially the
possibilities of women for a scientific career.

Along the years in Frankfurt I had some gifted doctorands, but only two of them
had the courage to try an academic career and one of them failed soon. The best
of my doctorands had all the chances to make it to a professorship, but he chose
industry, although he was fond of science. He wanted to have a quiet life with a
family and not to migrate around the world. The Ericson company offered him a
very good manager position already before he got his PhD. Recently Paul read in a
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newspaper, that he became the vice-president of German Wings. We congratulated
him, and he replied, that it was more difficult get through a university examination,
than to make this step.

[ would like to add a few words about the number and quality of physics students.
Under the conditions of socialism physics was one of the few domains of activity
more or less shielded from political pressure. Science attracted many talented
young people. As I arrived in Germany | met a completely different mentality. Due
to the intense (almost hysterical) anti-atom energy propaganda of the greens the
public opinion about physics was not at all positive. On the other hand, the youth
chose careers promising more money (lawyers, medical doctors, ...). Therefore,
the number of students in physics was relatively low and they were not the most
intelligent ones. In the same time the demands required from the students were
rather low. On the other hand, the graduate students were already included in the
scientific activity and got a desk and computer to work in the university.
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Laci’s years in Frankfurt starting in 1984

H. Haug!
*Institut f. Theoret. Physik, Goethe-Univ. Frankfurt

Laci Banyai came as a refugee in 1984 from Romania via short stays in Triest, Bonn
and Heidelberg to my group at the Institut f. Theoretische Physik, at the Goethe-
Uni. Frankfurt. Our main subject of interest was the theory of the optical properties
of semiconductors excited by intensive laser pulses. The excitations are a non-
equilibrium many-body system of electrons (e), holes (h), excitons (x) and bi-excitons
interacting with the phonons and with each other by Coulomb forces. The optical
response was in general nonlinear. The laser pulses have been in the 60ties in the
nanosecond range, became picosecond pulses in the 80ties and became as short as
femtoseconds at the end of the century. Many body theory in quasi-equilibrium and
more and more in non-equilibrium were the tools required to understand the optical
properties of laser excited semiconductors. Simultaneously the decreasing size of
the samples made quantum confinement more and more important: Quasi-two-
dimensional quantum well structures, quantum wires and quantum dots reduced
the translational degrees of freedom of the excited carriers more and more.

Laci’s interest turned first to the understanding of eh pairs in quantum wires and
dots. As an example he showed that two eh pairs confined in a quantum dot lay
energetically always lower the two noninteracting e,h pairs. The work on quantum
dots had the nice advantage that Laci got invited for a few months by Stephan
Koch, a former coworker in my group, a professor at the Optical Sciences Center in
Tucson, Arizona with its beautifully saguaro cactus dessert. Obviously that scenery
stimulated Laci and Stephan so much that they wrote a book on Semiconductor
Quantum Dots, World Scientific, Singapore 1993. With these investigations Laci also
got his Habilitation at the Goethe-Uni. in Frankfurt, which in 1997 was upgraded to
an Extra-ordinary Professor position.

Naturally, the first years have been tough for Laci, because it took quite a long time
until his family was allowed to join him. Anni, his wife also found a position in industry
as an engineer, but because her company was outside of Frankfurt, they lived for
many years about 50 km north of Frankfurt. Laci was quite polyglot, particularly his
knowledge of the Russian language was very helpful for the conversation with our
Russian guests in my group.

As already mentioned we had to use a non-equilibrium many-body theory in order
to understand the femtosecond spectroscopy of semiconductors and semiconductor
nano-structures. Such a theory existed and has been developed in the Russia and
in the US, independently. Particularly, the real-time formulation of Leonid Keldysh
could be used directly to describe the non-equilibrium time-development on a
femtosecond time scale. Starting in the early 90ties, we calculated femtosecond four-
wave mixing (FWM) and pump and probe signals.

! Hartmut.Haug@t-online.de
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In non-equilibrium the Green functions depend truly on two-time arguments, and
furthermore one has to calculate not only the spectral properties e.g. in terms of the
retarded Green function G"but also the kinetic ones in terms of G*. One of the first
important results in which Laci was directly involved was the appearance of the LO-
phonon echo superimposed on the decaying four-wave mixing signal. Traditionally
the FWM has been used to measure the polarization decay expressed by the T,
time. A coherent oscillation on the decaying FWM signal was really something new.
Fortunately, we cooperated with one of the leading experimental groups of Martin
Wegener of the Uni. Karlsruhe. They observed the LO-phonon echo shortly after our
prediction! See Fig. 1. Laci’s excellent mathematical talent made him very valuable
in our group when it came to reliable numerical evaluations of complex systems of
integro-differential equations which one runs into in quantum kinetics.
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Figure 1: Measured (solid lines) and calculated (dashed lines) time-integrated four-
wave mixing signals versus delay time t showing the LO-phonon echoes for various
excitation densities. (L. Banyai, D.B. Tran Thoai, E. Reitsamer, H. Haug, D. Steinbach,
M.U. Wehner, M. Wegener, T. Marschner, W.Stolz, PRL 75, 2188 (1995))

Fortunately, we had Alex Ivanov as a Humboldt fellow and later as a scientific
coworker in my group. A. Ivanov was a student of Keldysh, so Keldysh came with a
Humboldt prize frequently to us, which obviously helped to develop our knowledge
of the quantum kinetics quite a bit. And as already mentioned, Laci’s ability to talk
to Keldysh in his own language was also very helpful. Another approach to non-
equilibrium many-body systems formulated by Karim El Sayed and Laci Banyai was
the use of a Monte Carlo kinetics for a 2D electron gas starting from a given non-
equilibrium distribution and following the loss of spatial correlation in time. As an
initial 2D electron distribution we choose the letters QK, where each dot corresponds
to one electron Very nicely Karim El Sayed and Laci could show that after a time
interval in which each particle had on an average one collision the structure was lost
(See Fig. 2).

We found out that if the pulse duration becomes shorter than the oscillation period
say of an optical phonon or of a plasmon of an e-h gas, we are in a range where
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quantum kinetics is absolutely necessary in order to explain various observations of
ultra-short time spectroscopy. Under high fs-excitation we studied in particular the
temporal build-up of the screening of the Coulomb interaction again in cooperation
with M. Wegener and another outstanding experimental group of A. Leitenstorfer
and R. Huber who used ultrashort THz pulses. With these THz pulses one could study
directly the build-up of the plasmon pole which were found in excellent agreement
with our calculations (see Fig. 3) Similarly the temporal build-up of the polaron, i.e.
the dressing of an excited carrier by LO-phonons have been studied successfully in
these cooperations. Quite a few Physical Review Letters resulted from these fruitful
cooperations. Most of these investigations were also supported by the collaboration
with Paul Gartner, an old friend and colleague of Laci from Bucharest, where the
two had been involved mainly in transport investigations. Fortunately, the DFG
allowed me to finance the stay of Paul Gartner with us, which resulted in a fruitful
collaboration with him for several years.

Figure 2: Monte-Carlo simulation of the Coulomb relaxation kinetics of a 2D electron
gas, according to K. El Sayed and A. Banyai, taken from H. Haug and A. -P. Jauho,
Quantum Kinetics for Transport and Optics of Semiconductors, Springer (1969), first ed.
The initial distribution of the 3600 electrons form the initial letters of Quantum Kinetics
(QK). This distribution relaxes under Coulomb scattering to a thermal distribution.
The three snapshots are taken at t = 0,55 and 145 femtoseconds. In the last picture
3000 scattering events, i.e. roughly one scattering event per particle, produce a nearly
thermal distribution.

In the last period before his retirement we studied the approach of a bosonic exciton
gas coupled to a thermal bath towards Bose-Einstein condensation. Similarly, the
kinetics of a dense interacting exciton gas towards the BEC was studied. While
these studies showed that exciton condensation is in principle possible, the crucial
question whether the critical density for exciton BEC is not higher than the Mott
density of exciton ionization remained unanswered. Only later it turned out that the
much smaller mass of an exciton polariton in a microcavity, which in turn causes
an increase of the quantum-mechanical zero-point energy, makes a non-equilibrium
BEC of microcavity exciton polaritons much easier compared to a BEC of the basic
excitons.
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Figure 3: Spectra of the imaginary (left) and real (right) parts of the inverse dielectric
function calculated for a wavenumber qa = 1 and various times after the 15fs pulse at
t = 0. The plasma frequency of the excited carriers is about 31meV the corresponding
plasma period is about 100fs (L. Banyai, Q.T Vu, B. Mieck, H. Haug, PRL 81, 882 (1998))

It remains my pleasure to thank Laci for the fruitful cooperation over many years,
even in difficult times in which he struggled with an old Hepatitis C infection, which
fortunately has been healed recently with a modern medical treatment. I wish him
many more happy years with keen interest in many fields, such as science, computers,
politics, arts and many more!
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A Selfie with Laci

Paul Gartner

National Institute of Material Physics, Bucharest-Magurele

It is useful to start by declaring one's notations: Dr. Ladislaus Banyai is known to his
inner and broader circle of friends and acquaintances as Laci (read approximately
Lotzi), which is the Hungarian diminutive for Ladislaus.

In my life Laci's reputation preceded our actual encounter. After finishing my studies
[ learned that I could not get the security clearance for a position at the Institute
for Atomic Physics (IFA), but I could have one at the Institute of Physics "Bucharest”
(IFB). Presented like this, it sounded like a lower, less attractive option. I was hesitant,
but then I was told that it cannot be that bad, since I would have Laci as a colleague.
This was comforting and I took the position without second thoughts.

Indeed Laci was known as the 'enfant terrible' of the theory group at IFB. Yet the
possibility to work with him had to wait for a while. In the early years of amorphous
semiconductors Laci was in close contact with the experimental research group lead
by Prof. Radu Grigorovici. They have reached paradoxical results: the optical gap
was not matching the conductivity gap, contradicting the long-established intuition
about semiconductors. But Laci went against the common wisdom and assumed the
existence of localized states, optically active but not taking part in transport. These
groundbreaking results were sent as a communication to the 7th Semiconductor
Conference, Paris, 1964. Unfortunately, he was not allowed to attend the conference.
The paper did appear in the conference proceedings ("On the theory of electric
conduction in amorphous semiconductors”, in "Physique des Semiconducteurs"
p-417, M. Hulin Ed. Dunod, Paris,1964) and enjoyed a well-deserved popularity. Not
presented by the author himself, the paper had instead the chance to be promoted
by Sir Nevill Mott (Nobel prize, 1977). Today it is well-known that disorder brings
localization (Anderson localization) but in the '60s this was new in the amorphous
physics community. Banyai has succeeded to make Romanian physics known abroad,
in spite of the semi-isolation conditions of the time.

The resulting frustration was endured discreetly: Laci abandoned for a while his
interestin condensed matter in favor of quantum field theory. He was the only member
of the group who was equally familiar and had contributions in both domains. When
joined the group I found him working on field theory with L. Mezincescu. (I remember
that their collaboration involved a lot of friendly yelling at each other.) The topic was
beyond my depth so that no collaboration was possible.

Laci returned to the condensed matter theory only in the mid '70s. The topic was
again related to amorphous semiconductors. As mentioned above, the localized
states do not contribute to conduction in the usual quasi-free, weakly-scattered
carrier mechanism. But it turned out that they are active in another way, by
phonon-assisted hopping, a new transport channel specific for disordered systems.
This is when he invited me to work with him and A. Aldea on the subject. He was
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instrumental in establishing results concerning the hopping formalism, the role of
Coulomb interaction and of the magnetic field, as well as the connection between
the microscopic hopping parameters and the measurable macroscopic material
constants like conductivity and magnetoresistance.

In 1983 Laci emigrated to Germany and he worked until his retirement in Prof.
Hartmut Haug's group, at the Theoretical Physics Institute of the Frankfurt
University. That was the time of new experiments in heterojunctions under extreme
(strong, ultrashort) excitation conditions, for which new theoretical tools were
required. Laci contributed decisively to the pioneering effort of the Frankfurt group
in applying the methods of nonequilibrium Green's functions (Keldysh) to such novel
optical and kinetic effects. His amply quoted results concern ultrafast (femtosecond)
optical phenomena, which cannot be described by the usual Boltzmann equation.
The methods allowed the understanding of many effects like screening, the buildup
of plasmonic and polaronic modes, relaxation processes under interaction with
phonons a.s.o. Several types of heterostructures, quantum wells, wires, dots, could
be understood and modelled in a comprehensive framework. Also, Laci had a keen
interest in a broad spectrum of problems, like the Kkinetics of the Bose-Einstein
condensation, Coulomb correlations in semiconductors, the classical polaron theory,
to name a few.

At his invitation I spent two and half years in the Frankfurt group. Professionally I
could call them formative years, even though I was not a young researcher any more.
Ilearned alot from Laci, especially quantum kinetics in the Keldysh formalism, which
was quite new for me. | had practically no previous experience with equilibrium
Green's functions, let alone Keldysh ones, but Laci had a gift for clarity which stripped
many so-called difficult problems of their mistique aura. First of all, he made sure to
have a good contact with his audience. This meant establishing a common ground
as a starting point. Then he was always checking that the contact is not lost. During
his explanation he had a verbal tic "intelegi? intelegi?" (do you understand? do you
understand?) while looking right into your eyes.

Also, when a problem captured his interest he was very focused and even obsessed.
In Frankfurt we shared the same room, so we were within hearing distance. Once I
had to tell him repeatedly that the coffee on his desk was getting cold. He was glued
to his monitor, absorbed in some problem, and answered mechanically "yes" but paid
no attention. I had to sent him an email from my desk to his desk, which popped up
on his screen as the only mean of communication left.

[ cannot overestimate his talent for finding and clearly formulating new problems. I
think this is as important as finding the answers, if not more. Allways curious, he was
very creative, his enthusiasms contagious and inspiring.

After all these years, remembering my musing on IFA versus IFB, I recall Robert
Frost's poem:

Two roads diverged in a wood, and [
[ took the one less traveled by,
And that has made all the difference.
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From Bucharest to Miami

Luca Mezincescu
University of Miami

I dedicate the rows below to Ladislaus Bdnyai on his 80" birthday. He and the late
Vladimir Rittenberg where important pillars in my growth as a physicist.

At the end of the fourth year (1968) of study in the Physics Department of the
University of Bucharest we were supposed to undergo a month long of so called
“training “ [ was specializing in Theoretical Physics and like many others was about
to make a choice which will lead to important consequences for my future. Most of
my colleagues were aiming for IFA (Institute of Atomic Physics), which was supposed
to be the star choice. My schoolmate, friend, colleague, the beloved, recently deceased
[ulian Uschersohn, and I, were thinking in a little different direction. As students
we heard about the very promising Particle Theory group under the leadership of
Valeriu Novacu at IFB (Institute of Physics - Bucharest) which at the time consisted
of L. Banyai, P. Dita, N. Marinescu, H. Raszillier, V. Rittenberg and 1.0- Stamatescu. We
also learned that the duo compo- sed of Ladislaus Banyai and Vladimir Rittenberg
were producing lots of interesting and successful papers. In fact, this Particle Physics
group was very active: every week they held a seminar discussing the latest news
from PRL, and beyond that there were also review sessions in which they were
presenting talks at introductory level in order to enlarge their horizon. In the first
few years of existence they also published a number of volumes in which they were
contributing these original review talks. I mention only two such review articles,
Banyai’s Veneziano amplitude and Rittenberg’s Effective Lagran-gians, both subjects
which survived for 50 years, Veneziano amplitude being the basis of string theory,
while effective Lagrangians being very important in QCD. Therefore, together with
[ulian we opted to train at IFB. Beyond the above-mentioned plusses IFB was also
located in the heart of Bucharest and as I was going to learn, at its ground floor was
one of the best coffee shops in the Capital. As Laci was out of town, the trai-ning
was directed by the late V. Rittenberg. We were supposed to go over some chap-ters
of The Scattering Theory by Goldberger and Watson, and at least for me this was
an extremely fruitful experience. Every day we were presenting different sections
of the book and Vladimir was putting lots of questions. I was used to questions I did
not know how to answer, and what [ appreciated very much was, that Vladimir was
formulating them in such a manner, that I got the feeling I had a hope of giving the
answer in the right direction. With the training finished we decided to do our master
thesis under the supervision of V. Rittenberg. In April of the following year, before
we finished our thesis work, Vladimir left Romania for good, so that the completion
of our work was done under the supervision of L. Banyai. This is how an interaction
started which was going to become a lasting friendship for my whole life.

After the graduation I started to work at [FB under the supervision of L. Banyai and
soon | was admitted for the graduate studies which were also supervised by Laci. It
is from him that [ understood what means to be correct and precise. I collaborated



with him on a number of projects, the most long lived of which was an application
of the Dirac method of quantization with constraints to the configuration space
quantization of the relativistic spinor field, which in the literature was presented in a
wishy-washy way. [ was very lucky that for the second of my PhD exam Laci picked up
the Yang Mills fields, their quantization and applications. This was around 1971 and
[ had the pleasure of learning the subject together with one of the examiners himself.
[ am not sure that I would have succeeded without his help. With some papers in the
back and the exams finished together with Laci we decided that I should meet some
other people. Atarecent conference he met V.I. Ogievetsky with whom he established
an instant contact, and he suggested that if [ go to JINR-Dubna I should try to work
in his group and he also appropriately recommended me. [ spent a very fruitful
two-year period, getting acquainted with supersymmetry and producing together
with V. I. Ogievetsky one of the first reviews of supersymmetry (unfortunately
my wish to extend my stay in JINR was turned down and I think this did a serious
damage to my career!). As with Laci and Vladimir I formed a solid bond with the late
Victor Isaakovich. I also had the pleasure of meeting Emery Sokatchev and getting
in friendly relations with Zhenya Ivanov. On the return to Romania I learned with
sadness that Laci was back in Solid State Physics his original passion. For me, there
remained just to write a paper by myself which I did, using exhaustively the help
of Mircea Bundaru. Then [ wrote my PhD thesis and defended it in 1978, with Laci
being one of the referees. When I left Romania at the beginning of 1982, I had the
luck that Bruno Zumino knew my name and he suggested to contact (and called) in
SLAC, Sydney Drell. I was also encouraged by lulian, and by the fact that Laci knew
Leonard Susskind, to ask him for help so that for a little more than a year [ will be in
Stanford University or SLAC with detours to UC Davis in Sacramento and University
of Michigan in Ann Arbor. In Ann Arbor I met Marc Grisaru which was giving some
lectures at a summer school, and [ remember that we looked together at some
papers related to the Harmonic Superspace, but nothing came out, however it was
the beginning of some collaborations which spanned over few years. In Ann Arbor I
also met Cosmas Zachos with whom latter [ will collaborate. Then [ was very lucky to
be offered a Post Doc position by Steven Weinberg who recently left Harvard for UT
Austin, Texas. This was basically the apotheosis of my career. Working in the Theory
Group was an unbelievable pleasure. Steven Weinberg was giving class as usual to
everything which he touched. Here I also met enormous number of very important
physicists and I collaborated with D.R.T. Jones, M. Henneaux S de Alwis and last but
by no means least Paul K. Townsend from University of Cambridge and through Paul
with Peter van Nieuwenhuizen. While at a conference in Cambridge UK I had the
pleasure of reestablishing contacts with Peter Freund and Adam Schwimmer. In the
same year the much-regretted Peter Freund invited me to give a talk at University of
Chicago, and this was one of the visits I enjoyed very much. Later with the help from
Peter Freund I succeeded to get a tenure track appointment with University of Miami
in the fall of 1986. From then on life went very fast between getting tenure, teaching,
doing research, obtaining grants and waiting for the Sabbaticals. My first Sabbatical
was spent at the University of Bonn as a guest of Vladimir Rittenberg during the
1995, it was an unbelievable nice sabbatical in the middle of which we spent two
weeks at the Weizmann Institute in Israel, I was going to repeat this endeavor in the
next two sabbaticals, thanks to Adam Schwimmer. Other very successful sabbatical
leaves endeavors were spent in University of Cambridge working with Paul at
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different always exquisite projects. I should also mention the wonderful time I had
in different occasions in JINR - Dubna as a guest of Zhenya Ivanov, always doing
wonderful research. In University of Miami I collaborated with R. I. Nepomechie and
T. L. Curtright.

To finish this text, I want to wish a Happy 80" Birthday to Laci and many more to
come!!!
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Short introduction to my papers
reproduced in this volume*

Out of my about 140 published scientific papers, mostly with coauthors I have
chosen 28 to be reprinted in this volume. Since half of my scientific career occurred
in Bucharest, while the other half in Frankfurt am Main, I selected 15 published in
the Romanian period and 13 ones from my time in Germany. Some of these last ones
were worked out together with my old colleagues from Bucharest, Paul Gartner and
Mircea Bundaru. Obviously, I am a product of the Romanian physics with German
improvements.

My scientific activity started in 1961, in Bucharest with papers dedicated to solid
state theory and after a ten-year break of work on elementary particles and quantum
field theory, it continued further on solid-state theory both in Bucharest, as well as in
Frankfurt am Main. For sake of transparency [ grouped the reprinted papers in these
two categories, starting with those dedicated to the first field. Thus, the presentation
is not strictly chronological.

In the IFB (The Physics Institute of the Academy in Bucharest) Prof. Valeriu Novacu
organized in 1964 a research group of Elementary Particles Theory. The actual leader
of the group was Vladimir Rittenberg (later professor at the University of Bonn)
and its founding members were Hans Raszillier (later professor at the University
of Erlangen) , Luca Mezincescu (still activ professor at the university of Miami)
and Nicolae Marinescu (got his professor title at the Heidelberg University, but left
physics). We published several papers of which here one finds one about the SU(3)
group (all of us together) [2], one about an application of the non-linear effective
Lagrangians (together with V.R.) [20] and another one on the null-plane quantization
(together with L.M.) [26].

After the members of this group left Romania I continued to work on the same field
together with Sorin Marculescu from the chair of Professor Serban Titeica and chose
for this volume two of our publications on the renormalization of gauge theories
[29], [30]. This was the end of my activity on that field.

As I already mentioned, I started on solid state theory and my first publication
abroad (about magneto-optical phenomena) was together with the elder theorist
George Ciobanu [34]. It is followed here by my paper about the conductivity gap in
amorphous semiconductors published in the Proceedings of the Paris Conference
on Semiconductors in 1964 [37] and a paper published with my younger colleague
Alexandru Aldea on the Hall effect in disordered semiconductors [38]. I included
here also the English translation of my old (add notated) review on Kubo’s theory of
electric conduction [39].

Returning to solid-state after the afore mentioned break, I published together
with my coworkers Alexandru Aldea and Paul Gartner several papers on hopping
conduction of which I chose one written together with the late Vladek Capek of
Prague on the very low temperature Seebeck effect in amorphous semiconductors

! The quotation numbers refer to the “Scientific Publications” in this volume.
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[41]. This period was followed by a series of papers on fundamental matters, close to
mathematical physics written together with Paul Gartner on the scaling connection
of the kinetic and hydrodynamic levels of which I chose two (one of them also with
Vlad Protopopescu )[51], [53] . Of the papers published together with Paul Gartner
I chose also a paper on the quantum mechanical derivation of the Clausius-Mosotti
formula [55] , as well as one concerning the theory of the Meissner effect [57]. 1
included here also my last paper I wrote in Bucharest (on the Nyquist noise) together
with Alexandru Aldea and Paul Gartner [58].

Of the many papers I published, while being at the Frankfurt University I chose first
some related to quantum dots [78]. These resulted partly in collaboration with my
friend Stephan Koch (first in Frankfurt, then in Tucson and Marburg) [66] and Pierre
Gilliot from the University of Strasbourg [86].

I chose here also a paper of mine published on a classical solvable polaron model,
where the dissipative motion of the electron results from the interaction with the
phonon bath without any assumptions or approximations [93].

Another paper here was written together with our talented doctorand Karim El
Sayed on the time reversal in many-body theories [94].

Then follow more papers of Hartmut Haug’s group on the analysis of ultra-short laser
spectroscopy of semiconductors in close cooperation with experimental groups in
Karlsruhe [99], Paris (Anthony) [116] and Miinchen [129] within the theoretical
approach of quantum Kinetics. Another subject of the same period was on the THz
emission of laser excited semiconductors [126], already joined by Paul Gartner, who
spent two and a half years in Frankfurt. A very interesting topic of Haug’s group
was the real time description of the Bose-Einstein condensation [127]. Here our best
doctorand Oliver Schmitt played an important role. Together with Paul Gartner we
published also a paper [132] on a solvable model of Bose-condensation in real time.
Then I quote a short paper of mine about the c-number approximation for the Bose
condensate [134]. The papers from the Frankfurt period end with a paper together
with Hartmut Haug and Mircea Bundaru on Bose-Einstein condensation in a finite
potential well [136].

As one might have seen, the manifold of my papers had to do with the manifold of
talented coworkers, most of them becoming also close friends of mine.
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Irreducible Tensors for the Group SU;
L. Bixvar, N, Mariwgscov, §. RaszirLrer, and V. RITresseRg*

Institute of Physics of the Academy, Bukarest, Rumania
Received October 5, 1865

Abstract. The explicit determination of the matrix elements of the 8 U, irredu-
cible tensors is carried out by a purely algebraic methed. These expressions may
be used to eompute the Clebsch-Gordan eoefficients by orthogonalisation. For
the gpecial case of {0, 7) tensora simple formulas are derived.

I. Iniroduction

Recently compact Lie groups of rank = 2 have found wide applica-
tions in elementary particle physics. In view of concrete physical pro-
blems, for each group the following main problems have to be solved:
{a) determination of the irreducible representations (I.R.) and the matrix
elements of the group generators, (b} decomposition of the direet product
of two LR. and hence the computation of the Clebsch-Gordan (C.G.}
coefficients. It is well known that the groups of rank = 2 are not multi-
plicity-free (the same representation may occur in the direct produect
more than once) so that the C.G. coefficients are not completely specified
by the basis vectors. The Wigner-Eckart theorem is also modified:
the number of reduced matrix elements appearing there iz equal to the
multiplicity of the equivalent representations.

The simplest of the above groups is 8 ;. In this case the problem (a)
has already been solved by a number of authors [1, 2, 8,4, 5], while’
problem (b) has received wmtil now only an incomplete solution.
Mosuinsxy [6] has derived a compact expression for the C.G. coeffi.
cients corresponding to the product (p,¢) ® (p’,0), which is multi-
plicity-free, while Kurtaw, LUBIE and MACFARLANE [7] have tabulated
the coefficients for the simple product (p, g) ® (1, 1), Baep and BIEDEN-
HARN [8] for the cases (n.¢) @ (1,0), (2, 9)® (0,1}, (p, ) ® (1, 1) and
Panpir and Muruxpa {9] for the case (p, ) ® (3,0). We must also
~ mention the numerical tables of S U, C.G. coefficients [16, 1}, 12, 18] for
the products of lowest representations. However, the general problem
of deriving a simple analytical formula analogous to the Wigner-Racah
expression for § U, has not yet been solved and it is doubtful if such a
task is really possible.

* In partial folfillment for the requierements of the doctoral degree at the
Institute of Physica of the Academy,
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In the present paper we establish an analytic expression for the matrix
elements of an arbitrary irreducible tensor {I.T.). Amethod used by Luriz
and MACFARLANE [15] for the (1, 1) tensor is generalised. The method
consists in solving the commutation relations (C.R.) which define the
1.T. We obtain equations with finite differences whose solutions contain
the number of arbitrary constants corresponding to the equivalent
representations which occur in the direct produmet. The constants are
connected with the reduced matrix elements of the tensors. The C.G.
coefficients are obtained by orthogonalisation.

It seems that the method used in this paper for S U, may be extended
to other higher rank groups.

In the Sections IIV we establish the expression of the matrix ele-
ments of the L.T. in the general case while in Sec. VI, the formula for the
(90, ¢) irreducible tensors, which are multiplicity-free, is derived. These
last expressions are obtained in a much easier way and are simpler than
those of MosHinskY [6]. A brief version of the present paper has been
published elsewhere [14],

II. Preliminary remarks

The irreducible tensors T% corresponding to a representation p = (p,¢)
of the SU, group and labelled by » = (I, I,, Y} are defined by their
C.R. with the infinitesimal operators X :

[X: T¥}= (f": ¥ IXI Hes 1") Tﬁ:" <1}

The general structure of the eigenvalue diagram and hence the range
of I, I, and ¥ may be deduced from the paper of GiniBRE {16] and is
represented in Fig. 1.

The matrix elements of the eight infinitesimal operators may be
found in Dz Swamrt’s paper [17]. We shall mention only those which
are used in the present paper,

U L+ 12, Y+ 1| Kdu LI, ¥)

. 4 B
= ;;-1!{,?2‘,11; [a.l”,.l’+11|'2 21 f;_{:;))us - al', I—12 (2‘}%{1] (2a)
(,u'; I+ 1/2! Y-1 [L-l JH 1,1,7)
B.y+1 Ay {x~—1
= CLBY [51’,I+1!2 '{f#__“_i_g)u}{ + 8r,1-12 —%;T}‘] (Zh)
where Of, 5.1 are the C.G. coefficients of the S U, group sand
@ =[e-2)b+2+2) e+ 2+ P2 3)
Byg)y=[la+y+1) (0~ y+ 1} (—c+ g~ ()
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where
1, Cpu ) _ 1
a=502p+q)h b=5(@+2q); c=50p—-9 (5)
1 1
m=I+—2—Y; y=I-—-§~Y. (8)
From Fig. 1 follows
—cmrsa cSsy=bh, (7
I,

A
'v// =

— I e

Fig. 1. Blgenvalue diagram for an irreducible repressntation (p, ¢). The numbers denofe the eigen-
vatue multiplicity. The maximum multipliclty Is m = 1 4 min{p, ¢}

The matrix elements (2) being expressed in the variables z,  instead
of I, ¥, we shall adopt the former to label the matrix elements of the
I.T. Using the Wigner-Eckart theorem for SU, we find [17]:

(pa; Is’ IS.’ Ya IT-IE::I“. Yll #1’ II’ Izl’ Yl)

(8)
= dy, 7, + 7, O.{:;,l};{},, {ttas @1s 1y |ttay 200 Yad 222 7Y
where we have used the well known triangle rule:
Is=I1+I=—r (f=0,1,...,2mi.ﬂ(fl,fs)) (9’
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and the additivity of the hypercharge. The rather asymmetric notation
of the new matrix element is more fashionable; we shall return to a
symmetric notation in the final result.

We must also have in view the selection rules for u which are given
by SPrISER’s [17] graphical multiplication rules or by the rather in-
tricate expressions in [18, 19, 20, 21, 22] and {9].

We shall mention only the following relations:

Gty —ay=1; Bh+b—by=¢ (10)

where 7 and ¢ are nonnegative integers while the multiplicity of the
equivalent representations is given by the expression:

M=N+1-n (11}

where 3
N=0b—cy+ 3 ub(—uy) 12)

with i=1

=03 — B+ 03 Up=by—byt s Uy=0 -Gt (13)
and » is a nonnegative integer which vanishes for p; = 5, g, 2 ¢; and
whose concrete expression can be deduced from the above mentioned
papers.

A careful examination of the sommutation relations (1) suggests
the following way of wolving the system of equations which determine
the matrix elements of the L.T.:

a} Find the matrix elements with r=0 of the tensor
T 1 (B in Fig. 1}.

= (P: + )s T (Pa+ )22

b) Determine by recurrence the matrix elements with r = 0 of the

tensor T4 (running from B to 4).
_é_: _é_s 3
¢) Solve the finite difference equations which determine all the matrix

clements of the tensor 7% (4 in Fig. 1).
"_2'_“: '_2'_“t 2
d} Obtain by recurrence the tensors T4 1 (running
3 (2. t+8h *2—(?: +e),b—2
from A to B),
e} Determine by recwrrence the matrix element of the tensors
T {running paraliel to BC).

1 1
g(m+s—s>,-2—(p=+8-£),b.~s——:

IIL The matrix elements of the tensor T4 N
I

Let us consider the matrix elements (‘us, I+ ‘% (Pe+ g2+ 1),
i
Ltgm+tat), itatl.. . Ipmh 1, Yl) of the C.R.:
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[K+» T ] =0 (14a}
o (Pt ﬂ':)l (Ps+ @l
L., T#% =0 (14b)
(Pt PR 5 Pzt a0
and the change of function
{p1: T1> Y1 {43, @, Bl g, 0) = (15)

[(’31 + 41+ 1) f{as, By, 045 % + a5) f(By, @9, — 095 31+ 5,)11{2_?( .
(@ F 1+ 02+ by F D (0 by 033200 J iy — i3 9y |~ W Tt
where

B+z+ D+ 2!

fla b, c;a)= rp—Y (18)
we obtfain the system of finite difference equations
Fu, 21+ 1, 4) = Flu, z, 1) (17a)
Flp, 2, 0+ 1) = Flp, 2, 1) (17b)
with the obvious solution
Fla, 2910 = Fip) . (18)

In the last expressions u stands for ), g,, 4, Consider now the matrix
1 1
slements (y3,11+§~(29g+ s+l + 5P+t 1) Ti+b~st

£ g I I, Yl) of the C.R.:
[m, Ay

]=0 0= s<g) (19a)
"—(99'5'&)’ (13:4‘8),5:-'8

[L_, Tin

"-(15: +3)a (?: + &), 4, —8]

— e+ 1} (gz — 8)I2 T4
_( +a+1)-—m,+s+1}.b.—s 1

(19b)

we make the change of funetion

{t41: %1, Yy | s B9, €4 -+ 8| i3, 0)

[(’-‘ g~ &3~ 8} {3 -+ 31 + 1}! (s, Ba, Ca3 T4 + @5} F{D @ay—0s3 ?h'i'cz‘f'l)]”zx
sl(xy+ gy + as + o5+ 8-+ 1 flay, by 0 1) s @, —a 5 1)

X Gs (ﬂ: . yl) (20]
and find the system of finite difference equations
Golae, 73 + 1, 91) = Gl @y, 1) (21a)

Gl 2y + 1) = Gy, 2 4) = — G (> 71, ) - (21b)
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126 L. BAxyar, N. Marmwsscr, 1. RASZILLIER, and V. RITTENBERG:

Since from (15), (18) and (20) it results that the function @, _, (4, %, %)
is independent of #, and y,, for s = 0 we get:

bg—'ﬂg

Golpt, 2. 9) = Z; T () (22)
y=

where T, (u) sre undetermined constants.

Let us take now the matrix elements (psa, Il—{—%(pg-if- 1 —»r,
i
L+ 3 (P 1), Vot byt 1]y I Ly, Yl) of the CR.:
[K+’ TF’:‘;S i) ] =0 (23)

7 sk

and make the change of function:
(#1> %1, 91 {122 s Col i 7)
— [(bz—'cs}! mtmt+ D+ +a+op—r+ 1):]112 “
eyttt arteo—2r+ 1P (@ + oy —n)!

Flaas bsy €23 2 + 8o — 7} f(Br @, —e13 1) V2
flas, By, 645 2,) flby, g, —eq; 3y + ca— ) ] fr (ﬁ' T 9'1)

we obtain then the equations

r"lf'z(% + Gy + I- f)lﬂ [fr(;u! * -+ 1: yl} - fr(iu’: Ty yl)]

o Jerlem—1) .
B {4+ 7 4+ 1) {2+ 3) (29)

—_ fro s %5 41)
@ttt e—2r+ 3+ +a+e—2r+2)°

Equations (20) and (22) give

(24)

bss 33~ Ca3 ¥ 3 ba = e ’
fl)(ﬂs Xy, ?ﬁ) =j0(;u'1 ?)'1)= It j{:;;a], S_CS:';;:)G] ?gn Ty(,u) y{ N (26)

One observes that for r = a, + ¢, + 1 the left side of (25) vanishes so that
we obtain an identity which is easily verified. Congider the function

(Bt h—Ga—ca+ 11z + g — 8 — o)t
j‘“a%—ﬂs(#” Ty Y1) = (%+y1+1)!{(21+!;h)!“ i H(%,%) (27}

From (25) we then obtain for v = a, + ¢, 4 1:
Hx,p+ 1) = H{z, ) = Hizy) . (28)
The general solution of the system of equations {25) is

r-—-1

I+ {20 1) =IZ{'] kZ.‘o (1Y las + eg — r+ P —DHIPA x

(;pl-i—y,--k)!(xl+y1+a,+c,~*2r+22—{-1)i ]

KRBT —E—Dit o+ ooty FIF T —r— Bl AT A

Ladislaus Banyai: Profile in Motion



Irreducible Tensors for the Group S U, 127

where @, = fo(u, 71) and @ {y) (=1,2,...,r) are arbitrary functions.
One can see by direct calculation that for the supplementary condition
(28) we have @ {y,) =0 if I +- 0 and f,(u, %) must be a polinomial of
degree p, in y,. From the Speiser-Goldberg selection rules we then obtain
some relations between the constants 7', (1} so that instead of (26) we have

o 80 = J e —erny 2 Z T (29)

where
a1 =ay+ uy B(ug); by = by — ugB(ug); o1 =0y — uyB{uy); (30}

T, () are arbitrary constants and N is given by (12).
Summarising the results, we have
(> %15 Yy Jhes s Ca) 3y 1) = E () (2, %35 Y1 [pha: B o) g, 7}y (31)

whare:

(s @1, Yy (902> @as Ol fhos 7)y

o tatotl—r!
= [at ea= st 4 gy ottt adIont
ﬂasvbmcsﬁz:+as“”"')f(bl’al’_"vy1) 12
g e B [ (32)

(=, + yi“'k}I(?l‘“k)?
X B D G T T et 6 F T T X

{43, @3, — 13 4 — k)
f{bzv By~ Ctith— k) )

X

IV. The matrix elements for an arbitrary I. T.

Let us consider the matrix elements (ps, Iﬁ-%(pr} g+1)—r,

1
TR SPESPIS N AR WPINS TRRRLY"AS A9 A% }’1) of the C.R (19b)
and make the change of functions:

(1> 1 Y1 | fr2s B> €3+ 8] pha )y
=[t@tats D@+ aisr DEm+n+ D x

(x1+y1+a,+c.+s+1-r)' flay, by, 005 2,) N (33)
{z + 3 —r)! Flosg, by 0558 + 05— )

f(bs:ﬂm—cs,?x'i‘ﬁa'f'-?“"f} iz
by, tta, — @43 09 + 8) f{By, @y, 13 Sh)] gg’f(”’ 1, yl) .

ped
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We obtain the recurrence relation

i+ 1elpt, 20 Y1) (34)
- oyt gl a2y .z D a2 —1,4)
BF o+ ot Gt et 2—2r -t htl

in which g} ,{¢, %, ¥;) is known from (32) and (33). The solution of the
recurrence relation is:

Frelth @15 Y1)

Z;;a( Iyrestmes§, 0(mg,q -+ Mg,s + Gz + €3 — 7) néu s—i X
LT

X (5‘“‘ g mim.o-’r 6’”{ 1!.!,1)x
(x;-{-y,+3+1—2r+a,+o,+m“—-m“)m‘-l Wit Mg — iy

X
(z;+y;+1+m;s-—m,4)m"" M, b Wi o100 — B
X gg,r—m.,,wmo,. (ﬂ’xl" My, 4 y!+ mﬂ:s) .
(@=1,2,8,4; i=0,1,...,8); &= 3 m,. {35)

e

Choosing I, = I — r and taking the matrix elements
1
(oLt g ta—t—-1)—r L+
i
+e @t s—t—1) =1 Yitby—s—t—1]|mLL—r Yl)

of the C.R.

K Tﬁ‘a ]

*(p,+s-t) -—(m+s-—-z),b,—s-—f.}

=[ 8+ BDige—s)(p. +s-+2) T2
(pp+a—t+Dp,+s—14+2)

x Tt + (36)
-"—(?s+s—£+1).—(m+s f=1hby—s—t—1
(s — t)(p=+q.—t+1)(t+ e

+[ Pyt s—t+1 ] X

x T
-—-(p, - 1),-*{?3-!-3 =1}, by et - 1’

we malke the change of function

{g1s %0 Y1 [0 G2 — 8, Co + 8] 1 7),
= [(r) g + o+ 8 — £+ 1) (g + 31 + 1) (2 + 9, — NP2 X
x[(x1+y,+as+og+s-t—r+1)1(a,+cg+s—t—r}! X

f(@g By, €95 @5 — 1) Flay, By, 015 ) « (37)
j(bh gy —Cg; Cy + 8) f{aa, 63, Oyt &y + By~ — t)
f{ba’ gy — 033 y;—}-c,—}-s—r) /2 y
* Hby, ay —es 1) ] s (s %4, 91
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and find the recurrence relation
Bl onydy=—b_ 1ty tlag+ote—14+2)%
X g el o gn) + (@ + g + 170X (38)
XKAM s prprlto T+ 1) R, (o~ L],
where R , (g, %, ¥;) is known from (33)—(35) and (38).

The solution of the recurrence equation is:

hg:s.f(#" Ty, Y1) = éo( Tytet o 6%.39(331 + Y= Mg — Ty,g) X
B

Xﬁ(bs—czﬂs*n“) Hﬁ @, b 1(6 ’g-i-én 1))(

BN N <187 M

(@ + Cs + s+ n;,—7+ 291+, — g,y
m+w+1—mn+ n)«_s}"ﬁ—id‘i’“f—hc"“h"ﬂj.a

X hf,',, F Pior it o oy o+ Paug s ®1 — B0 Yy F Wg3) (39)

4
{ﬁ=132:3’4; 9‘“_“0»}-’--':”: w5=2ﬂ1.ﬁ
F=1

x

and so all the matrix elements are known,

Y. Final resulf

Noting that z; + z; — @3 = 9, + y, — y3 = 7, we shall write the final
result in a more symmetric manner:

(ﬂrs: Ias Iz.s: Y }T’j,’: I, Y,; H1s Ip Iz;’ Yl}

{40)
= CF 10, (s %0 9 o, %o Yl o %os ) -
The expression derived for the I -independent matrix element is
(F’p Ty % L"‘Sa Ty yﬂl H3: T3; 9‘3)
(41)

N
= ZGTy (2615 fag> Jha) (42> 15 Yy | poas Tas Ua |ftas T3 Yy
7=

The coefficients 7', are related to the reduced matrix element. The formuls
for the (nonorthonormalized) isoscalar coefficients is:

{th1s %1 Y1 |phes g, Yal thas Tas Yaly (42a)

= [(331+ 1+ D@+ g+ 1) (g~ 22+ 2)! (2 + g+ 2)! X

(& + 2 + 9 + I fiary, By, 045 20) F{Gay bay a3 %) [(By, gy €55 ) ] ( }

(@2 T+ 23— %3)! [, B, 0o a) (b1, Oy —Cu U2} F By Gy G o) ) = YVHEY
where

Fy (#! +, y) = Z‘ 2 (_ ]‘)n'-l“'-“." + Mos + s 6%“:"‘3: 65!.3’1"5: + %o x
%o, Mo.p

X
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X @by ~ Yo =~ Mg, 1) Olag + ¢~ @y~ Tyt Tg— Mg,y — g,z + Mo, + Mog,g) X

KPR, a3 ths & Y) P (Mg, 00 Mo, 55 16, B, Y) Xy Ly~ Ng g — My, g {42b)
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We note that if the selection rules correspond to a multiplicity smaller
than N + 1, the functions appearing in (40} are no longer linearly in-
dependent.

The expression given above may be msed to compute the C.G.
coefficients if we use the orthonormality relations [17]. The computation
of the general expression for the C.G. coefficients, a very difficult task,
must be done for each concrete case individually,

VL. The special I, T. corresponding to the representation (0, )

The matrix elements of these tensors which are multiplicity-free
can be obtained directly without making use of the general formula given
in Sec. V. This is preferable because it is difficult to observe the simpli-
fications which oceur in this case in the intricate expression (42). We
shall reburn to Sec. II1 ohserving that in the present case the sum (31)
oontaing a single term:

(Pv %1: Y1 |Kgs %_’ :"ggl Hay 7 ) Ty () (#1: Ty Y1l g 3 s g | M T ) {43)
while eq. (32) gives
(.“v T1» Y e _931, —q._[ 3 "
(44)
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Ty () is an undetermined constant. To determine the matrix elements of

the other tensors we shall use a method other than that of Sec, IV, From

the commautation relation (19b) and the change of functions (33) we

shall determine the matrix elements (g, %;, ¥, | fa, 32, €5 + 8 | ti5, 0)g.
The recurrence relation (34) with » = 0 is:

$ol@ %) Gol@th + 1)

9’;+1.0(331s yl} = Z + 4 +s+2 z+g+1 (45}
We make the change of function:
(2 4 )t
s, O(Ih 3") = {x“ + % + s+ 1)! U, (xls y]) (46)
and obtain the recurrence relation
g3y (g, Y1) = w (@1 Y1) —~ %l 4y + 1) 47
which has the solution:
i 31
uEpy) = L -1 g vl st ). (48)
From (48) and (48) we find finally:
(2 -+ 9! > sl
gﬂ,ﬂ= ($1+y1+8+1}! k{lﬂ(_ l)km x (49)
X@+y+E+1) g n+k).
The function g,,qo{®;, ¥} is derived from (33) and (44):
. 1 Fag, by, €55 85 + x3) Fbys by, —55 11}
G0 (xl’yl) Tt ) Hep by e m) s e —esse 3 (50)

Using the relations (33), (49) and (50), the matrix elements
(g1, Z1s Y1 [fhay @ey €2 + 8] pig, O}g are completely determined. To find the
other ones we consider the C.R.:

K, Tﬁ“"i o, 3}20 (61)
2°%° 78

and the same method as in Sec, {11. We than obtain the matrix elements

(4“1’ 21 Yh M _9'31 »%‘ Has Ty, ys) expressed in terms of (uy, %3, ¥y |fte %o
¢y -+ 8] gy, 0) derived above.
Expressed in the variables # and y the final result is:

NN (62)
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kI ke
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To compare the present result for the I.T. corresponding to a re-
presentation (0, ¢) with MosHINSKY’s one {6] corresponding to a re-
presentation (g, 0) we have o use the symmetry properties of the C.G3.
coefficients [17]. We then observe that the former is more convenient,
containing fewer terms.

Aeknowledgement, The suthors would like to express their gratitude to Pro-
fessor V. Novaov for critical diseussions,

References

[1] Gerrawp, I. M., and M. L. Zrriny: Doklady Aked. Nauk B.8.8.R. 71, 825
(2950).
[2] Bienermary, L. C.: Physics Letters, 3, 69 (1962).
[3] Hagvey, M., and J. P. EzrLior: Proc. Roy. Soc. London, 2724, 557 (1963).
[4] Bamp, G. E,, and L. C. Brepexgary: J. Math, Phys. 4, 436 {1963),
[6] Pursey, IL L.: Proc. Roy. Soc. London 275 A, 284 (1963).
{6] Mosurvsky, M.: Rev. Mod. Phys. 84, 813 (1962).
{71 Kueian, J. G., D. Lynik, and A. J. Macrarrang: J. Math. Phys. 6, 722 (1965).
[8] Bambp, G, E., end L. C. BiepEXEABN: J. Math. Phys., in press.
{91 Pawprr, L. K., and N. Myrurpa: J, Math, Phys., in press.
{10] Bawapa, 8., and M. YiNgzawa: Prog. Theor. Phys. (Kyotc} 23, 662 (1960},
f11] Rasmip, M. A.: Nuove Cimento 26, 118 (1962).
{12} Tarrawxe, P.: Ann, Acad. Sel. Fernicae, A VI Physica, 105 (1962).
{131 MoNames, I, and F. Camwros: Rev. Mod. Phys. 86, 1005 (1964).
[14] Binyas, L., N. Masmvgescv, I, Rasziveasr, and V. Rirreweeea: Phys. Letters,
14, 156 (1965).
[16] Luet, D., and A. J. Macrarrang: J. Math, Phys. 5, 565 (1964).
[16] GIisiBRE, J.: Nuovo Cimento 80, 406 (1963},
[17] pe SwarT, J. J.: Bev. Mod. Phys. 35, 916 (1963).
[18] GorpBERG, H.: Nuovo Cimento 27, 532 {1963).
(19] Mosmxwsky, M.: J. Math. Phys. 4, 1128 (1963).
[20] Bimoni, A., and B, Vrrasz: Nuove Cimento 83, 1199 (1964); 34, 1101 (1964)
and in press.
{217 Cormmax, S.: J. Math. Phys. 5, 1842 (1964).
[22] MaxpeLzwEIG, V. B.: Zh. Eksperim I. Teor. Fiz. 47, 1836 (1964),

Ladislaus Banyai: Profile in Motion



FHYSICAL REVIEW VIILUMIE

LEB4,

KUMBER 5 25 AMNGUST 1969

The o — 4= Vertex in Chiral Dynamics

L. Banvar axe V. RiTreEsnEr:
Academia Republicii Socialiste Romania, [nstituiul de Fizica, Buchqrest, Romanic
(Received 1 Jangary 1969)

The p — 4= vertex has been computed assuming vector-meson dominance, and (he resulting interaction
is described by a chiral-symmetric nenlinear Lagrangian plus a sytnmetry-treaking term with tensorial
properties. The vertex funetion is used to compute an approximative analylical expression for the g% — 4r
eross section which 1= valid from the thresheld up to 850 MeV. For the fourpion decay of the 5 meson,
we have obtained the following branching tatioe: DLt/ Ttn e 1, Tl b 4~ /T =41
Dyt te % U tase e =%, Experiment indicates upper limits of the nroder 13 U® for the fowr-pion

decuy-mode branching ratios.

NE of the most interesting results of the nonlinear
chiral SE7.%X ST, effective-Lagrangian model is
the predictign of various many-plon vertices, Recently
Qlszon and Turner' have shown that chiral ST ST,
symmetry with (3,2) tensorial breaking (o model) gives
fairly good results for the production reaction =—p —
#tpr at the threshold. In order to test the model
further, we might consider many-pion production in
pion-nucleon collisions. This type of calculation is,
however, hard 1o perform since the contributions of
different resonances are important and their couplings
are unknown ; thus supplementary assumptions would
Le necessary. This is why we have considered the
p— 4= vertex, which does not imply new coupling con-
stants and which can he directly measured in the
p—dr decay and {in the vector-meson-dominance
rnodel) in the reaction ete™ — dir.
Choasing the nonlinear transformations of the fields
as in the v model and assuming vector-meson dorai-
nance, the chiral-symmetric Lagrangian? is

Lon = 1l -tga,Xa) =1 (Da,—D,a,)
- %mﬂg (o.tHa,) —~ (oo tgru )t~ (D= — gra

g
L tgaxXn) (Dim—goa,) X (D —pra)
My

+2{D.a,- D8] (D —~goa,) (ho+gm-a,)],
where

1
im=€'uv+g."ux9~n ﬂn=Ap+—‘Dy‘-?, D=8, X,

M

1 1
— p . | . ——'—12——*.':4 “ s
L (fr *‘J ff Zf" 8_f,3 + [

f Ma
T zg

{(ma=mpn7).

We consider that the symmelry-bresking part of the
Lagrangian is composed of two paris: ome depending
only on the plon field, containing also the pion mass

LM, G, Olsson and L. Twrner, Phys, Rev, Letters 20, 1126
{1968),

5. Gasiorowics and D. A, Geffer (unpublished),

184

term, and the olher contalping the wer vertex. Hoth
these parts can be writlen as (A/2,8/2) tensors *® but
the former will madify the partial conservation of axial-
veclor current (PCAC).® For our purpose it is enough
to retain only the plon mass term, the four-pion inter-
action, and the wor interaction:
* #
Ehrosk = — Lo Al — b omib — —pmi b
870 dm,

where for an (V2,5 /2) tensorial breaking
= (8- Y (V427155

and for Schwinger’s mass-term breaking =4, while
k=2 from the w ~— ry decay width.

With these Lagrangians, we have in the tree-diagram
approximation eight Fevnman graphs (see Fig. 1) to
describe the efiective p— dx vertex. (TTowever, the lust
two diugrams do not coniribute 1o the must interesting
A= 2t 2r— vertex.)

We define an effective p-47 Lagrangian by summing
the contributions of all these diagrams. We shall work
in the momentum space, using the notation

f du L4z} = (2w}t f dpy - dpB PIE (P 2),

L
L pgr= ;‘;rnmﬂ-ra (‘?rPI;??JP%P‘)
Xou (gl ()= (pedr (pa)u ().

Because we are not too far from the threshold {the
mean kinetic energy per pion heing 50 MeV), even
for the physical mass of the g meson, we feel content to
evaluate the form factors al the threshold. We believe
that the error inttoduced in this way is not imporiant,
but it introduces essential simplifications especially
when computing the phase-space integrals. At the
threshold (g*= —16m.2), we find

I8 = Cfrhesaspy!,

35, Weinherg, Phys. Rev, 166, 1568 (1968).

¢ W, Sallfrey, Phys, Rev, 173, 1805 (1968},

¢ L. Binyai, ¥. Novacu, and V. Rigtenberg (unpuldished).

¢ 01, Amnowitt, M, H. Friedman, and . Nath, Phys, Letters
27B, 657 (1968),
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Fi¢. 1. Feanman graphs con-
sidered in the calculation of the
uifegtive p— dor veries,

where Lhe conslant € is equal to 1 for m.=0. For the

actual plon mass its value is

C=1,07440.2162L4 (0.155740,0333£)58
—0.00558—0.00018*.

For 0<<§<1 and ¥ not too high, C is close to its soft-

pion value,
Tt is interesting to remark here that the contributions

of diagrams f, g, and h vanish at the threshold. The most
important diagrams are a, b, and ¢, all being of the same
order of magniiude, but the last two are of opposite
sign, 50 that the contribution of the conlact graph is
dominant {jn the soft-pion limit it alone yives C=1).

Now, actording to the vector-meson-dominance
graphs of Fig. 2 the ratio of the cross sections for Lhe
processes et~ — dx and ete™ — 2 is

W

o) (Y.,
gt aerym (W] M

Fotaaztet s (W)

where W =+/(—¢"} is the c.m. energy, and

1
[X]

[ (W5 (1 —8) (2 — 23 o,

HGS)

;(i-;-’):% / s f in| (1= (= dm AW (Vb Vs W= (35— 5]
Amgd dmgh

Fiie ]

§1— ¥
X (51—4111'“)(1+%)XEU'V—‘\/'S|—'\/S;\) .

In the vicinity of the threshold {first nonvanishing order in W' —d#,) the integral can be cotaputed exactly and

Fie, 2, p-mezon dominance graphs
for the processes gfem —vdr and
et — dur,
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gives

W)

IN CHIRAL DYNAMICS

1905

TV — e, 2T
Tw 5"

It can be shown that this formula is valid up to ¥ =6m, with a precision of 20%.

‘Thus we finally have

(W —4m, i
2104,

Fetevrrtre () ?
()
ae'u'-x‘w'(l"rr) 4

Of course, this ratio for 772=m,? also gives the branch-
ing ratio of the corresponding decay modes of the p?
meson. For g8/da=2 §=1, and #=1 {¢ model), we
have

Toractan Thtst =2 1071,

to be comparcd with the experimental? upper limit
L3X107% For completeness we give here also the

TA H. Rosenfeld o ol Rev, Mod, Phys, 40, 77 (1968).

[1 = (W2, ) (1~ 8) T — s 232 33

results for other decay modes:

1 1 . p—
Fp“—oﬂx’w‘;‘/r‘;,“-.x:‘zr'“_’; , T P e Totpntyn = .

Thus, if chiral predictions are correct, the branching
ralios for the 4r decay modes of the p meson are
extremely small,

Note added in manuscripl. Since completing this paper
we have been informed ithat B. Renner (private com-
munication) has done a similar calculation using hard-
pion techniques.
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L. Binyai and L. Mezincescu
Institute of Physics, Bd. Pdcti 222, Buchavest, Romaniu
(Received 25 July 197%)

Figld-plgehra current commutators on the null plane are deduced using IMrac's canonical
quantizarion methed. The correaponding seuling ralations are Fylw) = ~2wF fwi, Filw)=10.

INTRODCTION

In view of the recent interest in the study of the
light -cone structure of current commutators, re-
lated to the scaling properties of deep-inelastic
experiments, canonical quantization on the null
plane of the field-theoretical madels has proved
very instruetive. Along these lines the quark mod-
el haa been extensively atudied.!

In this paper we obtain the null-plane commuta-
tors of the fleld-algebra model of Lee, Weinberg,
and Zumino.® Cur results show the singularity
structure needed for Bjorken? scaling.

Far gquantizing the theory we use a nuli-plane
version of Dirac’s® general methed of quantizing
the theories with constraints, which is based on
the redefinition of the ¢lassical Polsson bracket
and the corregpondence principle.,

In Sec. I we give a brief account of Dirae’s ean-
onical formaliam, After preseniing the field-alge-
bra Lagrangian in See. T we analyze the second-
class constraints that emerge. The redefinition
of the Polsson bracket enables us to obtain the
relevant current commutatora,

Seetion III is devoted to the analysis of the sin-
gularity structures of the matrix elements of the
commutator to deduce the scaling properties of
deep-inelastic scattering,

1. CANONICAL FORMALISM

When passing from the Lagrangian form of a
claseical theory to the canonical one, it may hap-
pen that the equationa thal define the canoniral
maomenta
8l
3% -

;8 , m=1,...,N (t.1)

are not all consistent with each other unless some
pomsiraints
@ dp,g)=0, 7=1,...,R (1.2)

betwesn the canonically eonjugate variables are
satisfied. .
{This is generally the siteation in the null-plane

5

forrmlation of relativigtic field theories.}
However, the usual Poisson bracket of §, with
an arbitrary dynamical variable 4,

Y e aAa  ao, 84
Df ),
lo,, 4t le e B B,

may not vanish, Therefore Ey, (1.2) must be con-
sidered only in a certain "weak” sense. Clearly,
if we would establish 2 correspondence principle
(1/0,} = [, | as s usually done in canonfeal guan-
tizatign, we would have incongistencies with im-
posing {1.2) as an operator relation,

Aceording to Dirac® we call the constraints (1.2}
obtained from (1.1} primary constraints, whereag
thoge obtained by imposing their congervation in
time are called secondavy consivaints. The whole
gvatem of primary and secondary constraints may
be divided into constralnts of the first ¢lass and
the second elassg. A congtraint is said to be of the
fivst class if

{tp, 0=t o,

for any other constraint ¢, .

Let us suppose that we have succeeded in sepa-
rating a1l the firsi-class constraints, so that no
linear combinations of the other can be made of
the firat class, Then these remalning constraints
are called second-class comstraints,

The first-class constraints remain weak con-
straints, whereas the second-class anes can be
made strong ones by defining a new Poigson brack-
et according to

(4, Bl =14, B - 514, 01 Co o, BE, (L)

where
5
T Coen e, 00 =5, , {(1.4)
Corr==Cosy (1.5

and ¢, {s=1,...,5)are all the second-class con-
straints.
It ean be shown that the new FPolsdon bracket

417
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has all the properlies of a usual Poisson bracket
and conserves the form of the cquation of motion.
Furthermore, as can be shown, for any second-
class constraint <,

o, Al*=0 .

Therefors, when quantizing the theory, acecord-
ing to the correspondence principle

1 .
Flir=NL1.

the aecond-clasy constraints can be looked upon as
operational relations while the first-class ones
may be imposed only a8 constrainta on the admig-
sible states.

Fortunately, in our example, there will be no
first-elass constraints and the whele problem is
redured to the redefinition of the Poisson bracket.

An original aspect of our case is that we study
a canonical formalism with the “aull” time

EAET
ro=—=
va

in the three-dimensionzl space defined by the
“null” eoordinates

Al=x" {a=1,2).

The Birac equations {1.4] for bogona here are
first-order differential equations, but there are
encugh conditions to fix the soluliona,

This procodure of quantization on the null plane
gives the correct result for free field theories;
however, its equivalence to ordinary (egual-time)
guantization in the general cage is not so obviens.

[I. SECOND-CLASS CONSTRAINTS

We consider a field-algebra Laprangian built
from vector and axial-vector fields VY, AV (i
=1,...,8) transforming as the regular represen-
Lation of the ¢hiral 80, %80, groug in minimal in-
teraction with some magsless apiner fields
(re=1, ..., ¥ that togelher with® v, transform
according to the (¥, 1)+ {1, ¥) repregentation, That
is, with the definitions

V-J;R.L]# :IT (V"!' iA:I) , 2.1)

T I E TN @19

corresponding to the right and left 5U, groups gen-
erated by the chargesa

Q=5 = 0,),

&
we have
JQ;R.L_\' 'l’;R-L':"' J=€_r-“=V;&.L:-u R
. ) {2.2)
[oit+, v <o,
(@4, gt ==t
(@=*, wirl=0, (2.2
A -
2 Waylye =15 056) =i tha -
fal
Introducing the notations
ff:"f Lii _ W VLR.I.:[ -3, Vf,"i' LIk
“.1.”\"'2_}’”5 V:JR'L:J("”;?Q L (2.9)
ELR. 'ik'}"=(i7".,—ig\-"§ fi-L/lIJR.L1i)t|_I:R.L1 (2.39

for the covariant rotors and derivatives, our La-
grangian is the sum of lwo Laprangians:

£=2% 84, 2.4)
where
LELC _%Jl-iﬁ.t,:-ipjn.u;-.v - ‘_‘zmz 1_:LR.L:'5 V:R.an
RS o LR.I.]?a aIR L (.‘ o 3.
(2.5}

Thiz Lapgrangian gives rise (o the purrent-field
identities

7
i = Ve,
F
{2.63
I- = JLA:J .
&

for the conserved currents, |Note that in our noka-
tion this corresponds to 7;®4'* = —(m?/y 8 )WiF LW |
Binee the variables of the two Lagrangians &7
and £7 are independent and uncoupled, our 5U,
* 8, problem decouples into two independent SU,
problems,
In what follows we shall omit therefore the A and
L indices, working out the commutators inside one
oroup of variables, keeping in mind that

b= ; (jER:'.I.‘ +j‘.'L]|") .
F# =M iy,
and

L7 0, 7 ] =0 {2.8)
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8 NULL-PLANE FIELD ALGEBRA 419

Tt ig useful for mull-plane purposes to introduce?

9=,
{2.9)

1 '
W= * .
W WY

Then the canonical conjugate momenta (on the null
plane} of our fields are

3%
Hoa
=3 vy
3L
ﬂf=aa4¢f , (2.10
o B8
*oaagpr

satiafying the nonvanishing Poisson bracket rela-
tions

{V?(x}: Hf(}'}}g* =yt =ﬁkuﬁu'53(x'“ J?]' 1
UREI N HIET S . L PO
PP -y =P BB x - 3}

As is easy to see, Eqs, {2.10) give rise to the
primary consirainta

@, =07=0,
oi=mi-£io=0,
af=pt-HERY =0,

{2.11}

- {2.12)
d=pl vy =0,

&_=p_=0 F

¢_=h_=0.

The only nonvanishing Poisson brackets of these
constraints are {#3{x), %)}, {6%(x), (1}, The
Hamiltonian® is

W= f d xR + D}, VYD, Vs + 1 FPF - 2ar¥(2V] vy - V4 V)

g2 Vi{p By, =B B )= HE D s -, D - Ty D]

Now we have to impose the conservation condition
for our primary constraints. From {#{x),3c} =0
we gef 4 new constraint

Xy 2P DL 0+ VY

—igVE (pt'y, -9 )=0 2.14)

and from {xI(x)..TC} =0 another one
Fos20t v = Vg g, VIVE HIL =0 . (2.15)

Similarly we get two new constraints x* and ¥°
from {¢° 5t =0 and {37, 3¢} =0. The remaining
constraint congervation equations fix the arbitrari-
ness of the Hamiltontan® or reduce to previous eon-
straints. As can be seen, there are no first-class
constraints in our problem. Furthermore, we do
not have to work with all the constraints ¢, ¢,
@ 8%, 0% B% xy, o x% X2 1 a constralat
just states the vanishing of a given canonical mo-
mentum then the redefinition of the Poisson brack-
et iz equivalent with respect to thig variable to ex-
prese this canonical coordinate through the other
canonical variables using another constraint equa-
tion. In cur case in this manner we get rid of
three variables and six cooresponding constraints,
{The fields V;, ¢*, #” whose canonical conjugate

(D‘e'ﬁ% 8 +L’ﬁflk,- Ve, (213

r

momenta vanish we shall consider as functions
of the other fields” through the relations ¥,=0,
x&=0, ¥7=0.}

Thus we rematn with the constraints ¢4, x,, o9
$% and their only nonvanighing Polsson brackets

{900, 30301 -0 = =20, 0], 8(x = 3},

L) x A3 o ym 2.16)

=-mBD], + gV E fr ValaD8x - 3),

{250, 8200 - -, = -1y 6,05 (x - 1)

to work out the redefinition of the Poisson brack-
et, Therefore the index s of the formulas {1.3)-
{1.5) in our problem goes throuph values corre-
sponding to ¢, x;. ¢% @7 and to the contimum
T, X,

Bince the spinor constraints ¢, $9 have vanish-
ing Poisson brackeis with the vector-meson con-
strainte ¢f, x,, the gouantization of the basic spinor
Lieids #7 is completely decoupled from that of the
basic bogon fields (V;, V§), The result for the
spinor fields ¥ is the same as is glven In Ref, 8,
Here we are interested only in the commutator of
the flelds V], V§; thus we consider the equations
[ef. (1.4)]
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j"Isz(,‘“‘,:xb,,{x‘,(z),xj(y)} =8,,0%x~y),
f 42Cy o {02), 290 =0,
(2.17
fa-‘zCe-;,x;xk,;{xn(z).xJ(.}-)}=0 ;
f 4 C@?_,__,g.,{tﬁﬁ(ﬂ, O3} =0,,8,,6%0-y) ,

with

| to

using {2.16), Eqs. (2.17) may be written as

(& + bu™ (el »)=—3 gﬁ(a ¥,
8 +n ' () ]C{x, ¥1=0,

{8 £30 ()10 %%, 13=0,

(8 +0 {x)Cr, )= - 18 8%a = 3)

The solution of the first of these equations may be
wriltten ag

{2.21)

1 .
. . Cly, ¥h= = g lele = w70k, ~ ¥ )0, 3)
LK,-.!:J(“|1‘=_('KJ.)‘:!&‘-.: ,
Coivgrs==Catnn v {2.18} 1X(x v, {2.22)
e gl T
Cu‘\?.x;c‘:?.v:_c'ﬂ?.v:cﬁf.t - where
iU Ry 2 =0,
With the matrix notations [ 2vTiRlx
2, x}=1 (2.23)
C; iy = C(x, J‘)u , ’ r ’
@y, 17 =0{(y
Lx,.r:m‘j.r‘ Mx, ¥ (2.19)
C s =0, ¥) and
R 1 Flig e # ol e X
#_+30 X(x, ¥}=0,
Ed (x}|%(x, ¥} 2.24)
and X, T ==X{3, ) .
EVE fr Vel =0"(x),,, {2.20) The conditions (2,23) fix 2(x, v} complelely:
3
ﬂ(x,y}:&(x'—y‘)?exp(ﬁi fdz"l?*(x',e',i,)) +G(y'-—x’)’f‘exp(-§' fa‘z"v‘(x',z',;:l})
. - .
i ¥ o - - N ¥ _ - \
=Texp —Ef dzv (%", 27, xL)) T exp _f da™0{x", 27, %) (2.25)

{7 and T being the chronological and antichronslogical product symbels with respenat to the variable 273,
while the conditions (2.24) fix X{x, y} up to an arbitrary antisymmetric matrix = (x';X,,¥,),

X(x,y)=Texp(--’;_£: dz‘v'(x",z',fﬂ)ﬂ:{r‘;i_,f;)f‘exp(éIr dz'U'(.\r',z',E,)) . (2.28)

On the other hand, due to causality'”
'l E, 7=, -V IR, KD,
with
RT--R,

(227

Analogously we may sclve all the eguations (2.21) up to some arbitrary functions of »', il [due to the fact
that Dirac’e equations (1.4) for our system with continuous degrees of [reedom became first-order differ-
ential equaticns], We shall see that this arbitrarineas may be eliminated, at least if we ignore our re-

mark in Ref, 10,

Up to this uniqueness probiewm, the new Poigson brackets of the fields V], ¥5 are thug determined. To
obtain the commutators containing also V] we would have to sclve Eq. {2.15). Its solufion is again deter-
mined up to an arbitrary function of ', %,. However, on this function one has to impose some additional
requirements assuring the locality of ¥/(x), which may determine it compietely. Foriunalely we do not
need the commutators of ¥; aince all the relevant information for deep-inelastic scattering may be ob-

tained from the commutators:

(ENEN M ET ]

. " i
R ITN 53“-_‘»‘)-*5—,; AL EC(x, ¥y,

(2.28)
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1
. ) c e m:
I.J':(x)-)‘ﬁ{_‘v‘)lz'=,*=‘,fijk3g53(x“}')+2ga 3“63(3_}.)5”4.

imt

537 P00 D0 = B0, )= 305 3, -

{2.29)
If we want to engure the interpretation of the null-plane charges
(}, = fd;'- f ey a}

as generators of the 8T, group, we have to impose the ponditions'
fai_f;u-af_cu,ﬂ:o, fd;c;fdx'a‘,(:"‘(x,yhﬂ, (2,30

The first of these determines our arbitrary matrix X aa
L 1<Texpl=} [Ddz=0" {x, 27,5 )]
R, %)= - — (.31}
1-Texp[-3j d2a- T (x,2-,%,)]

Z o

while the second gives C2{x, ¥1=0,

HI. DEEP-INELASTIC SCATTERING

In thig section we shall praceed to aralyze the singularities of {2.28)-(2.29) from the point of view of
deep-inelastic scattering. We are interested in the connected part of

tiile, py= (0| 740, SOV 3 {3.1)

where » i3 the 4-mamentum of the ane-particle state |p) of mase M (averaging over spin is understood).
The decompoesition of Iif, into invariant amplitudes ia

(:I‘L {x, Y= (ap a, 'g_m-a_\ak),ﬂ“(xzsp !
NI CFE PR PN NN IR O PO aF ) FAL ol R I LA P R (3.2}
and correspandingly for its Fourier tranaform
1 .
i ph=ge [ axeniliinp) (3.9)
we have
Gl DY =10, 0, — 2,00 v, 05 - (20,07 = (B0, +Pug, W + 2,07 [T, %) +ie, 2" Fiv, 07, (3.4}
where
.. 1 .
Tl e =gy f dxel 2 f izt p o x) (3.5)

with w=p -4,
The general form of #/4(x?,p -x) due to causality and spectral conditions is (¥ 18 finite)

.A-' )
S p - 8) = el e i, p )+ 33 B9 e M p - ) (3.6)
=0
ut ,' contains also 4 noncausal term; see Refl .
{but £, 1 1t Ref. 12)
In the Bjorken limit {¥ ==, g%+ = with @=—g*/2» fixed) the hehavior of the structure functions &}/ is

determined by the lipht-cone behavior'® of ; F{x? p -x) (aee alao Ref. 14). The scaling hehavior in the
Bjorken limit,*

li;n R AVNSES X () IN

|

lim ¢ 2§y, ¢2) = 1w}, 3.7)
[

li;r_nq’ﬂg(v, 7%} = F.lw),
|
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corregponds to
AR pexy=e(p Aoz =3 p o ayr8(aP) &P p 2,
fxd p ) =elp oadolx®ye S (x?, p - )+ (noneansal term) | {3.8)
SR b - =elp - NeleB e Pt p - rslxN e Hip )],
with @ }(0, p - 2) finite, and
Fifw)=i2owe [H(w) ,
T
de i w) 3.9)

Fiw) = —x'*lﬁwT .

Fiwy=izrwe Jw),
where (g=p -2}
1

& W= [aveteeita, ety [deemmelio, o). {3.10)

Using {3.7) and the relations
e(x0(x?) B (p -2, g~ Fwe(xTIO0E,) @ (M N2,
8, A, M e{xMpix?) @ {(x%p x|, =0, 3.11)
8,8, {elx™alx®) e (#% p - D0 = B, (el W8 E I € (B, Wx" NZ)

{for the singular funetions their value at x” =0 was defined as the semigum of their limits for +~ — £0) one
finds on the null plane (with =0}

H 0, )= 8 F[el)6 (R, ) dn @ (UM N ) [rify, (B4 (0N £5%() {3.12)
{the last term is due to the noncausal contribution to £,

Hate, p) =8, 8_[efanI0(E Vv e (MM AT Y - B [e{e S {R, ) Er M ® @ JH0, Mx /3]

+€,, 8, (ele™)0(X, rdr/2V 2 e M AT (3.13)
Now we have all the necessary elements for the ¢ ‘”(o)-Ln”(o)
identjfication of our structure functions, ! X ’
Defining the matrix element of cur bilecal opera- i 4
i) - LT
tor @40, 0 Yo do Qg , {3.168)
m? af Mx
37 P18 0y [2)th-coin 0=02 ’(T@_) € i) =0
{3.14) or

and the form factors Hw) =—wftw) ,

Pl = (0" wp )R ({2 -2'F) {3.15) Fifw) =207 ()
{with the covariant normalization {ptp " = (27)°26° i 1
#6{§ - )] and taking into account that [g’i(w)=2_; f dce—!wcgi;(c}] ,
{p: Clx, 0RO7(0)| p3 =0 Fiw) =0 | TN
when $ =0 and that (| X{x, 0}| #) must vanish Thus, the relation

because otherwige it does not cbey the spectral

conditlon [campare with {3.8)], we identify Fil{w) = -2wF{{w) {3.18)
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emerges, The same relation was obtained by Cal-
lan and Gross'® considering the infinite-momentum
frame [ p| =) matrix element of the equal-time
dotted current commutatar of the field alpebra
model.

Recalling that due to (2,23)

d .
Ry
a R m

=FfinFy
o=

and (3.19)
40y =0,
we find immediately the Adler sum rule
! 1 ..
f duw= p W) =2if 5 F,
-1 w
and (3,204

oy
L ds—z Fi(w)=0 .

Here we assumed that %{:«} is finite. Then it re-
gults aleg Lthat

i) — 3= [RH6) -0 ()],

P

which does not correspond to the Regge behavior,

To conclude, we have seen that the formal ma-
nipulation of the classical Poisson brackets en-
abled us to derive the Bjorken scaling behavior
given by the field-algebra Lagrangian, The re-
sults agree with those obtained by formal manip-
ulations of the equal-time commutators,

Note addad.  After the completion of this paper,
we learned about the work of Feinbery,'™ where
the same results are obtained by azing Schwinger’s
quantum action principle, We would like to thank
him for sending us his preprint and for interesting
comments.

Work performed under the contraet with the State
Commitiee for Nuclear Energy of Romania.
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LETTERE AL NUOVO CIMENTO voL. 11, N. 2 14 Settembre 1974

Again on the Gauge Dependence of Renormalization Group Parameters (*).

L. BiNnval

Institute of Phy#sics - Bucharest

8. MircuLEscy and T, VEscan

Depariment of Physies, University of Bucharest - Bucharest

(rieevuto il 17 Luglio 1974}

Non-Abelian gauge theories have recently attracted attention as candidates for
a field theory of strong interactions {!), duc¢ to their unigque asympiotically free be-
haviour (2). The infra-red divergences inherent to these theories raise sertous problems
ag well as certain hopes (*) regarding the nonohbservability of massless vector hosona
and quarks. For tho moment we can discuss only tho theory of Greon’s funetions sub-
tracted at an arbitrary Euclidean point. Hence, observability cannot be used as an ar-
gument in discussing the dependence on the gange parameter of the various quantities.
A poculiar importanco has the understanding of the gango dopondenee of ronormali-
zation group parameters.

Recently (%) CASWELL and WILCZEE derived certain relations for the gauge parameter
derivatives of the renormalization group paramecters in a pure Yang-Mills theory, and
noticed that they lead to gauge independence in the 't Hooft (!) renormalization.
However, the nature of their consistency relations is not transparent, and their argu-
ment about the ‘t Hooft rencrmalization is noithor cloar, nor complete,

Due to the importance of the problem we present in the following a new diseussion
using ‘s Hooft’s renormalization procedure in the very convenient version of COLLINS
and MACFARLANE {5). We show that tho consistcney relations ineluding massive fermiona
are actually contained in the very definitions of the renormalization group parameters
and their gauge independence in ‘¢t Hooft’s renormalization is connected with the gauge
independence of certain renormalization constants.

*) Work performed under contraet with the State Committee for Nuclear Fnergy of Romenla.

(1Y D. GrRoss and F, WILcZER: Phys, Rev. D, 8, 3633 (1973); 2. WEINBERG: Pays. Rev. Lett., 81,
494 (1973).

(3} D. Gross and F. WILCZEK: Phys. Rev. Leil., 26, 1343 (1973); H. POLITZER: Phys, Rev. Letl., 26,
1346 (1973); G, T HooFT: unpublished.

M W, E. CagwELL and F. WILCZEE: Phys. Lefl., 49 B, 201 {1874).

Y @ ‘T HoOFT: Nucl. Phys., 61 B, 455 (1973),

(5) J. . Corrms and A. J. MACFARLANFE: University of Cambridge preprint (Nov. 1973}

1651
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152 L. BANYAI, 8, MARCULESCU and T, VESCAN

Let ue consider a renormalized, proper Green function Iy obtained through mmulti-
plicative renormalization of the unrenormalized Green funetion I,

(1) Fx(_’P;ﬂ;m:Q‘, a}— ZI"F“(P!' 7”’0, 9'0» aﬂ}'

Ilere m, g, « (regpectively my, ¢4, o} are the renormalized {respectively unrenormalized)
fermion mass, coupling constant and gauge paramcter; p stands for the external mo-
menta and p is an independent mass paramcter defining in some way the subtraction
point ('t TTooft’s unit of mass {(*%)). We shall assume all the unrenormalized quantities
regularized through the dimensional proeedure of ‘T HooFT and VELTMAN (%). Then from

er, o
Qu My g 8y tixed '
follows () the renormalization group eguation
2 e + 8 ® i + 4 i Iy=10
— —_—— Y — — — =0.
Moreover, if I', is gauge invariant, i.e.
ar,
doy
then alzo ()
3 ' @ £ )F =0
{ ) (a"'ga‘q_gmma’; er E= Y
where the various coefficients defined by
&g Elnm oln Zp ) Qo
4 = . m= 1 4 = LT a: 1 » » i ﬁ d ’
(4) 8 amp’ v 2l g yr ey dinp (90> 2> M, fixed)
dg @ dlnm fé 8lnZp {0
(5) o= Ry i = = . il (4o, g, p Hxed),

datyf Doy bn= doeg [ By’ er Qg [ ey’

as well ag the renormalization censtanis are dimensionless aud may be expressed as
functions of g, « and m/fu.

Using the second equation one may eliminate the term from the remormalization
group equation. This gives rise Lo a redelinition of the coefficients

3 = ﬁ_@,a’
{6} Fou= Vm—@nd,
Pr=1vr—erd.

(*) G. ‘T HooFT snd M. VELTMAN: Nuel. Phys.,, 44 B, 189 (1972},
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Bome of these definitions may be expressed dircetly in terms of derivatives with respect
to renormalized parametcrs (hore Z,, = mgfm)

(Ta) ;_;m:(urM)_1 (3+ gi)inzm,
aln (mfu) Ox oy

(7} er= (an_ﬁ_ Qé—amﬁw)ln Zp,

(8b) Fr = [B%—(l T ) ém(aTm;]l"Z‘" :

Let us now conzider 't Hooft’s mass-independent renormalization proeedure (+5),
where

(9 gé = Gar "
zt ’
{10) ad, = wy,

with £ = 4-- n, n being the space.time dimension.
All the remormalization group parameters f,v,,,.. are supposed to be analytical
funetions of & Then, by differentiating (9) with respect to Ing and «,, we get

ofy-t aof
11 (I Y
(11) B (ag) . o
where
2 Z
f(g,oc,s):—;lng-z—é.

Now, by using the e-expansion of tho mass-indopondent renormalization constants

Z, @1
12 - | —a'y, =),
(12) 7 +v§1 A% =)

we obtain

14+ Y (1/e")e,
vml

(13) flog=— g™t
14 > (1/e)3ga,/3g

=1

E {1/s"18a, /0
(14) ole) == fie) —— .
1] Yje)e,
w1
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From (13) it results that f(1) behaves like £ at ¢— oo, hence it is an entire function

(15) ﬂ(s)=—§g+ﬁ,
s 5 1  da,
(1567 B =Eg-_a;'

For cosistency certain relations between the coofficients @, have to be satisfied ().

By combining eqs. {14) and (15) we see that p(¢) vanishes at ¢— oo, hence it is zero
everywhere. Tho consisteney conditions here imply that 8a,/8x — 0, d.e. ZJZ‘; is inde-
pendent of «. {This is readily seen in the one-loop caleulation, see for example ref, (7).)
Similar argnments give

16 = 1 F)a,,‘._ . 1 aapl
(16) Tm=—359 & r=—34 Pl
(17 Om=pp=10.

The last relation implies that neither Z,, nor Zp depend on « ().

Thus in this renormalization a gauge-independent unrenormalized Green funetion
produces an o-independent renormalized Green function if multiplicatively renormal-
izable. According to (6}

Ig = ﬁ? Fie= ¥ Fr=ir
anil sinee

O/ Cot = Qttyq /Ot = Carpy ot — 0
1 m1f fie s

thoy are x-indcpendent,
In the Abelian case Z,/Z} is to be replaced by Z;! and thus Z; and Z,, are gauge
independent, a well-known result in the usual renormalization of the QED.
Changing the definition of the renormalized coupling constant, gauge parameter
and fermion mags, we can pass to an avhitrary renormalization procedure, which is
equivalent o a finite intermediate renormalization. Replacing g by §g, « mip}, «

{7y P. 8. CoLpLkcorT: University of Cambridge preprint (Feb, 1974),
(*} The sualiticity of the renormalization group parameters at € =0 te every order in ¢ i a direct
consequence of the corresponding analiticity of the renormalized Green functions, The resulting
eongistency relations between the coefficients a,, d,,‘v, “1", give rise to

[ - v
Z, dg' (" Vo, 112"}
-g-axp [—J.—s,F -_L] 2, p = &ED [—J‘da'_—{'L]-
Z; dU Blg) - (et d By - et
Taking into account the known (') lowest-order cxpressions for ﬁ(g]. Yaig), we find

Zz
1. et. Zp = HCBHILIG, () —ATR)]
£t

Z_EB—W
It i jnteresting to ohserve that only for asymptotically free theorics {110:(G) — 4T{E) = o) Z”‘gioﬂ’
thus the bare-fermion mass vanishes. Similar results in the Landan gauge (# =0} can be derived for
the other renormalization constants, Such relations {n a momentum cnb-off version have been found

alzn in ref. {%).
"y Ng Wreg-CHNr and K. Young: SBtony Brook preprint (Nov. 1973).
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by (g, o mfe) and m by myplg, x, m/p), we find

¥ fea
€= dorf Do’
(18) . - .
&g Bay - of oo
= — — — —— l -—
A (ag ¢ ag) A ”"‘)(a- In {m/x) ®om (mf,u}) !

where f%, yp are the values of these parameters in the “t Hooft renormalization (g, «, m

here are also the renormalized parameters of the same procedure). Analogous relations

express the other coefficients through their values in the 't Hooft renormalization,
Taking into aceount that

"= em— er=10

and

o _opn _r_

*

doe T O

one then finds generally
3B .9 . 8 2 _
—_ = —— {1l i T - - ]
a2 P3P Sl © ("ag Q'"E)ln(mf,u)) p

1o P [ PRI 2 2 @ i

) e = i aﬂ {1+ ?’m) 3 ln(m;’p) O |3 ag e an (m,"}!) Vo s

o5r [, 0 2 3 2
- - l -M - - - Tt -1 1 . % A
o ,ﬁag At P) S ) & (Qag em o ln (mm;) rr

{Ilere g, &, m are the renormalized parametsrs of the given renormalization procedure.)

These equations are the generalization of the consistency relations of CAswELL
and WILCZEK in the presence of massive fermions, and may be obtained also though
their method, which consists in forbidding any more nontrivial equation to be satisfied
by the Green functions.

It appears that even with fermions, if ¢ = p,,= pp= 0, the normalization group
parawmelers f§, §,,, fp remain gauge independent. This oceurs in any renormalization
obtainable from the ‘t Hooft one through a transformation with ¢ and y inde-
pendent of a. '
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ON ’t HOOFT'S RENORMALIZATION PROCEDURE IN GAUGE
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Properties of renormalization constants (zgauge dependence and the e — { limit) are
shown in 't Hooft’s renormalization of Yang-Mills theories. The equivalence to a standard
subtraction procedure is discussed at the one-loop level.

1. Introduction

Recently there have been proposed [1, 2] new methods of renormalization in
quantum field theory which do not consist in subtractions of the divergent proper
irreducible vertices at a given momentum. The main advantage of these new ap-
proaches is that the renormalization constants (including the fermion mass renor-
malization constant Z,,,) do not depend on the mass [3]. Consequently, the renor-
malization group equations may be solved exactly at arbitrary momenta and asymp-
totic freedom in non-Abelian gauge theories was shown rigorously. Moreover, some
of the renormalization constants and the related renormalization group coefficients
are shown to be gauge independent [4, 5],

One purpose of this paper is to give a more detailed account of the remarkable
properties of the renormalization constants and the renormalization group param-
eters in "t Hooft’s scheme for a non-Abelian gauge theory. On the other hand we
discuss, at least at the one-loop level, the eventual equivalence of this renormaliza-
tion with a subtraction at an unconventional, mass and gauge dependent momentum.
Conclusions are given at the end of each section.

We shall consider a gauge field theory, whose Feynman rules are defined by the
Lagrangian.

L= bRl FI o (7, D% ) — i 0, AL A0 PV,
(1.1)

* Work performed under contract with the State Committee for Nuclear Fnergy of Ramania.
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where:

[

T - a _ a b
an_auAu avAp+gOfabcAuAv’

- _ 7 aq a b s <
D”_a# Igot“Ap, [£5,¢7) =if, .,

vf’s—aabap — &ofope AS
Ai, and 1, being the unrenormalized Yang-Mills, fermion and Faddeev-Popov ghost
fields respectively.

The theory is supposed to be gauge invariantly regularized through the dimen-
sional regularization of ’t Hooft and Veltman [6]. The divergences of the theory,
when the dimension » of the space-time tends to 4, manifest themselves as poles at
the origin (at most » -uple at the v-loop level) in the variable ¢ =4 — n. 't Hooft's
procedure consists in just dropping these poles, i.e. a multiplicative renormalization
with dimensionsless renormalization constants of the form

1+ 2 JE; a®, (12)
where a?’} gets contribution starting with the v-loop diagrams. The important feature
is that a,(") does not depend on the renormalized mass [3)]. The seriesin eq. (1.2) is
supposed to converge in a domain of the e-plane so as to define a unique Z4¢€).
Otherwise it may be understood as an asymptotic series for e > o=,

The renormalized coupling constant g, mass m and gauge parameter o are related
to the unrenormatized ones through

Z
_ 1
goHt = &, m0=2mm, aﬂ=Z3a. {1.3)
Z, is the three-vector vertex renormalization constant, Z5 js the vector field renor-

malization constant, while Z,, is related to the conventional fermion wave function
and mass renormalization constants Z5 and &, through

= -1
Zm =1+ @m/m) Zy",

(tHooft’s unit of mass i was introduced everywhere to get the correct dimensions

[t.3].
The renormatized group equation  la Weinberg [2] is
3 3 d )
—_—t = —_— e =
(.u LR PRk R PR aa) Ipwgamp)=0, (1.4)
where
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o= X% _dlnm dlazy %
- ’ “olnp

Ang’ 'm dlnp’ T dlng

, (1.5)

at fixed gy, oy and my; obviously & = —a ¥4, These coeffictents have to be finite at
e =0 in every order in g. The same is true for the coefficients

p=l jox o _dlnm jda Ealnz /_ (1.6)
day [ ey’ m "~ day [ day’
(at fixed g, mg and p) of another equation [7]
) ] a
(ﬁ +p§‘§_pmmﬁ—pr)rl{(p’g!asm!p):o (1'7)

to be satisfied by the Green functions obtained through multiplicative renormaliza-
tion of gauge invariant unrenormalized Green functions. As we shall see later, the
finiteness of these coefficients has far reaching consequences.
The solution of eq. (1.4}, having a canonical dimension D, behaves like
(v g o m, p)

InXx

ryesOmwes |- [ aty (a0 20)]  as
0
under the scaling of momenta. Here £ =In X and

4D - g (g0, 20) . o=,

dod) - (g(r) a(?), (r)), a(0)=c, (19)
d_h;l;"(t) =_1_— (g(r),m(t)) , m@=m.

In ’t Hooft’s renormalization these equations are decoupled since 8,8 and v,, do not
depend on m/u and we shall see [4, 51 that § and v, and v,,, are gauge independent.
In the one-loop approximation the values of the various coefficient are

3
Bley=—E— [$ () -3TR) ,
(4m)?
2
Yo (3)- 6 C,(R), (1.10)
rr)

7,8 @)= @ 2 C4(R)
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2

75 a =—(—f—;§ [13;3a Cz(G)—% T(R):],
m

~ 32 3w

‘1’3(8. o) =— a;)—z 3 CZ(G) s

where the values of the Casimir operator are C,(G) and C(R) for the adjoint repre-
sentation and the representation R of the gauge group G respectively, while

T(R) is defined by Tr ¢ & =35, T(R). If the quantity & = ¥ C5(G) — 3 T(R) is po-
sitive, the origin is a ultraviolet attraction point for the first eq. (1.9} and one has
“asymptotic freedom” [7, 8]:

2 (@n)?
g(f)r""“" T TR {1.11)

' 00

For ¢ = <« it follows also

dlnm() )
dr I

3

and thus m(=} = 0. From the third eq. (1.9) we have for > o

dgft) o ? ()& — a()],

with@= ¥ — § T(R)/Cy(G)and A >> 0. Then 0 and & are the fixed points. Which
of them is ultravioleted stable depends on the sign of &: a(=) =& §(X). However
there is a special case a(0}) = 0, which implies a{#) = 0 for all £. From -3 <& < 2
it follows that 0 < a (=) < §[9].

Therefore the Green function in the right-hand side of eq. (1.8) approaches
asymptotically its free value for massless fermions in the gauge a(=).

As it has been shown by Weinberg [2] one can get in this way the first three
terms in the asymptotic expansion of Green functions at arbitrary large momenta.
Since different renormalization procedures are related by finite multiplicative re-
normalizations of the coupling constant, mass and gauge parameter, approaching
the identity for g = 0, the above results are valid in an arbitrary renormalization.

Unfortunately, the infrared (low momentum) limit of the Green functions can-
not be understood through a similar analysis.

2. Renormalization constants and renormalization group parameters

Let us consider the e-expansion of Z = Zl/Zg’ :
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Z= ‘@ @.1)

"\:Jv—-

whose coefficients @, are functions of g and «. Then just from the definitions (1.5),
(1.7) and (1.3) one has [5].

=1
B_(ei & t'x) =- %Eg - GV , (22)
1 2
l+;§; a—(g v)
where 8 =8 — p& and
L%
2 - 1 B
p(e9gs E 16 (e gi ﬂ) - (23)
1+ E—l—a
LP=].€"" v

Since the ratio (and the product) of two asymptotic series is again an asymptotic
series (or, the ratio of two Taylor series in /e is again a Taylor seties in 1/e), we
have

1
ﬁ(e,g,a)——zeghgz +Z=;; ’
and

e

ple g a E l—v

[ 74

Now, the important point, is that in every finite order in g one can see that there
are a finite number of b,’s and ¢,’s different from zero. Since 3, p and § have to

be finite at € = 0, in every order in g, the coefficients b, and c, have to vanish in
every order. The vanishing of all the ¢,’s implies the vanishing of p itsetf. There-

fore § = § and 84,/0a =0, thus

Ble g)=—18+B(s), (24)
with f(g) = $g2 0a,/dg, being independent of a.
On the other hand, eq. {2.2) was nothing else than

= 1 d -
B(e,g)“—ze[@mgz(e,g)} . (2.5)
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from where

g ‘
- d  Bg)
Z{e g)=exp| — [ £ P&, 2.6
©8 EP[ ; & BEH-L eg] 26)

In the same way, one can easily show that o, = pi- = 0, thus neither Z,,, {and
Ym) nor Zp (and ) depend on a. Moreover, for an arbitrary y; one has

dnZ; dln Z; aan‘.
T(ga) =
00 Mo

+4 .

olnp dg B

thus

74e g(1), () = d—; InZ{eg(t), a(2)) .

Since g{#} is a monotonical function of #, we may define a function & (g) such that

e (g())=(?). Then
1(e£8E) =Flee) 3 0 283 (@)

from where (In fact ¥; cannot depend on € due to its finiteness at ¢ = 0) *

(g, a(@))

As one can see from eqgs. (2.6) and (2,7), the renormalization constants have a finite
cut in the e-plane.

Now we look for the behavior of the renormalization constants as € tends to
zero. The integrals in the exponent of eqs. (2.6) and (2.7) diverge at the integration
end g = 0 as € 0. This divergent part can be thus extracted knowing only the
lowest approximations for the renormalization group parameters. In this way we
obtain

2.7

L
b

CL(ON/2b
— [
Z g, Zine , (2.8)

with ¢; defined through

g, o) = €% /(41)?) Cla) + 0 (g .

Using their actual values from (1.10), we have (with @'(0) = a(s} in the case of
“asymptotic freedom™)

Z GSCI(R)H, 23 {utﬂia) 1] /28 C;:,(G)

. e—0 =0

* There is a wrong sign for the integral at the exponent of Zyy as given in ref. [S].
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— Sl [atar=1]/2b) 7 e Ma 8(&)-3)/4BYC (G
Ly € C, Zy o€ . (29)

Thus Z, and Z,,, always tend to zero (and so do the ratios Z,/Z; and ZIIZ%)
while Z, and Z, tend to zero or to a constant, depending on the sign of &. In either
case there is no gauge dependence of the ¢ > 0 limit, except the actual value of the
finite constants. Of course, as it was mentioned before, the transverse gauge is to be
treated separately since for it «(0) = (=9} is always zero. Therefore, besides Z and
Z,,, which are gauge independent, we have in this gauge

22 oo const,

e o~ 2B)CHGY
Z3 o € R

¥ ~(34b)C1(G)
Z3 e—0 € *

so that Z/Z vanishes again.

Hence, this is an example of a quantum field theory where one can explicitely
prove the finiteness of some of the renormalization constants, although they diverge
in each finite order of perturbation theory. Strange enough in the same time, the
bare coupling constant gg and the bare fermion mass my are vanishing. This is valid
also in the Abelian case (QED). However in what concerns the gauge dependent
renormalization constants, “asymptotic freedom’ was a necessary ingredient for
obtaining the result.

Since due to infrared problems no on-shell S-matrix can be defined in either case,
the physical interpretation of the above result is lacking *.

All our discussion refers to ‘tHooft’s renormalization procedure. However, the
results on the € — 0 limit of the renormalization constants are generally valid since
a finite renormalization does not change anything.

Essentially, the content of this chapter is a more detailed account of results ob-
tained in a previous work [5]. Similar results were obtained also in [11] in the frame
of the Gell-Mann-Low renormalization scheme with ultraviolet cut-off. Whereas
the results are correct their dedvation is not satisfactory since they had to assume,
as in the old renormalization group approach, that the m/p and & dependence of 3
can be ignored,

Another class of renormalizations that give rise to gauge independence (at least
for massless fermions) was proposed in [12]. There, the imposed normalization of
the vertex part is chosen a dependent so as to give a gauge independent §.

* See however ref. [10].
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3. The equivalent subtraction point

In this section we put ourselves the question whether ‘tHooft’s renormalization
procedure (where the mass parameter g is just a unit of mass) is equivalent to a sub-
traction a la Gell-Mann-Low in a specially prescribed Euclidian point, i.e. dependent
on m/u, & and g.

Let us consider for example the renormalized meson self-energy part N(p2/u?, a,
mfy, g£). The problem is then to find order by order in g the position of the zeroes
for p2 < 0. With the perturbative expansion of I

2 2 2
n(2 a7 )=n(f’_,a,ﬂ) 2, (p_,m)a+

and of its zero

2 _ 52 z 2 2 m -
A —?\{0)1-7\{1)3 + ..., H(—J\ ,a,;,g)—O,

we have the following set of equations to determine successively the )\?v),’s:

2 my_
Hl(t—?\(o),a,“) 0,

2 m 2 2 miy_
n, (—)\(0), e, :T)+ AT ( Ay, }T) =0,

Of course, there would remain serious convergence problems of this procedure.

We have studied the first step of this programme for the selfenergies of the vector
meson, ghost and fermion fields. For that purpose we have computed in the one-
loop approximation the finite part of the self-energy (which are ignored in renor-
malization group problems).

The renormalized vector meson self-energy I, defined through the total vector
meson propagator

I
D == —_—
T (6 e

peN PP
’”’)+a n4v ’
4

is given in the onedoop approximation by

2
p m
" 5)
2 2
4 3a0—13 P 2
_(417)2 ‘Cz(G)[ g (ln (-—ﬂ—nz)+7)+ §+%(a+l)]

+4TR) [ln(ﬂ:f—z)+7 + 60j d¢ (1 ~ £)In (1 _§2 (1 - E)):” 3.1
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The renormalized ghost self-energy %, , defined through the total ghost propagator
N S

P11 +3, 7))
is given in the one-loop approximation by

z“(i’; ,a) =(45f)2 ¢, (6) [55_3 ( 1n(_1r-z_§)+~/) n 1] . (32)

Alp)

The renormalized fermion self-energy Z, defined through the total propagator of
the fermion field

1
Y p—-m-— Z(p)

is given in the one-loop approximation by

2 2
)= pa(—p— ,a,ﬂ)+mb(p— a—rﬁ)

S(p) =

where

) _

b(gz ,a,%) (3.3)
M

:(_ﬁ%j z(R} (05"‘ 3) l:]n (ﬂ'%;)q.‘y _2&&1‘*‘32) + (1 --—:%2) in (1 —'—f—;z)].

{In the above equations ¥ is Euler’s constant y = 0.3772..).

First, we consider the vanishing of the meson self-energy (3.1). For simplicity,
let us take at the beginning a theory without fermions. Here there is a simple solu-
tion

44 o 3 2
2 1 F tilatl)
Ao ne"l’[ 133« 7
excepting the gaugea = 12 where there is no solution.

In the presence of fermions (7'(R) # 0) no explicit solution can be found, but
an analysis of (3.1) shows that for « <@ and & > 4 the self-energy is a monotonical
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function of —pzfuz, diverging at the origin and the infinitey, while for @ <a < %
it has an absolute minimum {whose value depends on the ratic m/u). Therefore,
in the gauges & <& and « > 5 one has always a unique solution, but in the gauges
& <a < '3 one may have a solution only for a given value of the ratio m/u (above
that value there is no solution at all and below there are more solutions).

Thus, at least in a class of gauges, characterized by & <a < 2 *t Hooft’s renor.
malization is not equivalent to a subtraction of the meson self-energy for an arbi-
trary value of the mass parameter .

The ghost self-energy (3.2) has always a zere at (o # 3)

2 _1 4
R(O)—;exp(g'—_a ujr).

In what concerns the fermion self-energy (3.3), the invariant functions ¢ and b
do not vanish for any p2 <m? if m/u is sufficiently big.

To conclude, our one-loop level analysis shows that 't Hooft’s renormalization
scheme is not equivalent, generally speaking, to a subtraction at a special point.
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phys. stat. sol. 3, 2299 (1963)
Physics Institute of the RPR Academy, Bucharest

On the Kinetic Theory of Magneto-Optical Phenomena
by Green Function Method
By
G. Croeanv and L. BANvar

General formulae for the frequency-dependent transverse electrical conduetivity in a d.c.
magnetic field are obtained, using the double-time ternperature dependent Green’s function
method. The results obtained are applied to cyclotron resonance in high magnetic fielda.

Es werden allgemeine Beziehungen firr die frequenzabhéngige transversale elektrische
Leitfahighkeit in magnetischen Gleichfeldern unter Verwendung der temperaturabhingigen
Greenschen Funktion erhalten. Die Ergebnisse werden aof die Untersuchung der Zyklo-
tronenresonanz in hohen Magnetfeldern angewandt.

It is well known that the conductivity tensor may be related to the correlations
of the equilibrium currents [1]. On the other hand, the correlation functions may
be expressed in terms of the double-time temperature dependent Green funetions,
defined as

Gt — V) = <A B>, = — i bt — ) {[Al), BE)]>, 0y

where A(¢) is an operator in the Heisenberg picture, 0(¢) is the step function, and
averaging is performed over the grand canonical ensemble.
According to [2], the electrical conductivity tensor is given by

o) = LE 0 g [ AL I T 0 =129
s @

where @ is the pulsation frequency of the applied electric field and J, is the i-th
component of the current operator. If we denote by &;;(w) the Fourier transform
of the Green function, equation {2) becomes

2ai

Net § .
Gilw} = " wi(s.'j *t 5 Gl + 1), {3)

1. The Green Funetion

In the second gquantization representation the currents are
Jo= X Glilp) ok e, 4)
a8

{a|j:lf) being the one-electron current matrix element. Therefore we are inte-
rested in the computation of the Green functions of the form

GUat — 1) = (as(t) aplt); al() aslt')>) - (5}
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This function obeys the equation

PB2 QNG — 1) = 8t — ¢) B ([al ag, 4} a)> -+ (<[ai(0) aplt), H]; a3(¢) aslt)>)
(®)

where, for elastic interactions the Hamiltonian is
H=H,+7V, Hy= D s, a%a,, V=2 Vi,a.a,. (N
o "y
Performing the commutations, we have
3 7 ] ] + + ’
'han; (t — )= 8(¢ — ') k (8p, (@i as) — 8,4 Cayap)) + (6p— &) GLAE — ¥} +
+ 2 (Voo Gl — ) — V.. G2t — 1) (8)
Rearranging the terms we obtain for the Fourier transforms
A ' .
(k w -+ Ea — &5 + V«u - Vﬂﬂ) Gﬁ%(w) = é";[' [6§y<a; aé) - 636 <a; ﬂﬁ)) +
+ 2 Vo, G2w) = 2 V. Gife). (9)
o W ) ¥ pi )

Similar equations can be written for the Green functions G%5(w), 6% §{w). Sub-
stituting these latter functions in (9) and omitting all the terms containing Green
functions different from G%4(w) (which are multiplied by the second power of the
interaction) and neglecting also the correction to the inhomogenous term, we have

- - 1 1
hew+e —& — Vg, f? - — V,,z—f}(?;"wz

= o duabpylfe — fp)- (10)

where &, — ¢, + V,,, [, = <a, a.>. As it may be seen, our method for solving
(9) is an iteration method. We had stopped at the second siep, which is sufficient
for our problem. Neglecting the energy corrections we have
]
'2—7‘5“6'55:;(& - fﬂ)
hw +€a —Eg-l—iﬂ E’{lvﬁrlza(hw + 2, '-S,) -+ |V”|26(kw + & — E;}’
1)

Gl +in) =

2, Transverse Components ol 6;;(w) in Magnetic Field

Let us apply a d.c. magnetic field in the direction of OZ azis. In the isotropic
effective mass approximation the electron state is described by a Landsu wave
function, characterized by the guantum numbers a = (x, k,, k,), and the energy

2
s,‘,h=?ia)o(n+ 1)-&-’ k§’

2 2m
In this case
. [Rag\e o .
Ji=i e(2m°) Z‘;Pﬂ A+ 1 {0ni1,6 Qak — @k Ons1,2)
n,
{12)
B g\ .
o= 6(291:) Z;Pﬂ + Yonsr,e @k + Gk Gnr1 k)
L
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As a consequence we obtain for the Fourier transforms of the Green functions Gy,
G, the following expressions:

ﬁ —_—
Gylw) = — 2::. éjy(n + 1) 1) x
X AGENE I (@) ity ¥lo) — Ga i ) — 6 e ) (13)
. o B 1 N T IR EE TS
Gglw) =it 2 3 Y T )@ + 1) X
W Y
x (@i (w) — 6 o livt e o) —an, R @) + G T (o)
On the other hand, aceording to (11} we have
Gt @) = 6T )y =0,
, —5na'5kr (Fat1, k6 — fr. B
kR L . _
Guivbin (@ +on)=— o F I (14)
—— Laﬂn'éki:'”n,k'— fre1,8)
‘L E R N _
G hntit (@ + iy = o —on T 105m)
where
i@l =5 N ka0 Cnsin = evp — ho) +
+ V. ¥ — i + B o)} (15)
Therefore,
N
oplw) = —ei + 1 s"Z'(’*“l» = 1) (fak — fatr, 2} X
{ ! : } 16)
% ‘9—wo+£ci,i(w)+-“:+wo+ic§.lae(—_tl’_) ’ (
0'12[&’} 2 Lo Z 41} {fn k— fn+1 &) X
1 I
X {w — g+ i5zHw) @ + @ + it;,k(—w)} ' (17)

In the case of interaction with acoustical phonons in the deformation potential
model, the Hamiltonian is

H=H,+TU,
H0=Esna;a#+2wqb&bq’
% T

U= 4oV aia,, (18)

5V =g 3 M gp, ar—pgeian),

T Voa

where g is the electron-phonon oouph.ng constant and w, is the energy of the phonon
with the momenturn ¢.
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As it may be shown, in the elastic approach, the results are analogous to the
precedent case, but the computations becomes more complicated owing to the
apparition of the many-particle Green functions and to necessity of the cut-off
of the chain of equations by the customary contraction procedure [2].

So the formulae (16, 17) permits in principle the computation of the magneto-
optical effects for the types of interactions mentioned.

3. Cyelotron Resonance

: ¥
Performing the calculations for the scattering on point defects (V(r) =, Vyx
X 8(r — 7,,)) and acoustical phonons in the elastic approach, we find n=1

i

B(H—n’ﬁ—l]&wn—kwﬁ-z
- |
Qn,lk{w) = w(IKZ A2 Ll +
* V{n—n- l)kwo—kw—l— 2
2m

l(ﬂ—-n)kwn—l—ﬁw—F k*kz

+ s (19)
.I/{n—-—ﬂ,}ﬂwo+f!w+
where
x 21!2 ms.‘% N I}ﬁ .

—® @ for point defects,

E=1 s i b g - (20)
o .- g for acoustical phonons,
: 2 _

(k4 is the Boltzmann constant and », the velocity of sound.}
In semiconductors f,  is the cancnical distribution funetion and

Re{crn ) + ioplow) = — Im {4??:625]/ 4 ﬂSh“ﬁ}:%6_1“5""0 X

2mnrw 2

s
2m
xZ(n+1)e*”ﬂﬁwn[dkz . }

© — wy + i L3 (w)
(21)

For # % wy 3> 1, which is the ulira quantum limit in the case of semiconductors,
from (21} we should retain only the term with » = 0

BEAS

Re {op(w) + i oy(w)} = — Néyoull B gy f dk ——°;2—.m_,--— . (22)

m o | Smn o — wy+ 20 w)

In the same approach

Colulg) = wy K 2

{ \
[ENE

(23)
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and therefore
3 k@

: *'w N 23/ 1 1

In terms of the zero magnetic field relaxaiion time, we have for the maxitnum of
the resonance curve

m B hay
To compute the half width of the resonance curve in circalarly polarized light, we

should take {3 (@) & {5 u{w,). A a consequence, in the vicinity of the maximum,
we have

Re {6yy{twg) + 1 oaleng)} = (25)

s
Ne 1/ B w e ZIm
Re {oy(0) - ¢ opa(w)} = — — k 2-ma¢_JIm de = o
ﬂ_*ﬂ_)
_ Ne#p 20} (3[";r,,.1w l ( 284w, )2
= e E; ,
m T, TR 3y 1, dw
{26)
(Adw = w — w,).
The half width is obtained from the equation
(M)’
pobdan Foorel g (G Y| =5 ( ). e
(31@5:040,) ¢ \ SFErodw)‘__2(l+ we | (27)

For Ao <1 the numerical computation of this equation gives the following ex-

pression for Jiw:

; %
do P2 28)
Wy Ty
or if we define, according to (25) ¢z = LI 7y, then
B hey
do 1 (29}
(.!)0 T ﬂ_?o

In metals we take
0 for ¢ o Ep
fleas) = ?
1 for En ki = eF,
therefore

e 20ee]
2 e? iy

Re {oy(w) + i mp(w)} = — ot ImZ (n + 1) j dk,

VElor- e 2

|
IED Wy + ‘C nk(m}

{30)
In the limit of high magnetic fields (% By < gp<C —g— i coo) , which is theultraquan.
tum limit in the case of metais, we find for the maximum and half width of reso-
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nance curve the following expressions:

1
Ne& VEF({QF 3 m,,)
€

Re {on{wy) + & oya(rg)} = “m % Ty (31}
Aw A 1
—a:;-m = 1,'_0_)0 + (32}

1
EF(S.F - ) A "-’o) To

where Egand ¢, are the Fermi energy and the relaxation time in the absence of the
magnetic field.

As it was seen, we had obtained the formulae for the transverse components of
the frequency dependent conduetivity tensor in a d. c. magnetic field using the
Green functions method, in all cases of elastic interactions. These formulae could
be a starting point for the computations of magneto-optical constants. Using
these results we had shown that in the ultra quantum limit the relative half width
of the cyclotron resonance curve in the case of interaction with acoustical phonens
and point defects becomes independent from applied magnetic field for semicon-
ductors, and has a poor field dependence for metals. (Partial results on this sub-
ject had also been reported in the works [3, 4].)
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T1-13 ON THE THEORY OF ELECTRIC CONDUCTION
IN AMORPHOUS SEMICONDUCTORS

L. BANYAI
Institute of Physics of the R. P. R. Academy, Bucharest

In disordered structures a so called « structural resistance » exists and is probably
predominant up to not too high temperatures. Thus the theoretical treatment of
conduction phenomena rely on finding the eigen-values and functions of the move-
ment of an electron in a non-periodic potential, dependent on a great number of
aleatory variables (the positions of the atoms). No satisfactory way of solving such
a problem in its general form is yet known. But recent studies * give some qualita-
tive informations about the energy spectrum and the character of the one-electron
states in a disordered structure.

Essentially, when the short range order is maintained during the disordering, the)
changes consist in the narrowing of the energy gap by strongly perturbing the elec-
tronic states near the band edges, most of them becoming localized. The farther we
go inward the bands, the more non-localized the states become, their density appro-
aching the value it had in the crystal.

Unlike liquid metals ?, these changes play a very important role in amorphous
semiconductors. We shall describe them in a simplified energy scheme (Fig. 1)
introducing a parameter ¢ to define the energy limit of the non-localized states.

In this scheme there will be two types of electrons : localized and non-localized
ones. Assuming a priori that in transport phenomena the essential role is played by
the last ones we shall try to calculate the structural conductivity.

In a first approximation the non-localized electrons could be treated as free elec-
trons scattered by the disordered lattice, as it has been done in the case of liquid
metals 2. It seems quite natural that such an approach will not be sufficient. Thus we
shall develop another way of solving the problem by a more suitable tight binding
method.

The quantum mechanical calculation of the conductivity * require the knowledge
of the wave functions of the non-localized electrons. We shall build these wave func-
tions as superpositions of atomic functions

W) =Y, c,olr — 1)

where r, indicates the positions of the atoms.

We shall assume that the probability for a non-localized electron to be found near
any of the atoms will be the same, thus | ¢, |* = 1/N, where N is the number of atoms.
When restoring the long range order, the phases must become k.r,.

Physigue des semiconducteurs 7
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Therefore we shall take-as an hypothesis that in amorphous elemental semicon-
ductors with short range order the non-localized states of the electrons may be
described by « quasi Bloch » wave functions

V) = ﬁ 3 e ptr = n). m

(For a chaotic distribution of the atoms this function has similar properties to those
of the function taken by Kasuya in this treatment of impurity conduction *.)

In the case of a disordered lattice such a function doesn’t satisfy the ordinary Bloch
condition and leads to a finite conductivity. Of course the k vector has no more the
meaning of a wave vector, but as the short range order is maintained (and its role is
predominant in the tight binding theory), the relation between the energyand the
quantum number k in the case of a disordered lattice will be almost the same as the
relation between the energy and the wave vector in the case of a perfectly ordered
lattice, if the anisotropy is slight, so that an isotropic effective mass can be used.

Thus in the effective mass approximation

ﬁz
Ey = K? 2
= )
and therefore the same density of states as in the unperturbed band will result (the
energy origin is taken at the former band edge).
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We shall now calculate the matrix element of the electric current between the non-
localized states. We obtain

(K15 1K) = = o 3 &%t [ dng®(r — 1) [UGr = 1) = Ulr = r)] x(r = 1)

where U(r) is the potential of the free atom. Or, introducing the local effective poten-
tial ¥(r)

j dro*(r — r) [U(r — 1) — V()] x0(r — 1,,) —

- J- dro*(r — r)[U(r — 1) — V()] x0(r — 1) =

~ X, j dro*(r — r)[Ur — 1) — V()] @(r — 1,) —

— % | drg* = ) [UGr = 7) = V] 9l = 1) % (s — ) Al 7 = 7, ]
Thus

. ’ € k' —K)rm a —ik(rp—rm
(kljxlk)=m§€“ " 6—.'.1,5{;8 M }A(ll‘m—i‘nl)}-

The expression between the brackets is the very energy in the tight binding theory

27 2
A R (Y P

Therefore
efik, 1 ;
k|| )= == =Y FFrm- (3)
(ljel ) =25 %
Substituting (3) in the quantum mechanical formula of the electric conductivity 3
df(E 7
"Z i k)l(kljx]k)iza(Ek_Ek) (4)

and taking into account the energetic position of the non-localized levels, we obtain
2 23
6= - ms—ﬁ j dk I dk' —— Y(E) k2 a(k — k') 8(E, — Ey) )
Qm° Nm* J g0 dE,
where

a(k)

2
-5 g‘eum.

is the structure factor.
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In the amorphous structures @ = a(] & |) and the formula can be brought into the
form ;
Vem's 2
2. .% 0
= i j dEdf(E)Ej dx . xa(x) . 6)
32n)*# N J. dE 0

If | e — Eg|, & > kT, formula (6) can be approximately explicited and gives

(em*e)*{a) ( Is—EyI)
o=—-">""lexp | — ——— 7
IBHEN T kT @

where { a ) is a mean structure factor.

Now we shall compare our theory with the experimental results of Grigorovici et
al. * on amorphous Ge. In this case the large value of the activation energy of the
electric conduction as well in the intrinsic as in the impurity range is easily explained
by assuming a conduction by non-localized carriers in the band scheme drawn in
Fig. 1. We shall put ¢ = & =~ 0,2 eV. Thus the conduction energy gap 4 between
the limits of the non-localized states will be 4 = A°¥%2l 4 ¢ + ¢ x~ 1,1 €V, in
agreement with the measured activation energy in the intrinsic conduction range
of 0,55 eV.

This choice of the value of & becomes even more plausible by evaluating the number
of localized levels shifted from the valence band. Putting this number equal to the
number of states between the valence band edge of the corresponding crystal and
the ¢ level

x.= | aEney

one finds for ¢ = 0,2 eV a density of localized states N, ~ 102° ¢cm™3. This seems a
fair value, as it exceeds noticeably all the measured acceptor densities.

The theory will be checked on the o(T) curve of heat-treated amorphous Ge, as
in this case the curve is reversible and contains both intrinsic and impurity ranges,
At 250 °K the conduction is p-type and o,,, = 4.107° Q! cm™'. Using the parame-
ters of the valence band in crystalline Ge, putting the difference| ¢ — Ep | constant
and equal to the observed value of the activation energy of 0,18 eV, and ¢ = 0,2 eV,
formula (7) gives Gyee = 4.107* (@) Q7' em™!. An estimation of {a) leads
to ~ 0,1 and therefore to a good agreement with o,.

In view of the identity of the density of states beyond E = ¢ both in the crystalline
and amorphous substance, the density of the non-localized holes will be

g r dEn(E) f(E) .

Therefore the mobility p, of the non-localized holes is given by the conductivity. Using
the same parameters as above, we find p, ~ 10'° em™2 and p, ~ 1072 cm?/V sec.
This low mobility of the non-localized carriers also explains the inapplicability, at
Jeast in the case of amorphous Ge, of the weak coupling method. Indeed a preli-
minary evaluation based on this method leads to a value of the conductivity exceeding
the experimental one by a factor of about 10°.
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Theory of the Hall Effect in Disordered Systems : Impurity-Band Conduction
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4 general quantum-mechanical formula for the low-field Hall effect iz derived in the density matriz ap-
proach, thus making it pesaille to treat this edect in disordered systernz, Wilh some assurnptions about the
one-electron matrix elements involved, the Hall wnd ordinary conductivities are correlated for the impurity-
band conduction in the “melallic range.” Accerding Lo our results, the sign of the Hall effect depends on the

degree of filling of the impurity hand.

1. INTRODUCTION

THE theory of the Hlall eflect is an unclarified
problem in disordered systems, such as impurity
bands and amorphous semiconductors. In these systems
the classical “scaticring approach™ to the {ransport
problem fails, because in any approximatien the eclec-
tronic states can not be vegarded ag quasifree; conse-
quenily, such a basic concept as the effective mass can
not be defined. But it is not ¢Jear what other paramcier
would then povemn the sign of the Hall effect.

Nome qualitative considerations, as vel unproved, can
be found in a paper by Mott and ‘T'wose! A rigorous
hasis for a future theoretical investigalion of this prob-
lem is contained in R. Kubo’s worlk® concerning the
general theory of low-field Hall effect.

In Lhis work, we derive the gencral formula for the
low-field Hall conductivity in a manner different from
that of Kubo, introducing adiabatically both the elec-
tric and oagnetic fcds (Sec. 2). Such an approach
seems to be sinpler. For a system of dynamically non-
interacting electrons, using the sccond quantization
forwialistm, we cxpress lhe tramsverse conductivity in
terms of products of certain one-electron watrix ele-
ments (invelving momenta and the disordered poten-
tial), and Fermi disiribution functions (Sec. 3).

1 g0 0
P[x)_—' ._._f a:;f d.ﬂ’c'('+"]c”""'“[H'r,em"-""[ff’,pg]g_‘m'mle_‘m“; (5_., +U).
By

As we had mentioned hefore

H=Hy+Hz,

where, in the second quantizalion formalism,

The formula which has been obtained is applied to
the case of high-concentration impurity-band conduc-
tion, whire serme simple assumptions about the matrix
elements are possible {Sec. 4). According to our resulls,
the sign of the {lall elfect depends on the filling of the
impurity band.

2, THE GENERAL FORMULA OF HALL
CONDUCTIVITY

Let us consider the density-matrix equation
itdp/dt=[H+E'(©), 5], W

where If is the Hamiltonian of a dissipative system
and H'(}) 15 the adiabatically turned-on external-ficid
Hamiltonian (clectric and magnetic).

For a caleulation of fow-fickd Hall conductivity it is
sufficient to consider the terms of the density matrix
which are bilinear in the external eloctric and magnetic
fields.

The second iterative solution of Eq. (1), with the
initial condition

ol =pold)

[ac(H) =grand canonical equilibrium density matrix] is

2

&)

R e e )
me 2me?

(3a)

Ham f dr () (— ey ().

[We have chosen the de magnetic and electric fields along Oz and Oy axes, respectively, wilth the potentials

¢=— 8y and A= {05n0].]

LN T, Mott and W. Tr. Twose, Advan, Phys, 10, 107 (1961).
$R, Kubo, . Uhys. Soc. Japan 19, 2127 (1%64).
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Thus the average current, in which we are interested is

4

(j#)sv= -

0
Sﬂﬁf d!j dl e T [V LM (e 1P L — M F{E 00 ]1P- (53, €Y
Qi nitc o J

where

Fe f G O M= f I (Oape); P f P OB

and 0 is the valume of the system considered.
A step-by-siep resolution of the commuiators, using the well-known identity

[Fe"]= _8:H'f

1}

dh A[FH oM = — e f dr Fi{— i) =in f an Fl—ikn)eH |

[t} L}

gives for the transverse {Hall} conductivity

a ] [ ST
op=— ‘ scf a’zf dpr e f d.\<[a'[M,I’]-l—i[Y,.ﬂrI]—i—kf dn{M ¥ {— i)+ ¥ M (—ikm))
St J_. J_a n 1 ]

=it fAh— B
- f fzq(M(—«;m,)H-Y(-—mn)M)JP,(—:—z*+£fm> , (3
[} 1
where the symbal {- -} ineans the average over the geand canonical disiribution, and g= 1/

3. ONE-ELECTRON APPROACH

In what folliwes we shall make some suppositions which, of course, will restrict the generality of our results,
We shall consider that our systens of clectrons can be described by a Hamiltunian of following type:

kﬂ
1= [apio(—— V@ WO =T sae.. ®
&

{that is, the clectrons are dynamically independent).
Then, it can be easily shown that

[v.M]=t/m)Ps; [M,¥V]=0,
Y=mtPy=m= ¥, () woata,, (1)
JE-:En.v('?)uvanrari f=m (ﬁxﬁv_xa V(T)Xav) .

Putting (7) into Ly, (%) and selving integrals over 9, A, {, and ¢ we have

e 1 B —gBltm &)
og=— i 5#2#15;-2»1 B . by v .pu' o “-r N
e f[ (o) o Ombmontanten
Ctbun Brdpaa T (ﬁ)ugag(}’;y}»m) (Badpans |— 1 ( 1 L — Pl trst eyymegd
(_i/k}(fus_“&a}“}'s I_ip!""€:gl\("'i){k)(ém‘-é,!—‘r‘e“—euj-}-s €u— erz+5m_t.a
1 l—e—ﬂ(lm—-n}) 1 ( gAle—ean} 1 — Al e et h Eugmteg)
(—i/k)(e,.,—e,,)%—s fa¢n E’“ui'll\(_i/k}(ﬁu‘_en'i_éu_Eva)"l_s Em_tr|+fﬂl_évl
1 1-- g SlEaen)

/B (w5 )](“ur’ana»='awa.,>u}. ®)

For the equilibrium average vver the products of creation and annihilation operators we may use the formula
(B! ton = fley) - fle) detlﬁ,.‘,,l i k=1, - n), (9)

where f(¢) is the Fermi distribution function.
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Taking inte account that the equilibrium average of any of the involved one-clectron operators o, p,, & vanishes,
we need retain in Eq. {8} onlv the terms in which all the matris indices are coupled. After a somewhat cumbersame
regrouping of terms the caleulatiom gives

o 1 :
-3 & 1(7) A (‘x 2 :
i »Ep{ "\ e — eprt-ihs fool B
\ (('2) IR (Isy) u1u:+ (ﬁ)muz (Pb’) uws) (pl}ﬂl puf_ 1 { a}rﬂ ﬂf;], )
I G 6 b5 Lep,—-s,n\e,.,-e,.,+ifss € £t ihs
(s Y]
e,.,-—e,.,\ b Ep iR € — € ik
where

-‘lf;',-'= Ef(‘ﬂf}"f(fw;)]f![:fm— EH:I .
We mention that the same result may be obtained without the use of the second quantization forwalism, by
introducing into Eq. (4) a one-clectron Hamiltonian and a Fermi-Dirac one-electron density matoix.
1f we put into the Liouvitle equation (1) a term th{p—po)/r, which represents an ideal relaxation law, we ohtain
instead of Eq. (10) a similar expression, in which the adiabatic parameter 5 is changed to 7', To verify our for-
mula, it is easy to calculale oy for such an ideally relaxing free-electron system. Such a calculation gives the

classical furmula
o= (NS Qe atrt, {11

Returning to our Xn. {10} for infinitestinal e=#s, and using the identity
VA afe ) Afutdfn—Afy
{en—estie) [en—eitie) '

&§— eher— e+te  ep—etie
we have

] G | RS
= - o= | B | (P Af1s
Qumde  prsssNe,—e, e = K

Afpt+afn—A AfatAfi—A
(@ r Bt s Bl B e L R f]} (12
€= EuFie e

(By interchanging the indices ! and 3, it may be scen that this expression is real.)
With the notations

nlernleg)d (eg,e0)= 2 | @x)mn! 1 2 {13)
et = e = )
eyl exar(en) Bleeney)= = Clbusns(Budumst (£ ugun (ﬁﬂ) uun)(f-sf) sty

B pd, pd
(a1 =01, fua =2, g3 =en)

and #(e) for the density-of-states function, Eq. (12} reads

P
THg=— --'——JC{fdﬂfdéz--—(" _— --)11(€1)i1(fzjf3f1$1 (e1,62)

mic de heg—e1tie

d 1 Afptafn—A AfistAfiz—A
+fdélfdég[dfs—(——_)ﬂ(é])ﬂ(Ez)ﬂ(és}B{El,Ez,Es)l: Jutlfn - fir Mutdfu - hs]} TS
der\ez— €11 1€ Pr T 1] eo—e;ie

4. IMPURITY CONDUCTION

In disardered systems, of course, this expression must be averaged also over all the possible arrangements of the
atoms, 1n the {ollowing, we shall assume, as is usually done in such problems, that after averaging, in Eq. (14},
nlel, A(e,es), and Bes es,es) will appear with their mean values.

H the energy dependence of the averaged A and B is sufficiently smooth, they may be taken outside the inte-
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prals. Such a case probably occurs In lwpurity-hband conduction, at least in the so-called “metallic range,” as is

showm in Kasuya’s approach.? Thus, in the case considered, using the well-known identity
(x4ie) 1= '—ind{z}, € 40

we have _ ~

(e Qo)A+ B0, (13}

=

d
= fdélfdég—(P
dfl [ St T

, " dn(e) dfie)
Ju—-erf €8 (e)*}:- f

de
d
.f1= fdﬁfdéz‘(P
dél

e-;i el)n fen (és)aflzfdem (ta}(P

Let us consider o density of states in the impurity band, of the type
o= (A ) 1k e/ 200,

where ¥ is the tolal numiber of impurity states. With such a resonance-type function, the integrals {13) can be
casily solved in the complex plane. ot the integrals involving the symbol € () /dx we used the artifice

fa!x:,,(*c)A( ) lun f i—a

eit Ned dj(x] 3.(? x”)]

where

)n(eon (e,

(15a)

1 1
+P- )
B3 £y Ex— Ey,

(16)

The result is

TA? Yar (gate

[ e 2(3— %)

17
(14 n

o=

nde

with o
v=HBN/AA (dimensionless coefficient)

and & being the energy in units of A,
I AT4, then f(x) may be approsimaled by #(i—a) where g=y4/4 (= chemical potential}. Then, in the “'me-
tallic range,” for low temperatures, the Hall conductivity reads explicitly

o NA[ 5-32  A—@)
ay=— i— —+"f—'-—"i|.
amic w[euﬂﬂ)a (14 g7y
{n the other hand, concerning v, we can observe that
4] um!(ﬁv) o] (st) g = @sfsv) e (stj ] (fsz} P €] V/a}') L (ﬁw) Far] (f’s}mm
=7 (Bad i) (Budusyn | B-m (; , (Bdun B vue(Buduzus Badusn
vy

— it 2OV 3Y) s B ass (B eF s

(18

The first term of this expression is essentially real and
positive, but the others have no definite sign, We may
expect that their average value over a chaotic distribu-
tion of atoms will vanish, If this is correct, then

B=2A%m.

Thus

w2 AN fmA, {18a)

But we may casily show that the ordinary con-
ductivity, with the same assumption about the aver-

a7, Kasuya, ). Phys. Soc. Jupan 13, 1096 [1958].

ages, may be cxpressed also in terms of A. Thus,
according to the well-known quantum theory of elec-
tric conductivity,?

e dlr (5»1) -
=3 | (pz)nmz | i (fm — &) {19
Qm? Kuipd dépl
After averazing over the impurities, we obtain
we'h df(e)
a:——Af € #{g)——. {20}
Qun? de

t K. Kube, J. Phys, Svc. Japan 12, 370 (1957),
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Introducing inte Eq. (209 our densily of states {10),
we get the following formula which is valid in the
“metallic range” for low temperatures:

o= {e%h/0m?) (N2 A fr A (14 g5, {202}

We may observe that the Hall and ordinary con-
ductivity are correlated in a simple manner, through
the phenomenclogical parameter A:

hogr 5—35°  B(7—pH |elsc
=—[-'-' ‘f—:IX i owa= , (@1
alel+g 1+ me
y= (2mm /R A T+ 50 (N /D K. {212}

By tnspection of Kg. (21) and hy comparison of iis
sign with that of the classical formula (110, we can
conclude that the first temn in {21) always gives a
positive-charge contdbution to the Hall effect, while
the second gives a negative one for g-20 and a positive
one for g3>0. Therefore, fur 430, that is for hole con-
duction in the impurity band- -at least in the “metallic
range” —we must have a positive-charge Iall effect.
For low electron concentration our formula shows thal
a negative-charge Hall effect is very plausible; this
seems, indeod, to be true because an estimate of 5
[through Eq. (21a), using the data of the experiments
of Fritzsche and Cuevas®] gives 4591, 1t is interesting
that even so, there is a slight asymmetry in favor of
the holes.

5. CONCLUSIONS

We have derived the general quantum-mechanical
formula for low-field Hall conductivity. This is neces-
sary for the discussion of the Hall clicet in disordernd
systems, where such concepts as “effective mass™ and
“quasifrec” approach are of doubtful value, Our for-
mula was put in its one-electron form for a system of

& H. Fritzache and M. Cuevas, Phys. Rev, 119, 1238 (1960).
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dynamically independent electrons, We think thai such
a formulation is posstble for the majority of transport
problems, particularly for disordered systems.

Assuming the comstancy of certain matrix elements
{averaged over all the possible arrangements of the
atoms), we have correlated the Tlall conductivity for
an impurity band with its erdinary conductivity [Egs.
(173, (2007, (Here we neglected the possible overlap of
the fmpurity band with the nearest barnul of the host
crystal, which occurs at oo kigh impurity concentra-
tion.) Qur assumption seems to be justified for the non-
localized states, which are characleristic for the “me-
tallic range” of impurity-band conduction. In this case,
for low temperatures (87<€A), according to our formula
{18}, both negative and positive Hall cffects are possible
{depending om the position of the Fermi level), in con-
tradiction with Mott's arguments.! Nevertheless, the
change of sign occurs when a symmetrical impurity
band is less than half filled.

Lt seems that in the impurity-baned case, as in the
Bloch-band case, the sign of the Hall effect is governed
by the sign of the first derivaiive of the density of
states in the conduction region.

A thorough comparison of our resulls with the ex-
periments could not be performed because only in-
complete and uncertain experimental dala are presently
available.

We intend to apply our general forrmilas (3) or (14)
1o other Inleresting cases, such as the problem of the
Hall conductivity of the amorphous semiconductors
within the model used by one of the authors.?
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Quantum theory of transport coefficients!

L. Banyai

1 Derivation of the electric conductivity for-
mula (Kubo’s formula)

The state of a quantum mechanical system (mixed ensemble) is defined by
the statistical matrix (”density matrix”) p. The average (A) of a dynamic
observable is given by

(A) =Tr(pA) (1)

The operator p in the Schrodinger picture is time-dependent and obeys
the equation of motion (quantum mechanical Liouville equation)

h% ~ [H, 2
with H being the Hamiltonian of the system.
The operator
po = exp (= (H-uN — €)) (3)
with )
exp (—A) = Trexpf (H-pN),  f=

describes the thermodynamic equilibrium of a system in contact with a ther-
mostat, having energy and particle exchange with. It is the analogue of the
classical macro-canonical distribution.

Our task is to compute the average value of the electric current for the
case of its deviation from equilibrium due to an applied external electric field.

We shall admit that at ¢ = —oco the electric field was vanishing and the
state of the system was described by the macro-canonical statistical matrix
p(H) . Thereafter the external field is applied and the measurements are

!See also a modern discussion of the same topic in recent books of the author. [18],[19].
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made at some finite time ¢. (In this way one eliminates the transitory pro-
cesses.) Other ways stated, we have to solve the equation

m‘;’; —[H+Hg(1).0] . (@)

where Hf is the interaction Hamiltonian with the external electrical field,
while the initial conditions are

H(-00) =0,  p(—00)=p, (5)

In what concerns the time dependence of Hy (¢) we take

Hpg (t) = Hge™'e™; (s —07) . (6)
Here s is the so called adiabatic parameter, that ensures the vanishing of the
field at t = —oo.( However, in the final stage we have to take the s — 40
limit.)

Another way to formulate the problem would be to introduce the field
suddenly at ¢ = 0 and perform the measurement at ¢ = oo (see Sec. 6 ).
To give a proper mathematical formulation of the ¢ — oo limit, one has
to introduce explicitly an interaction with the surrounding by a 1A%
(T — 00) term in the Liouville equation.

These two formulations of the problem lead to identical results, since the
role of the infinitesimal parameters s, % was just to eliminate the oscillating
solution due to a sudden coupling of the external field.

The linear differential equation equation Eq.5 is equivalent to the in-
homogeneous integral equation

p(t)=po+ = / dt' e =0 [Hg ('), p (t')] e~ #HE D (7)

This integral equation may be solved in an iterative manner. Since we
are interested only in the effects proportional (linear) in the external field,
we may retain only the first term in this iteration

1 t 3 / ’ _ ! _
pr(t) = m/ dt' et 0 [Hp (1), po (t')] e 370 (8)

Using Eq. 6 we get
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1 0 i e -
pr() = e / dt'et™ [Hp, po) e+ (9)

and therefore the average value of the electric current is

<ju (t)> =Tr {IOOju} +Tr {pl (t) Ju}
. 1 0 . . ’ 2 ! == 2 U
ezwt lim / dtlez(w—zs)t Tr {eﬁHt [HE7pO] e—ﬁHt ju}

s—+0 1h

On the other hand, using the operator identity

B
[A e 1] = eﬂH/ dAeM [H, Al e H (10)
0
that my be easily checked by taking the matrix elements between the eigen-
states of the Hamiltonian H, we have

_ L
Hg, po| = —zhpo/ dAHg(—h)\) |
0

therefore

o0 . N B -
e, (1)) = — lim / g e o / ANELp(—ihN)j ()0 |
0

s—+0 0

where (...)o denotes averaging over the equilibrium state i.e. Tr{po{...}} .
Thus ,
(ju (t)> = VUquuewt ) (11)

where

B 1 > 1 —i(w—is)t’ ’ : ; 3
o (W) = v 31—15—10 ; dt’e ; dA (3 (—=ihA) j, (t»o (12)

is the electric conductivity tensor (V' being the normalization volume).
Eq.12 is the so called Kubo formula for the electric conductivity, defining
this kinetic coefficient by the equilibrium characteristics of the system. It is
exact in the whole domain of validity of Ohm’s law. As we have seen, in its
derivation no assumptions about the nature of the system played any role,
but just about the external field. In the more general case of a time- and
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space- dependent field one may show a more general relation (for the average
current density [1]

(u (r,1)) :/ dt’/dr’LW (r,x’st —t")E, (v',t) (13)

with 5
Ly (.7, 1) = / dA Gy (.0, (st + iBA)), - (14)
0

The connection between Eqgs.12 and 13 is obvious.

Of course, these formulas need an explicit evaluation in each peculiar
case, that as we shall see, is not at all trivial. However, from now on any
computation of the conductivity relies only on the equilibrium properties of
the considered system.

In the following we deal only with the case of homogeneous electric fields
described by Eq. 12.

2 Symmetry relations and sum rules
The vanishing limit of the adiabatic parameter may be taken only after per-
forming the time integral, since this defines the meaning of the improper

integral. One may see this explicitly by expressing the average by insertion
of the eigenfunctions of the operator H

1 00 ) ) B
I T —i(w—is)t —B(Em—puNm—Q)
O (W) v 31320/0 dte /0 dA\ E e

. . i ,
x(mljun) (nju[m) exp (h (En — E,) (t+ m))
_ 1 Zefﬁ(EmfuNm,Q)e_ﬁ(En—Em) — 1 (mljy|n) (nlj,|m)
V s—+0 — E, —E, Z(% _ S)

Now using the relation

1 1
dw oy - Py M@

we get
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o) = =5 2 BB E o i) (15)

1
(B, — E,—hw) —iP———— 16
< | ey (16)

In this matrix form one may easily see the relations
Roy(w) = Royy, (—w), Sopw (w) = =Soy, (—w) (17)

If one takes into account that
(Imjuln) = (nliuln)x = —(nlj lm) ,

where the state |n) belongs to the same energy E,, and the operator j,, belongs

to the problem with reversed magnetic field H — —H, then we get the
relationship

ow (W H) =0y, (w;—H) . (18)

On the ground of the above general Eq. 16 one may derive an interesting

sum-rule for the diagonal elements of the conductivity tensor

Opp (w) = Sl_iglo A dteii(wiis)t‘:puu (1),

where

m,n

is a real even function of time.
Thus

/ dwRo,,(w) = /0 dtgow(t)-%/ eTtwmst

= or [ it (05() =270, 0).

5
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On the other hand

B
Pup 0) = /0 dA <Ju (_ih)‘)ju (t)>0

1
_ o7
ih r{

Then, using Eq. 17 we have also the relationship

[e%¢] 62
= - 1
/O ooy, () 7{; = (19)

The cyclic permutation of the operators under the trace is not obviously
an allowed manipulation in the case of unbounded operators. Therefore, this
last relationship must be looked up with some caution.

3 The link to the Green function

We want to show now another useful form of the electric conductivity formula,
that relates it to the statistical Green functions of the currents, respectively
to the correlation functions of the currents [3]. We start from the equation

1 [ o B ,
O (W) = —= dte=wrs)t Tr/ eiX,,, Po
=, >

proven in Sec. 1 (here we took the volume V' = 1). Using the cyclic permu-
tation of the operators under the trace (see also the remark at the end of the
preceding Section) and introducing the step function

1 t>0
e(t):{o t<0

du (t)} (s = +0)

we get as it follows
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o (W) = % dteiwts)t < [ Ze X ] >
= / dte=@Ho)tg (¢ < [ Z eiX ] >
- L / At () 0 1) < lju 0.3 eile >

After a partial integration we have

ow (W) = —%ef(i““)fﬂ (t) < [Ju (t) 72 ez‘Xiu] >

%

o < [ju ), Zeixz] >

7

B % /Z dte*(m’*s)te(t) < [jt.]u (t), Z eixi] >0 '

3

o

—0Q0

The first term vanishes , the second gives rise to

{0 Te]) - S ([Fx]), - £ X

. . . . 2
and if we have a single sort of carrier, it is Nn‘; iéu .

Using the Heisenberg equation of motion
L 0ju(t)
A H
o

and the cyclic permutability under the trace one may overpass the time
derivative with opposite sign on the coordinates. Thus we get

= ju (t), H]

o) = S L [T e 00 (G0 4y (20)

m 1w

or
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_N621

2 ~
G (W) = Sy + =G (w + is) (21)

ihw
where éﬁ” (t) is the Fourier transform of the retarded statistical Green func-
tion of the currents

m iw

G (1) = —if (1) ([, () ,du (O]} - (22)

Farther, using the well-known dispersion relations of the Green functions
, we may express thew real part of the electric conductivity tensor by the
correlation function of the currents

o Bhw 1 00

Ro,, (W) = %%é,ﬁ“’ (t) =

e

i | MG i ) (23)

The link to the statistical Green functions is of utmost importance, since
this offers a way for the calculation of the conductivity (mostly in many
body problems). Thus we get two important tools to compute the Green
functions. The first one consist in ”cutting” the chain of the equations for
the Green functions and solving the finite system of remaining equations.
The other one is based on the Feynman diagram technique developed for the
causal Matsubara Green functions (with imaginary time) and the analytic
continuation of their Fourier coefficients in the whole upper complex plane
until the real axis.

4 The one-electron version of the Kubo for-
mula

When the system of carriers (electrons) may be described by an one electron
Hamiltonian i.e. we have to do with dynamically independent particles being

in an external potential, the conductivity formula, taking still into account
the exclusion principle, takes a peculiar ”one-electron” form.

H = Z hkk/azak/, (24)
kK

where a; and ay, are the creation and annihilation operators in an arbitrary
basis denoted by the quantum numbers &, and hg are the matrix elements

8
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of the one-electron in this basis. The average value of the electric current is
then

Gu () =Tr{p (03} =D () Tr{p () afan} (25)
k,k!
where i is the one-electron current.
Let us define an one-electron operator f (”one-electron density matrix” )
by
fkk" = <a;:ak/> . (26)
Then
(3 (8)) = trE (1) i, (27)

and as it is easily seen, the equation of motion of this operator is

of
th— = [h,f 28
=1 (28)
(Had we also not only one-electron terms in H, then we could have obtain
at-most a chain of coupled equations for a series of operators like f.)
On the other hand, in the eigenstates of the energy (for a system having
particle exchange with the thermostat)

thus in equilibrium the operator f looks as

1

fO - eﬂ(hfu) ’

(29)

We may formulate now the electric conductivity problem directly in terms
of the one-electron density matrix f. A similar reasoning to that described
in Section 1 leads to the equation

e

— / dte” e {[x,, fo] i} (30)
ih J,

o (W) =

For the next step one has to use the peculiar form of the identity Eq. 10,
namely
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1 1 7 Ah —Ah 1
{a’ eﬁ<h—u)] IO /O die™ [h,afe 1= Zaw ) - (31)

Using this relation we get finally

O (W) = /0 " et / TN (i (=) (1— £)i, (1) (32)

0

= /0 dte= (W)t /0 dA (i, (—ihX) (1 — £) i, (1)), (33)

5 Explicit application of the one-electron for-
mula to elastic scattering

The one-electron formula we derived in the preceding Section is especially
useful to compare the quantum mechanical theory with the semi-classical
Boltzmann one 2. Let us consider a system of free electrons scattered on
some static scatterer, described by the one-electron

h2
h:—%V2+V(r):ho+V (34)

If we make the approximation

in Eq. 30, then instead of the Eq. 33 we get

Oor (@) = B / " dtetr {fy (ho) o (1— £ (o)) o (1)) (36)

_ 5 /0 N dte‘“tr{afgsso)fo (Bo) s <t>} (37)

or, in the plane wave basis (after normalization in a box),

2Here as in he following the author meant the rate equation with inclusion of the Pauli
principle. It was a frequent misuse of terminology in the early times.

10
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Oaa =~ m2 Z af k) k. Kxx (s) (s — +40) (38)

K (s) = /0 dte="k, (1) (39)

We shall compute the diagonal matrix element of K(s) using the equation
of motion of k,(t). One may see, that

K (s) = —% /OOO dt%( TNk, (t) = —é {—km - /OOO dte*“%kz (t)} ,

giving rise to
1
sK(s) =k, +2h K (s),h] (40)

or, as matrix elements
. 1
(S + zwk/k) Ick,k’ (S) = kwék’k + E Z (K:kq (S) Vq,k’ — Vk7qqu,k/ (S)) (41)
q

with
€ — Ek

" .
Let us admit, that the perturbation V is so weak, that the diagonal ma-
trix elements of K(s) are mach bigger than the non-diagonal ones. Such a
singular approximation becomes plausible if we observe, that the potential
itself hat such singular character, at least after an averaging over the random
distribution of the scattering centers. Indeed , if V(r) = >, v(r —r;), then
Vi = Ui Z &K and due to the random oscillation of the phases the
non-diagonal elements are proportional to v/N, while the diagonal ones are
proportional to A" (the number of scatterers). Under this seemingly self-
consistent assumption, we get in a first approximation for the non-diagonal
matrix elements

Kax (s) =~

Wr'ke =

Vk,k’ (S)
hwk/k + ihs
Inserting this expression in the equation for the diagonal matrix elements
leads to

(Kix () — Ky (s)) (42)

1 of 1 1
SICk’k (S)_kx+zhzq:‘vkaq| <h&)qk+ih5 hﬁqu+ih5>(lckk (S) ]qu (S))

(43)

11
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After performing the s — 40 limit, we get the equation

ko = Wiae (Kiek (8) = Kige () (44)
k/
where 5
T
Wkk’ = ? ’Vk,k/‘Q (5 (Ek/ — Ek) (45)

is the k — K’ transition rate. If this rate depends only on the energies of the
initial and final states, we may look for the solution as

’Ck,k = kxT (€k) (46)
and get finally

k., — k!
“(en) = Wi — = Wiae (1 —cos@) . 47
T (k) zk; Kk ks %: kk( ) ( )

Therefore, under the above approximations, after passing from sums to inte-
grals, we get for the conductivity

e2h? 1 dfo (¢k) , 5
oz = — dk k 4
oo =~ G | Wi @) 1)

This expression coincides with the one given by the linearized Boltzmann
equation and the evaluation of the transition rates through the quantum
mechanical perturbation theory. As one may see from the proof given in
the Appendix, the coincidence of the results is obvious, since under simi-
lar approximations The linearized Boltzmann equation may be derived from
quantum statistics [5], [7].

These conclusions are general and obvious, although we got it for a par-
ticular case. Always, when a semi-classical Boltzmann equation is valid, the
Kubo formula would lead to the same result. The exact formulas for the
conductivity however offer the possibility to deal also with cases outside the
availability of a Boltzmann formulation of the transport problem.

It is true however, that convenient methods of approximations in the
Kubo formula are not available for all cases and the existent ones imply
solving integral equations that are not simpler as the Boltzmann equation
itself. Nevertheless, their validity extends that of the Boltzmann equation.
For example, in the above example we could have continued the iteration

12
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with respect to the scattering potential (as formerly mentioned)and therefor
obtain results valid also for higher concentration of the scattering centers.

Some of the cases, where the Boltzmann treatment fails due to strong
quantum mechanical effects are : strong magnetic fields, high frequencies,
strong couplings (very low mobilities).

For a general , more convenient discussion of these cases we shall derive
in the next Section the general expression of the conductivity tensor for an
ideal relaxation.

6 Ideal relaxation
Let us introduce an additional relaxation term
mug
T

in the right -hand side of the Eq. 2 of the statistical matrix, with a constant
relaxation time 7. Such a term might replace in an oversimplified version
the effects of a supplementary dissipative interaction. The solution of such
an equation (in the linear approximation with respect to the external field )
with the initial condition

p(0) = po
and sudden introduction of the filed at t = 0 is

t o /
p= p0—|—,ie_£ / dt'e’/™ exp (zH(tt)> Hz ('), po] exp <—th ) (49)
in¢ ", h h

or, after a sufficiently long time (¢ — oo) after the introduction of the field
one has

1o [° — Ht'\ Ht'
p=po+ me’“’t/ di (it )exp (z’ - ) [Hg ('), po] exp (z A )

- (50)

and this leads to the formula

O (W) = /_ " el /0 ﬁd)\ Gudp (L +0A)), (51)

o0

One may see, that for 7 — oo Eq. 12 obtained by the adiabatic intro-
duction of the electric field results.

13
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If one may simulate the effect of dissipation alone by such a relaxation
term, ensuring the finiteness of o, ("ideal relaxation”), then the time de-
pendence of the currents is determined only by the Hamiltonian Hy of the
dynamically independent electrons without dissipation. The eigenfunctions
of this Hamiltonian are mostly known and therefore Eq. 51 may be calcu-
lated explicitly. For electrons in the presence of a magnetic field,taking the
one-electron version of Eq. 51 (see Eq. 33)using the well-known Landau
functions and taking into account that

d m c

after relatively simple calculation we get
Ne? 1

0. (W) = —

m w7t

Oy (W) = =0y (W) = Ne? ( 1 B 1 >

m \i(w—wy)+71 i(wHwy) +7!

This result coincides with the classical one.

Since in the absence of a dissipation (7 — 00) one must conclude , that an
expansion in powers of the coupling to the dissipative interaction is forbidden
(see for example Eq. 47 ). To conclude, we may say, that generally speaking
the conductivity cannot be calculated by a simple expansion in the powers
of the coupling constant to the dissipation, not even in the case of a very
weak coupling. Nevertheless there are some cases when such an expansion
may work. As it may be seen, this happens for wr > 1 for the longitudinal
conductivity and |w + wp| for the transverse ones. Also precisely in the
cases of strong magnetic fields and high frequencies where the boltzmannian
approach fails (except the case of the cyclotron resonance). In the next
Section we shall give an example of such a perturbational calculus for the
static magneto-resistance.

As a final remark: although the ”ideal relaxation” is just a mathematical,
non realistic model, the conclusions we derived from are valid for realistic
systems, as it may be shown by direct application of perturbation theory.

14
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7 The transverse magneto-resistance

Let us consider a system of electrons in a homogeneous magnetic field H
oriented along the z axis, interacting with phonons. The Hamiltonian of the
whole system is

H=H.+H,,+H._, , (53)
where the Hamiltonian of the independent electrons is
H, - / drv (r) (—imV + SA@) () (54)
2m c

with .
A(r) = (0,Hz,0) .

Here we denoted by H,;, the Hamiltonian of the free phonons, while H._,,
term represents the interaction between the electrons and phonons.
The Kubo formula for the static transverse conductivity is then

00 B
Goe = 2 / dte / dX (k (—ihA) % (1)), (55)
0 0
where we inserted
jo=e [ drt (0 () = ek

On the other hand, we may separate the electron motion on the plane
transverse to the magnetic field into the cyclotron center motion and the
relative one

x=X+¢ (56)

where h1o  h H
L s (57)

mwo i 0y  Mmwy mc

is the operator of the cyclotron motion along the = axis.
We recall here, that the eigenfunctions of the electron motion in a homo-
geneous magnetic field are the so called Landau functions

e = Onl = X)X
with the eigenenergies
1, Rk

Epxp. = hwo(n + =
Xk o(n + 2) o

15
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and the functions ¢, (x) being the eigenfunctions of the one-dimensional os-
cillator. The meaning of the operator X follows immediately.

We have
00 B
Ope = 62/ dte_St/ d\
0 0

oo B
+ €2 / dte™*! / d\
0 0
oo B
+ €2 / dte™*! / d\
0 0
I ﬁdA<' —ihA) € 1
e e §(—ihAN)E(t)) . (61)
0 0 0

If we admit, that contrary to X, the {operator is bounded, then it is
meaningful to perform the time integration of £&. For example, the second
term in Eq.58 thereafter looks as

X (—ih\) X (t)>0 (58)

X (<ihNE (1)), (59)

P e e

§(=ihN X (1)), (60)

/ﬂ ) <X (—ihA) € (00) — X (—ih)) € (o)>

0 0

and taking into account that correlations over infinite time have to vanish,
we get further

2

/0 " (X (=ihn€(00)) = =T {[poX] ¢}

62

2 B(X)o(E(00))o — {6 X])o =0

since (X)g = 0; [, X] = 0.
In the same way one may show that all the terms in Eq. 58 containing &
vanish, if this is bounded. Thus, under this plausible assumption

Opy = € /Ooo dte= /OB A <X (—ih\) X (t)>0

emerges. Or in a more convenient form for applications (see Eq. 23)
1, [® ) .
0o = 528 | dt <X (O)X(t)> .
oo 0
1

6
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On the other hand, since X commutes with H.and H,,, X is of first order
in the electron-phonon interaction potential. It follows, that an expansion in
powers of this interaction starts directly with a second order term. If we are
content with this first non-vanishing approximation, we have

Ogz = ;eQﬁ/ dtTr {Xe%(H”th)tXe*%(H”H”h)t} . (62)

Using the occupation number representation of the Landau states (de-
noting the three quantum numbers n, k,, X by v) we have

X = g Xata,, H,_,= E U,ata,
v v,V

where U,/ is an operator in the space of phonon states. Thus

. 1 1
X = % [Ha X] = zﬁ ephv Z U,,/ u”X /al/” a a’/] (63)
— Z UV/’V//X (&J,U”aj/av — (51,/’,,a,fal,u) = Z UD/V(X — X/)aj/au .

After introducing it in Eq.62 end performing the trace in
the space of the phonon states, characterized by the quantum
number s and performing the time-integral we find

ST S S e b (X1 - Xa) (X, - X))

v1,v2,v3,v4 s’

XUl/l,s;Vg,s’ u3,s’;u4,56 (EV4 + €s — Eug - 55’) .
However,
(8 anafa, ) = Tr {e/ZBmsin gt a, ata, | (64)
= 5V3V25V1,V4f0<EV1) (1 - fO(EVQ)) +5V1V26V31,V4f0(E1/1)fO(EV?,)v
with fo(F) being the Fermi function. Therefore

2
ree = TEEST ) (1= ) (X - XY (65)
X Y eV 6 (By + €0 — By —£4) (66)
17
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or
v = €8 fo(B) (1= fo(B)) (X = X)* Wy
v,V
with W,.,/being the average transition rate for the electron from state v to
state v’due to the interaction with the phonons. If we neglect the phonon
energies, or if we had instead of the phonons static defects, we had obtained

_ Z 8fo X — X W

These results [8]-[10] coincide also with those obtained by Titeica [11] in
1935 by a kinetic approach interpreting the transverse conductivity as the
migration of the center of cyclotron motion.An english version of this paper
may be found in ”Serban Titeica, Modificarea rezistentei electrice a metalelor
in camp magnetic”. p. 49, Ed. Horia Hulubei (2018)

We have seen, that in the exact formulation of the theory, this assumption
could be formulated as the boundedness of the relative coordinate. A check
of the above hypothesis has been verified on various definite cases by taking
into account also the terms we neglected.

8 Strong coupling problems and strong elec-
tric fields

In the preceding Section we have dealt with a relatively simple example of
calculating the electric conductivity by perturbation theory with regard to
the dissipative potential. An important class of conductivity problems in
(crystalline )solids allow such an approach , at least by an improved version
of perturbation theory, even in cases where an expansion of the conductivity
in powers of the dissipating potential is not allowed (like the one treated in
Section 5 ). The application of such a method actually depends on the pos-
sibility to separate a part of the system Hamiltonian whose eigenstates and
eigenvalues are known, but leading alone to a diverging static conductivity
and a weak ”dissipative” one, ensuring the existence of the stationary flow.
The stronger the dissipation is, farther we have to go with improving the per-
turbation method. Obviously, there is a certain strength of this interaction,
where such method does not work any more. This happens by amorphous
substances, by impurity band conduction and always by very low mobilities.

18
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Even in these cases the exact formula of the conductivity may be useful.
The method of its evaluation consist in simple, plausible assumptions about
the nature of the energy spectrum and the energy dependence of the matrix
elements of the currents (see for example [12], [13]).

The elaboration of the conductivity theory has clarified the foundation
and limits of the old kinetic theory, allowed the refinement of the old results
and allowed as well completely news results. On the other hand, it has
simplified and somewhat unified the approach to transport problems.

A next extension of the conductivity theory is the evaluation of higher
order kinetic coefficients, namely of the higher order terms in the expression
of the average current. For this sake we have just to consider the next
iterative terms of the integral equation Eq. 7. As it is easy to see, we get

p(t) =po+ D™ pn
n=1

where o
ﬁn _ i dtemw%»s)te% [I:IE’ ﬁnfl]eiﬂf—ilrt
h J_o
With the help of this expression for the statistical matrix,one may com-
pute the so called higher harmonics, i.e. those terms in the expression of the
average current,that oscillate with multiples of the applied field frequency.
Taking into account the availability of high intensity monochromatic sources
(lasers), such computations got peculiar interest.
In the static case, the exact solution with coupling of the field at t = 0
(introducing a relaxation term as in Section 6) may be put in the form

1(H+Hp)t «H+Hp)t

1 0
p=pt / dte™ e H, pole”
? —0oQ

This equation however, needs to be brought in a usable form by an expansion
in powers of the electric field.

A very special case is the one, where the intensity of the field is so strong,
that no expansion in powers of the field is allowed. We have in mind the case
of so called "hot electrons” for which j ~ v/E. This problem got until now
no adequate quantum mechanical treatment (although a formal procedure to
improve the perturbation method with respect to the electric field [17].
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9 Derivation of the ”"non-mechanical” trans-
port coeflicients

We have reviewed in the preceding Sections the proper formulation of the
electric conduction problem. Kubo’s exact formula relates the conductivity
tensor to the correlation function of the currents in the equilibrium state. It
is only to expect a generalization of this theory to other kinetic coefficients,
characteristic for the linear response of a system to gradients of concentra-
tion and temperature. Based on the quasi-classical results, we may expect
that these coefficients might be expressed by equilibrium correlations of the
corresponding currents. The proof of such a statement, however is not at
all simple, since in the case of these purely macroscopic ”forces” a mechan-
ical formulation of the problem is not possible. In other words, gradients
of temperature or concentration cannot be introduced in a microscopical
Hamiltonian. Therefore, the derivation of such formulas (although followed
immediately after that of the electric conductivity) needed a lot of assump-
tions, which were actually equivalent the postulating the relationships. This
situation throw a shadow of doubt to the very existence of a generalization of
Kubo’s theory. Only recently offered Luttinger [16] a simple, but convincing
proof that confirms their validity. In what follows, we describe shortly his
argumentation.

The diffusion coefficient usually may be computed using Einstein’s rela-
tion relating it to the electric conductivity. On the other hand, it may be
shown an analogous relation between the thermal conductivity and the re-
sponse coefficient to a fictive gravitation field coupled to the energy density.
This "mechanic” response however one may be calculated. In this way one
may avoid the problems.

We define the coefficients LEZB, EEZ,Z, (1 =1,...4) by the phenomenolog-
ical relationships for the average electric and energy currents:

) N
() = Lgﬂay¢—ngga (T) LT, (= )+L2]0 (67)

T
Gr)y = LEo,o — L)~ ”(T> LT, ( ) + L, (68)
where ¢ and  are the electric and the gravitational potentials. We have
chosen as independent macroscopic variables the inverse temperature % and

the ratio £ of the chemical potential to the temperature.
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The coefficients L,(f,),, (1 =1,...4) may be calculated by Kubo’s method,
considering the interaction with the applied external fields (within the second
quantization description) as

F— / d7 {n(2)6(7) + h(D)(D)} |

where the first term represents the electrostatic energy, with n(7’) being the
particle density operator, while the second one is the gravitational energy,
with h(7) being the energy density. The similar computation by the method
of statistical matrix of Section 1, gives rise to

o) B

Ly = / dte" / AN (£ — 1A)ju(0))o. (69)
00 B

LY = /O dte™* /O dAGE(t —1h))j,.(0))o,
S B

L = /0 dte " /O dX(ju (t — 1hA)jl (0))o .

) B
4 —8 Ly K
LY = /0 dte t/o (L (t — 1hN)j5(0))o -

where j¥ is the operator of the energy current (satisfying the continuity
equation h(7) + VjZ(7) = 0).

We shall show, that for all ¢ = 1,...4 we get ESZ = LE}Z To this end
we consider the system in equilibrium ((j,) = (j//) = 0) in the presence of
an electric , respectively gravitational field and we calculate the gradients
Ou( &, 8#(%) produced in order to compensate the gradients of the poten-
tials. Therefore we require equilibrium in the presence of the fields. For
the quantum statistical computation we express first these gradients by the
gradients of the particle and energy densities:

ANAC) 2 (%)

0 () = G O+ G ouh) (70)
T G PR A C)

" (T) = o M gy

Let us consider first equilibrium in the presence of just an electric field
P [ 7 {n(@o(@)
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with the equilibrium particle density
(n()) = Tr{e "THEN" (7))}

Using the expansion
B
e PEFF—uN) _ o —B(H-uN) {1 - / dNF(—1h\) + } ,
0

we get

(n(™) = (@)
B8
- / 0\ / 47 (a7, B\ — (0, ) o((P)o) S(7).

Tr{e BH-uN) 1
Tr{efﬁ(HfuN)} .
Taking into account the macroscopic homogeneity in the absence of the

field, by a partial integration we get

Where the symbol (...) means

0, (7)) = (7)
B8
e / dx /m (0 (7~ B\ — (0 (7~ Jo(n(7))o) (F) (72)

B
— / 0\ /dmn(f,—zm)n(f»o—<n<o,—zm>>o<n<o>>o>eaycb(f').(?z)

(Here by neglecting the surfaced integration terms the vanishing of long range
correlations was admitted.) If the field does not vary too rapidly with the
coordinate, taking into account that the operator of the total particle number
commutes with the Hamiltonian, we have further

e

0,0(7) = 1 (N = (N3) 9,67 (74

In the same way one may get also

0,(B(7) =~ (HN)o — (H)o(N)o) 9,6(7) (75)

However, as it may be seen easily
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O(N)y _,0n(),

((N*)o — (N)F) = o~ " oBn (76)
and
((NHD, - (N)o(£t)o) = )0 — v O o
Therefore, from Eq. 70 and Eqs. 74 - 77 it follows
p 0(%) om) (%) @) | e
*(F) - - [6‘<n> o) “om o) T ™
o dB)e, e
IO E
and as it is to be expected
1N _ |9(x) otn) | 9(x) Oth) |
o <T> - [8 n) 0 (%) + ahy o (%) T3u¢ (79)
= d(gg F0,6=0

From the conditions (j,
immediately

= (j7) = 0, together with Eqs.78, 79 we get
L) =L, LW =L%. (80)
In the same manner one finds

r(5)-0 af})-—tae.

and therefore also

L =12 LG =L (81)

The proof is over and we got finally the whole table of transport coefficients.
One might also check Onsager’s reciprocity relations.

The calculus of the coefficients LEZ,Z, (i = 1,...4) may be performed

according to the same recipes as that of the electric conductivity Lftly) The

only complication is that the expression of the energy current operator in the

case of interacting particles is not that simple as that of the particle current.
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10 Appendix. Derwation of the Boltzmann equa-
tion for elastic scattering.

Let us consider an dynamically independent electron system scattered on s
static potential V(7). After the application of a homogeneous electric field,
according to Sec. 4, the equation of motion of the one-electron density matrix
is
of n_, st
ha = [—V + V(7) + exEye ,f] (82)

or in matrix elements of the free electron states

O frrr 0
Wh f;’;’“ = (ew — en)fuw — 1eEpe ( pTT ) Fioe (83)
+ Z [ququ’ - fkqvqk’) (84)
q
We consider, that the system at t = —oco was in equilibrium:

f=f (0) +f 1) st
with
1
eBl= QmV'“rV N=m) 4 1

£O) —

and f) being of first order in the applied field. If in Eq. 83 we retain only
terms linear in E,, then

zhsfé,lj = (ep — &) far — 1eEe™ < 0 0 > ,522 (85)

ok, | Ok
T Z [qu T = £y qu')

On the other hand, fkk, obeys the equation

or?)

o U
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or

(ew — &) 1522 + Z Vigfarr — frgVarr) =

Inserting into Eq. 85 we get

0 9]
(ths + ep —ew)f)) = —ieE, (akz +8k’> o (85)

Y [Vl )

q

Approximating
Fan & folew)onk’

we get further

(zhs + &k — Ek/) k(:,lc? = — (5 r =+ Z [ ;111) DV )

We shall look for a solution of Eq. 10 under the assumption f,ikl) > f,g,? for
k # k. Then we get as a first approximation for the non-diagonal matrix

elements v
1 _ kk’ < n (1)> 3
W T s+ ep — e \URF kk (83)

and after inserting this into the equation for k = &’ we have finally

.20 Sy (8 - ) (53)

k.

where

2T
Wi = E |ka/|2 5(€k - €k/) (83)

Equation 83. is nothing else as the linearized Boltzmann equation. Its solu-
tion one looks for in the form

9 foler)
W= eEfﬂglika(ek) (83)
and finds
7(er) ™ =) Wi (1 — cosb) (83)
k/
25

m Ladislaus Banyai: Profile in Motion



Thereafter it follows for the conductivity
6277,2 1 —'dfo(Sk
o = — dk k2 . 83
7 m? (2m)3 / dey, o(Er) (83)

This is identical to Eq. 48. The derivation of the Boltzmann equation for
the more general case of inelastic collisions one finds for example in [17].
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IMPORTAHCE OF COULOMB EFFECTS IN TRANSFORT PHENOMENA ON
LOCALIZED STATES

Althengh the imporiance of the Coulomb repulsion betwean charge
carriers on localized states is generally accepted, as, for instance,in
the case of atatistical distribution of electrons and holes on impurity
atstes in semiconductors, no attention was paid till now to the influ-
ence of this effeet on the transport properties on localized states. We
have in mind especially the very interesting case of hopping conduction
in amorphous semiconductors.

Let us consider the following Hamiltonian

J

nﬂ‘ being the opersior of the number of particles in the atate |36,
where § stands for spin. The second term represents the Coulomb repule-
sion between two electrons of oppoaite spins in the same stiate

1Yl 1Y m)?
Ir - o) ’

(2) U = ezjd3r adps

In principle, in the interaction term, the dielectric properties of the
medium should be also toaken into consideration. Generally speaking, it
is expected thet U; will decrease with delocalization, vanishing for
the nonlocalized atates.

With the Hamiltenian (1), instead of the usual Fermi distribution
funeticn fo' one cbtaina for the average number of particlea

EXP{‘&EJ) +* ex‘p(-ls(éj * gj))

+

1 +2 exp(—ﬁej) + exp(-l(éj + Ej))

G =B g G B U -p

At T = 0K, the distribution f is & two-step function, vanishing at en-
ergiea higher thar the electron ghemical potential Q, being 1/2 down
to the hole chemicsel potentisl M defined by

(4) B o= p-UD

and being 1 umder ﬁ. For energy levels which sre in the vicinity of m
or 4, ao that lel«U or |e+ Ul®U , respectively, eq. (3) ia well
approximeted by the well known functions

1
(5) Pmf, =4 =% £ (£~XT 1n2)
e” 2 exp[B{£-XT 1n2)]+1 2% ’
1 1 1
1-f = £, = — =5 € {(~E- kT 1n2)
h T2 Is-Ekt 1m2)]e1 2 ©
Czech.J.Phye, B26(1976) 717
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which exclude the possibility of double occupancy, the first one for
electrons and the second one for holes.

It is worthwhile to mention the importance of this effect for ESR.
In such experiments, the response is proportional to the totsl number
of "free® spins, i.e. to the guantity

{6) IdE S(E) ((n,-n¢)2}=fGE g(E)
i

where g(E) is the density of one-electron states and zero tempersture
is considered. Bg.(6) indicates that the effect depends on the density
of states beiween the two chemical potentiala. Alsc we can see that a
small effect can be due not only to & low density of atates but also
to a smell F—-j"i.

In what follows we shall discuss the influence of the Coulomb re-
pulsion on the transport properties snd namely, on the conductivity
and thermcelectric power. Both these effects are proportional to the
transition rate from an initial to a final atste. This depends on the
transition probability F¢ and on the cccupation of these states, i.e.
it can be written as

(7 (R:(?if[ni (1 - nf)+ ni 1- n{)])

If the transpert mechanism is the phonon-assisted hopping, then
Pif contains, among other things, the Bose distribution funetion of
phonons /1/. In the case of Seebeck effect, the expression (7) must be
multiplied also by the mean energy (with respect itc the chemical po-~
tentisl} of the atates between which the abaorption or emission of the
phenon takes place.

In disordered systems, the configuraiional average must also be
performed uaing the proper distribution of the coordinates and ener-
gies. In the present paper, we shall show that (excepting the case
Uj = Q) there is always s low temperature domain in which the Seebeck
coefficient is constant,

Depending on the occupancy of the initial end final states, four
transitiona sre-allowed which are outlined in Fig.l. For instance, in
the cese d}, the initisl and final atate before the transition are
doubly and singly occupied, reapectively.

P TR
) 1 1 T’—“T Pig.la},b),c},d}

If p - ap kT, the transition rates, depending on the respective en-
ergies and distancies of the four processes are
(8) R, = Pieg g, vip0) £, (g - KT In2) £ (-€p + KT 1n2),

R, = PE, &5, vyp) £ UE + KT 1n2) 2. ( ~&¢ + kT 1n2),

718 Czeeh,J . Phys ,B26(1976)
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&c =P(Ei‘ gr, rif) fo‘fri - kT 1!12} fo(“'ef -~ kT 1112),

Ry = P&, 4y vyp) £, (F, + KT In2) £ (=&, - KT 1n2)

the corresgonding energy factors for the Seebeck coefficient being

(&5 *&p), 'i‘zi + &p)y '&(Ei + 2}) asnd (& + Er), respectively
/2/. In these expressions, the occupation factors (the product of the
two Fermi functions) are strongly peaked arcund smsll values of £ and
respectively £ . The shift of the energy arguments by ¥ kT 1ln2 as com-
parsd with the case U = 0 ig s very importent effect, as we shall
see immediately. Indeed, in the absence of the Coulomb repulsaicn, all
four processes are identical and the thermcelectric power of is /3/

e 1 k-4
) &= Y12 _‘dai dsf -2' (E,i + Ef)fp(si,Ef) fo(&i)_f (-Ef}

while the conductivity is /1/
(20) 6= 2 fae, ae, Piey, 0 1,080 £,0-2,)
® et i dep ey, £p0 T80 Ty(-8p0.
The function gﬁ was defined aas
(11) P, e =fd‘r?{z.e’, )X e, ¢, r) 1

where the funetion X %erforms the configurational aeversge. Conaider-
ing that the funetion (£ ) is independent of the argument

iy E
6, + £, within s range of'a thw kT, i.e. practically

2P

(12} k'r(§
Dy + Ep)

£i+£f=0

then the integrand in eq. (9) is an odd function of this variable and,
consequently, the thermoeleciric power vsnishes. If the right hand
gide of (12% is different from zero, we arrive at a contradicticn with
most experimental results on e.g. amorphous Ge or amorphous Si that
aeem to indicate a constant walue of o« at low tempsratures.

~ Coming back to the case U:#$0 , under the same assumption that
P, £') depends only on € -£' o’aer a range of a few kT, one may see
after a proper change of variables of the type g =£ T kT 1n2,

€=T* x? 1n2 that the processes b} end c) de not contribute to the
thermoelectric power at low temperatures, while the contribution of
the processes a) and d) is

_ = lel 1n2 '
(13} da,d =¥ T \dc de ﬁa,d (e-¢") :E'O(S) fn(-i’).

Therefore, we may write for the Seebeck coefficient et iow temperatures

Czech,J,Phys,B26{1976) 719
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alel F,(T) - 6,(T)
6,(T) + 6 (T) + §,(T) +6,(T)

(14) S{T) =

The partial conductivities &y, &, 6, and 63 have & similar tempera-
ture dependence {(for example, Ho?tfs femous T - law) but with dif-
ferent pargheters, depending on the density of states and localization
at and g . Therefore, at sufficiently low temperatures, either one
of 65 or & gravaila (§p,c 8o deseribing transitions from m to A can
never prevail} and then S~ * 1n2, or their ratioa are constant and

(15) s=;1n2,-1<§°<1.

The arguments preaented here are valid not only for hopping mech-
anism but =2lso for tunnelling, mechanism that preveils at extremely low
temperatures. This means that if both mechsnisma are included in € and
5 quite general ssymptotic lews may be written as

{15) lim &(r) = 5‘0
T -»0
lim  S(T) =§1n2
T->o0
i.e, in usual units
(16) lin «(T)=fx 0.06 mV grad™t.

T»o

It is intereating to observe thet all low temperature platesus in
the hopping region of S in elementsl covelent pmorphous semiconductors
lay in the range (-0.8, 0.2%) / 4-9/, in a remarkable sgreement with
the prediction of cur theory (ln 2~0.693).

The authora would like to thank M.Bundaru for wmany enlightening
discussions at the early stege of this work end Ir.N.Croitoru and Dr.L.
Vescan for informations on the experimental resuits.
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We consider a classical charged gas (with self-consistent Coulomb interaction) described by a
solvable linearized Boltzmann equation with thermalization on uniformiy distributed scatterers. It
is shown that if one scales the time 1, the reciprocal space coordinate k and the Debye length ! as
ATH (1/0)k, Al, respectively, in the A — > limit the charge density is equal to the solution of the
corresponding diffusion-conduction (macroscopic) equation.

1. Infroduction

The connection between the kinetic and the hydrodynamic description was
illuminatingly discussed for the exactly soluble model of the Lorentz neutral
gas'™?), for which the L:-norm of the difference between the two solutions was
shown to vanish with t — . On the other hand, a similar problem was tackled
in a hopping model both for neutral’) and for charged particles with self-
consistent interaction’). The technique used here was a scaling procedure
suggested by the scale invariance of the macroscopic solutions.

This paper is an attempt to apply the latter approach for a charged
Boltzmann gas. It seems rather obvious that the Lorentz model, lacking
energy dissipation, cannot give rise to the desired macroscopical properties.
This was recently discussed in ref.®). That is why we consider in this paper a
Boltzmann model with thermalization.

The microscopical model is described in section 2 where also the macros-
copical equations are shortly discussed. The main results concerning their
relationship is stated as well. Some general properties of the model are
discussed in detail in section 3. They are used in the proof of the limit
theorems given in section 4.

0378-4371/81/0000—0000/$2.50 © North-Holland Publishing Company
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MACROSCOPIC BEHAVIOUR OF CHARGED BOLTZMANN GAS 167
2. Statement of the problem and the results

2.1. The macroscopic equations

We consider an infinite, isotropic and homogeneous medium, characterized
by the phenomenological constants o (electric conductivity), D (diffusion
constant) and e (electric permitivity). The evolution of the total (free and
polarization) internal charge density p.(k, t) in the presence of an external,
static charge density p..(r), if one neglects the magnetic field, is given®) (in
Fourier transform) by

Dimlk, £) = e DX VN[5 (K, 0) = prad(k, )] + Pinlk, %), )
where the t — @ limit of p;.(k, £} is

1+ Izkz(e - Eo);"ﬂ) o

ﬁint(ks 00} =— 1+ szeféo pexl(k)° (2)
The characteristic length
_ e_2 %)—”2
b= (eo dp (3}

appears in the Einstein relation

a=%D @)

and is defined only in terms of equilibrium quantities (ny—the equilibrium
carrier density; u ~the chemical potential).

This phenomenological description is suitable for a semi-conductor, not for
a metal, where ! is of microscopic size and the diffusion is completely
negligible as compared with the conduction. For metals it would be important
to consider a medium with boundary, with the external charges placed outside
the medium,

If one considers the fundamental solution, defined by point-like initial and
external conditions

ﬁinl(ky 0) =e
Pexlh) = ge™n, (5)

then we have the following scale invariance property of the solution:
ﬁinl(kl"hy Az" Ai; A"‘ﬂ) = f’int(k’ t; I; rﬁ)s (6)

which suggests to extract the macroscopic behaviour of the microscopic
model through a scaling procedure.
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2.2. The microscopic mode!

We consider a system of classical, charged particles in an infinite medium
and treat their interaction in a self-consistent way. Their evolution in the
presence of a static external charge p(r) is described by the following pair
of equations for the distribution function @(r,v,1) and the self-consistent
electric field E(r, t):

(; +o¥, + Z E(r, 0V, ) (r. v, 1) = (Bo)r, v, 1),
eV E(r,t)=enp Jdvqa(r, 0, )+ pexd 1) + P N

The uniform compensating background charge is, of course,
Prg = — €My, (8)

The collision operator B describes a system of uniformly distributed
scatterers at thermal equilibrium at temperature T.

(B(p)(r, U) = I dv,[wv.n"P(rs 0,) - Wn"ufp(rs U)], (9]‘

with the transition rates obeying the detailed balance
Wﬂ.u'e —me 2k T Wv-.,e —muflky T' (10)

Our model is defined by the choice of the instantly thermalizing scattering
cross-section;

Ws,n’=% M(v}, (11)
where M(v) is the normalized Maxwell distribution

M(v)= (_"n—")m e ke (12)

ZWkBT '
and 7 is a constant having dimensions of time.
In the homogeneous case (f and E* independent of r, implying E = E**)

due to the normalization condition ffdv =1, the collision term (9)-(11)
reduces to the well known ideal relaxation form (M — f)/r yielding

engjdvvf(v, ty=— L e‘”‘[enofdvvf(v, 0)y+—— noe E(t - ‘r)].

This is an exact linear response for the average velocity, giving the
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conductivity
2
oEle, (po KT )
m m

It is clear that our system of equations is nonlinear, due to the self-
consistent field term in the Boltzmann equation. Therefore, we shall consider
only small deviations from the equilibrium solution in the absence of the
external charge

@olr, v) = M(v),
Eyr)=0. (13)

We emphasize that we cannot prove the uniqueness of the equilibrium
solution, even in the absence of the external charge. Moreover, we perform a
“double™ linearization, with respect to the deviation from the actual equili-
brium solution and with respect to the field as well (low field approximation).
We denote

f(r. ) = @lr, v) — M(v).

Taking the Fourier transform with respect to r, we are left with

(ar +1Jw)f(k 0.8)— op oEk, OM() = Bf(h, 0,1,

E(k f) = _lk €y [Id f{k 0, t)+M] (15)
Now we eliminate E and notice that, according to eq. (3)

1 _ eznn

P~ keTes (16)

From now on, we use 7 =1 and m/2ksT = 1 units. Our equation reads
%f{k, v, 1) = (- ike — Df (k, v,t)+(l iko )M(v)fdn ‘fk, o', t)
~ 0 M) PJT(:) an
We consider eq. (17) as an evolution problem in L,(R*) for fixed k. The

initial and external conditions are chosen to match the macroscopic ones, egs.

(5)

f(r, v,0) = niu 5(r)fuv); folv)E L,
Pexr) = @d(r — 1y), (18)
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or, equivalently,
1 -~ ikr,
f(k! v, 0)=;;f0(v)! pexl(k)=qe‘0- {19)

The case of neutral particles may be obtained from eq. (17) by taking [ — =,
the corresponding macroscopic evolution being given by the well-known
diffusion equation. Nevertheless, we shall treat it separately, since stronger
results can be obtained there.

2.3. The results

Our main scaling result concerns the Fourier transform of the micro-
scopical (actual)} charge density

s, 1) = en [ dof (v, 1) (20)
and reads

lim ﬁmkm(;, Aty AL Arg) = pimth, 131, o), (2la)

A

or equivalently

lim[ﬁm-m(%, Alt: AL Arg)— ﬁi.,l(ﬁ, A AL .\ro)] =0 21b)
A=

for any fo(v) € L,. Here the macroscopical charge density pim is given by eq.
(1) with

D =%(=% T =%Ide{v)vzv)
€ = £ (22]
In the neutral case it is convenient to consider the function
LI—
= —L, 23
f M (23)

obeying the equation

2 f(e 0.1 = (= 0%, = Df(r, 0,0+ VIG) [ do" VM@ (5, 0", 1)
=(T + J)f' = Af. (24)

Considering this problem in Li(R’xR*»* with initial condition f«r, o)€E

* Considering the problem (24) in LAR'XR’) is equivalent to consider the unsymmetrized
evolution equation in the weighted Hilbert space LAR’ X R*; M (v} ')
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LAR?>*x R} N L (R’ X R, we obtain the following result

et e e

where norms are taken in Ly(R"), the microscopical particle density is
Aniaor,£) = o [ dof(r, 0,0, (26)

while n{r, t) is the solution of the diffusion equation with D given again by eq.
(22) with the initial condition

n(r,0) = noIdvfdr, v), 27)

C;, is a constant depending on the initial condition.
We must point out that from the physical point of view it would be
desirable to have the scaling property in the coordinate space too and for the
neutral case to prove a relation similar to (25) in the Banach space L(R*xR?).

3. Spectral properties

Let us denote the operators of eq. (17) as follows:

T(k) = —iko—1,
Tk, 1) = (1 —%%)M{o)fdv’= -p(k,i;o)fdu', 28)

Ak D=TE)+T(k ).

For simpticity we shall occasionally omit the arguments k and 1.
The free evolution operator T(k) has only continuous spectrum on
{z|Re z = ~ 1} and generates the non-unitary group

U(f) = e the+le, (29)

The perturbation J(k, I) is a one-dimensional bounded projector on L, and
therefore’) A(k,!) is the generator of a strongly continuous semigroup.
The resolvent of A is easily seen to be

1

R(z2)={(z— A)Y '= Rz} + F@ Ro(2)JR(2), 30)
where
R(z)=(z-T)" 3D
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and

2+ 1+ike’ (32)

Flk 1 7) = I—Idva,b(k,t;v)
R(z) is bounded in C, except the axis Re z = — | and the zeroes of F(z).
In what follows a detailed discussion of the function F(z} is given. This
function can be written as

1 j; ezl + 11k kx
F(:y=——= 1 d ,
= e T ik

(33)

and is seen to be the weighted mean of the circle which is the image of the
real axis through the fractional linear mapping

z +i(1 + 1k P)kx

h ) = — T ik

(34)

Thus the value of F(z) lies inside this circle. If the origin is outside, or on
the circumference of the circle we have clearly F(z) # 0. The position of this
circle with respect to the origin resuits from the positions of

b= —iE

and
St 2
WO =~ e
with respect to the real axis. It is now obvious that for z outside the strip
{z| - 1 = Re z <0}, F(z) cannot vanish.

In order to analyse the occurrence and properties of the zeroes in the strip
it is useful to cast F(z) in the form

F(z)=1+ﬁp—g(1+i}ﬁg)%1.jx?ﬁ%, (35)
where 0
£=2+1
and
2
P(x)=\/—;e ¥, (36)
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Now F(z) =0 is equivalent to

€1+ Ulkl)e) (/K)E) eI
k(1+uk:) Ud" Ik +x]‘ (37)

Noticing that the r.h.s. of eq. {37) is a Herglotz function with respect to
£2/k® we use the well-known representation®) of such functions, as well as the
rapid decrease of p(x) and its first moments to get

oo il =i e

where a(u) is a non decreasing function.
Therefore we are left with the equations

8(€)=§(£~1)+(1+E%}7)[%k’—k‘0 E‘%{(—;‘%,]w. (39)

Now we are in the position to prove the following statements concerning
the zeroes of F(z) in the right half (—4 < Re z < 0) of the allowed strip:

(i) for Re z > —1 there is at most one solution of eq. (39) which is real;

(i) there exist kg, 1y so that for k <k, and [ > I, the solution {denoted by
z(k, 1)) exists:

(iii) for k— 0 and ! — = (with ki = const) this solution approaches the origin.
More precisely

lim xz (1;; M) =—1k2(1 +—§—,) (40)
A A 2 k-l

A direct inspection shows that Im g(£) = 0 for Im £= 0 if Re z > —} which
rules out the existence of complex solutions. For £ real and greater than 3,
g(&) is strictly increasing, so (i) is proven. If g(3) <0 the existence of the
solution is obvious because g(£) eventually becomes positive. But g(3) can be
made arbitrarily close to —§ for small k and large I The scaling resuit (40)
follows immediately from eq. (39).

We remark, though it is not essential, that for the neutral case {I = =) these
results can be extended in the whole strip with ko= V7. For finite I, on the
contrary, we can have two solutions and even non-real solutions in the strip
for suitable values of the parameters k, .
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4. The scaling limit

4.1. The charged gas

We begin by proving the inverse Laplace transform representation for the
evolution operator

y+id

em(t,!]f=_2lwi]$im J' e‘"R(Z)fdz

yoid
y+ix

=em*>f+51lr—i f e"%Ro(z}J(k,!)Rn(z)fdz, (41)

¥ i
for every f € L\(R%, v >—1 and greater than the pole of the resolvent. The
existence of the integral in (41) is ensured by the Fubini theorem, alongside
with

Idv fdzzle“ROJRof;gewIdvfdv»fdk gk, £ 0) | {fe)

|z + 1+iko| |z+1+ike

T
y+1

<e” e, DAl - 171 (42)
where z =z;+iz, and the last step is the Schwarz inequality for the in-
tegration over z;. Use was made of the boundedness of F'(z) on the
integration path. The result follows now from the analicity of the integrand
together with

lim |Ro(2)JR(2)f} = 0, (43)

which is straightforward.
Taking y < 0 we can easily see that

lim [Je***"f] = 0. (44)

In the presence of the zero z(k, I} of F(z) in the strip —3<Re z <0 it is
useful to move the integration contour to the left until —i < y < z(k, {).
We have then

i

!
ATk L tTik) at
ettt =g f+21ri I e"RoJRof dz

yoix

+ ersz,!lC“ Ro(z{k, INJ(k, R(z(Kk, 1 })f, (45}

Ladislaus Banyai: Profile in Motion



MACROSCOPIC BEHAVIOUR OF CHARGED BOLTZMANN GAS 175

where

yik ) -
Ud” (20K, )+ 1 +1ko)?) , (46)

is the residue of F~'(z) in z(k, !).
In the scaling limit k - (1/A)k; { > Al; A >, the first two terms of eq. (45)
vanish exponentially. For the last one we have

E‘i_.tp'c Cinn =1 47)
s~ lim Ru(z (% u)) =1, (48)
5 ~lim J( u) M(U)Idv =P, (49)

and therefore

5 — ]im eAIIA(Hl.M] = e—lﬂkzt(l+l|fk2f2}P‘ (50}
A
This concludes the proof of our statement (21) for the particular case
Pext = 0.
In the presence of an external charge, the solution of eq. {17) is (with the
notation justified by eq. (44))

f(k, v, £) = e“Ff (&, v, 0) — f(k, ©,)] + f(k, v, ), (51

where f(k, v, =) is the time independent solution of the same equation:

flk, v, )= -R(O)'—'i%M( )M

0

[Ro(oy S RD(O)JRo(O)] ‘—"}’, M )"“'f,:’ o) (52)
We remark that
lim eng I dﬂf(k, v, °°) - ﬁexl(o)s
fary

i.e. the external charge gathers an induced total charge compensating it
exactly. The non-conservation of the charge occurs at the expense of the
charges and currents at the infinity, just like in the macroscopical description
given by 2q. (2). For a finite medium, conservation of charge would occur by
properly taking into account the boundary conditions.
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For proving the scaling it is sufficient to show that in L {R> we have

hmf( v, AL m) M(v)Hlkz,zﬁ"‘“‘"’“). (53)

A% €Hg

Indeed, our choice of p.., eq. (19), gives

. {k N
Pex (31 Aro) = Bk, o), (54)

and we have also

_M@) ikv _

' 2 2
imA® pdo iy o =2k (55)

X x i%(l +1/P)x
lim A2 F( Al 0)*lim,\3

J (e
— A dx=1kY 1+ ).
A \/E_e Lritkix ( K

A

(56)

Then, taking the scaling limit in eq. (52), the first term vanishes and the
second gives the desired result. This proves the scaling result in the general
case.

3.2. The neutral gas

It is easy to verify that the spectrum of the transport operator appearing in
eq. (24) in only continuous and located on {z | Rez=-1}u{:z | —1<z=0}
The spectrum of each Fourier component of this transport operator, T, contains
the continuum {z | Re z = — 1} and, for [k| < V', a real eigenvalue z, which for
small k can be written as

e 37
The corresponding eigenvector is
wiw) = SYMO) K (58)

t1rike 4

As LAR*; M '(v)) is contained in L (R’)estimations similar to (42, 43) are
valid in this case too and we assert that there exists € >0, —1 < 8 <0 such that
for |k| = e

B+iy
etf = lim5 = 2 ; f e(z — st )'f dz = &Tf + M Z(B, 1), (59)
gy

where ||Z|| = C (independent of t).
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For |k| <e, there exists 8', — 1 < ' <0, such that
Aiy
& = lim ZL I ez — i)' dz + e (Fn Pt (60)
v =TT 1 )
Piy
If we estimate now the norm of the semigroup %(t) generated by o, we
obtain

U@ = [l sfilan dk = [ lefillzan dk + [ bl dk

Kkie k>
< e+ 0" IR di-+ 1 dk e, DT (1)
o
Then,
[@ece)f — j dk e™ (4, f )|} < exponentially bounded terms. (62)
0

The integral in eq. (62) can be written %Y (£)Q.f, where %7 (1) is the “full
hydrodynamic™ semigroup giving the solution of the “full hydrodynamic™
equation

H
%:%vm"—%v‘n"... (63)

and Q. is the hydrodynamic projector

Q.= j (G, Yo dk. (64)
0

From eq. (65) it results that

19% (1)~ PUT () QLl = IPUWo - A ()PQS

is exponentially bounded in time (here ? = fVM(v}do and Pf=n is the
local density).
Therefore, denoting by U 2(t) the semigroup generated by 4 we have

UPAU()fo — UPOIPF = [PUYo— U™ (HPQol
+1UF()PQSo — AT OPFl + | U™ (1)Pfo - UP(DPFf
=< exponentially bounded terms + C;t** + Cat 7%, (65)

Collecting the results and taking into account that |%°(O)Pf= 1" we
obtain the result (25).
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The scaling procedure we proposed in previous papers to obtain the macroscopic behaviour
from the microscopic (kinetic) description is applied here to a soluble hopping model, on a
periodic fattice, which exhibits both conductive and dielectric properties. The Kubo and the
Clausius-Mossotti approaches are discussed in the light of our exact results.

1. Intreduction

In refs. 1 and 2, hereafter referred to as I and II respectively, we have
proposed a scaling procedure to obtain the macroscopic electrodynamic
behaviour from the microscopic (kinetic) description. The approach was
suggested by the scale invariance of the macroscopical equations.

This method was successfully applied to a soluble hopping model of
charged particles, on an arbitrary periodical lattice (II), and to a charged
Boltzmann gas®) (both in the self-consistent potential approximation). In both
cases the macroscopic behaviour was recovered, describing a mediem
characterized by a diffusion constant D and a conductivity o related by the
Einstein relation

cr=TzD' (.1

where the iength

[etang\

I = (e_oﬁ) (12)

(no being the equilibrium carrier concentration, i the chemical potential, ¢ the

electron charge and ¢; the permitivity of the vacuum), played an important
role in the scaling procedure.

However, neither of these models exhibited dielectric properties, i.e. they

had € = €. This is not so surprising since in both cases all the particles were

allowed to reach any point of the system. According to Lorentz’s original

0378-4371/82/0000-0000/$02.75 © 1982 North-Holland
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ideas’) they shouid be considered as free or conduction “electrons”, whereas
dielectric properties arise from the polarisation or bound “‘electrons”.

In this paper we modify the hopping model fo provide for bound “‘elec-
trons” too. Applying again the scaling procedure we confirm Lorentz’s ideas
in the sense that ¢ and D are determined by the free “‘electrons’ only while
€ — €, >0 by the bound “electrons’’.

We show also, that our dielectric constant satisfies, in the appropriate limit,
the classical Clausius—Mossotti relation.

The outline of the paper is the foliowing: in section 2 we summarize the
macroscopic solution and its scale properties. In section 3 we give a brief
description of the model. Section 4 is devoted to the study of the soiution. Its
scaling limit, which is the main result of the paper, is the object of section 5.
The final section is left for the discussion of the resuits. It contains also a
detailed comparison, on this example, with the standard dieiectric response
function theory and with the Clausius—-Mossotti refation.

2. The macroscopic description

The macroscopic situation we aim at is that of an infinite homogeneous
medium, characterized by the phenomenological tensors o, D and ¢, in which
we consider at t = 0 a certain free charge distribution. We look at its evolution
in the field of a static external charge p., (neglecting the internal magnetic
field). The corresponding equations are given in II. Their solution is (in
Fourier transform and using eq. (1.1))

Pinclk, 1) = e-m(""‘mm"[ﬁim(l, 0) — findk, )] + ik, ), 2.y
where

2 —

for the internal charge density and
V(k, 1) = —aprdh, 1) = —lBnlls )+ Penh)] 2.3)
€uk Eok

for the potential (p,, being the total charge density).
We remind that in a semiconductor, the density p of free charges is defined
as

PGk, 1) = pmlk, 1)+ k(e — €KV (K, 1). (2.4)

In what follows it will be convenient to consider the evolution of the total
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density in terms of the initial value of the free charge density

5 = f&kj{ —kmuﬂo.rmm:[ a 1 . ]}
Prot(k, 1) ek I plk, )+ ﬁmpm(k)
1’k?

+ ml_tf_ns:ﬁ“'(k)' 2.5

Let us consider the fundamental solution, defined by an external point-like
charge in x, and a point-like initial free charge at the origin

Poclk) = @™ ™™, p(k,0) = e (2.6)
It can be seen that

B X283 AL Axa) = Dl 131, 30), @1
or, in the coordinate space

A podAx, A2t AL Axo) = pn(x, 15 1, x0). 2.8)

This scale invariance suggested the application of a “scale projection™ on
the microscopical charge density

lim ﬁ;:;i‘“’(%, A%t Al )tx.]) (2.9)
X

to obtain the macroscopical result.

3. The hopping model

Let us consider an array of sites {, characterized by the coordinates x; and
the energies ¢, which can be occupied by a system of charged fermions, and
let

W; = W Pl 3.1

be the (equilibrium) transition rates between the sites i and j. Then, the
linearized hopping rate equations for the deviation n; of the average occupa-
tion number from its equilibrium value is (1, II)

JEmO= =S Tiln0+ epf - V(0L (3.22)
— € '0(1) et
Yit) = o ;}m+ v, (3.2b)
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where ¥i(¢) is the self-consistent potential, ¥t is the static external potential
fi is the Fermi function of ¢;, and

Ly =Mlfi(A =" M= 8.-,2”% —Wy, Wi=fi(l—fW;=W,
(3.3

We shall consider this hopping problem on a periodic lattice of sites with
arbitrary symmetry and arbitrary elementary cell. The position of the site is
given by

x(r)=r+ &,

where r is a vector of the Bravais lattice and &, specifies the position inside
the elementary cell. Choosing

&(r)=e
and
Wss’(rs r’} = wss’(r — r’)

the problem has the transiational invariance of the Bravais lattice. It is then
natural to consider the whole problem in discrete Fourier transform defined as

for =S e f) =gk j dk e f(k), (3.4)
BRZ

where v is the volume of the elementary cell and the integration is performed
over the Brillouin zone (BZ).

Combining the eqs. (3.2) we have, with matrix notation with respect to the
cell indices s and in Fourier transform

Liick, 1) = — QA ) - ZEFRTK), G5
where
B s =
Vg = €ob f.(1 .fs)sss' = v,8,

Ay =T(K)X k), XAk} = 85+ viColk). (3.6,
The matrix C, k) is the Fourier transform of the Coulomb matrix

U(l - ass’sr 0)

Colr) = g e 3.7,

417"' + es - gs‘
given explicitly in IL. Tt is important here to recall only that (k) can be split
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into a singular term and a well-behaved one,
Colk) = i}f e ) 4 R (K) (3.8)

(RB(k) is indefinitely differentiable and R(ek) is analytic in e around € =0 for
any k € BZ {see II)).

Among the properties of the model, an important part is played by the
connectivity structure. Here lies the difference between the previous model
{I,LI1I) and the present one, as well as the explanation of their different
macroscopic behaviour. A connected component of the system is defined as a
maximal set of sites with the property that any pair of its points can be
connected by a sequence of allowed (i.e. non zero transition rate) steps. In
our previous papers the system consisted of only one connected component,
the electrons being allowed to reach any point starting from any point. Now,
besides such free electrons which move on an infinite “continent” we con-
sider aiso bound particles, confined to “isiands”. Each cell contains one
“island™ and all ““islands” are identical except for a lattice translation. No hop
is allowed between different “islands” or between “isiands” and the “con-
tinent”. This way the sites are split into two types: The positions which
belong to the free particles are denoted by x,(r), s=1,2,...,S and those
corresponding to the bound particles x(r), s=8+1,8+2,...,8+Z%.

In virtue of our classification of the sites it is natural to consider the
8 + X-dimensional space in which the evolution (3.5) takes place as a (direct)
sum of two sub-spaces ¥; (corresponding to the first S values of the index s)
and &, (corresponding to the remaining 3 values). Therefore we shall use
block forms for the matrices whenever appropriate.

In what follows, it is useful to introduce the notations

g 5+%
=¥ w; L= 3 vy A7P=174+L7, (3.9
~g= =5+l
which explicitates eq. (1.2} for the free, bound and respectively total electron
density. In the macroscopic picture only | appears.
We define also

_{Fp,, for s < S, { 0, fors=S§,
= and q.s

0, fors=>S, L, fors>S, (3.10)

which are the components of the vectors denoted by |p) and |q) respectively,
as well as the diagonal elements of the diagonal matrices denoted by p and g.
We have

pif? 0 )

1
veppti2a=(y o) @D
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where we identified the operator p (resp. g, with its restriction to %; (resp.
). Such identifications will be currently used throughout the paper in order
to avoid complicated notations.

It is easily seen that the solution of eq. (3.5) is

[ich, 0 = e [0k, O3+ 22X Tkp | - L2X T, G12)

where the existence of X', which will be discussed in the next section, was
admitted. '
We choose again a point-like external charge ¢° located at
Xo=ro+ &

not belonging to our lattice (&, # &, for every s) in order to avoid singularities.,
In Fourier transform this gives

7oy = e, (3.13)
0
where
O v
Cs(r) _4"Tlr+§s "‘go‘ (314)

4. The spectral properties of the evolution operator

As seen from egs. (3.6) the matrix A, which governs the evolution, contains
a hopping part " and a coulombian interaction part X,

Because of the conmectivity structure of our model, ' has the block
diagonal form

s (I 0O
I being the matrix I of ref. I, where its properties are discussed at length, we
give here only a brief sketch.

It is both reasonabie and sufficient for our purpose to assume that W, {r)
decays at least exponentially with |r| at infinity. This ensures the indefinite
differentiability of I'(k) as well as the analyticity of [{ek) in ¢ around e =0.
The fact that Ip is a hermitian matrix (see eqs. (3.3)) shows that I} is
diagonalizable with real eigenvalues y.(k), a =1,2,..., 8 its eigenvectors
| (k) @« =1,2,..., S being mutually orthogonal and normalized in the scalar
product defined by p~' in #:. In other words the adjoint eigenvajue problem
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has the same eigenvalues and the eigenvectors are
1@, (k) = p | o (K)). (4.2)

The eigenvalues and eigenvectors have the differentiability and analyticity
properties of I'(k).

The positivity of (k) is proved using its quadratic form in the scalar
product defined by p~*. Indeed, for any non-zero |x) € &; with |y) = p~'|x) one
has, using egs. (3.3),

S .
x5 p ' %) = (v, FkIpy) = —————3 2 W)y, ~yoe" =0
23 £(1-f) 7

{4.3)

We have equality in (4.3) for k=0 and y, =y, for any s5¢'=8 and
connectivity arguments show that this is the only case. Thus the only
vanishing eigenvalue of [{(k) (labeled by « =1) occurs at k=0, is non
degenerate and its eigenvector is

[0 = [pY; 1@ =p7'Ip) =10 4.4)
Moreover, by the reality of F(r), v(k) has a quadratic behaviour around k =0
YKo ~ KDk (4.5)

and 9 can be shown to be a strictly positive definite tensor (I).
On the other hand, since

Io(r) =T, {4.6a)
one gets
k=1, (4.6b)

and therefore vy, and [u,) are independentof k fora =S+1,8+2,...,8+3,
All the eigenvalues are strictly positive except

Yo = 0; used=la); s} =q7'|q) =1 .7

It is clear that the spectrum of F(k) is a superposition of the “bands” of
Fi(k) and those, perfectly flat, of [, = I',. All the branches are strictly positive
except one which is identically zero and another which touches the origin at
k =0 only.

We turn now to the interaction matrix X. Up to a similarity transformation,
defined by »'?, it is hermitian

v X)) = 14+ v Ck)v '™, (4.8)
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so that its spectrum is real. Let us see under what conditions it is positive.
The Coulomb matrix is not positive definite, but is bounded from below. A
lower bound is given by a well known result due to Qunsager”’)

Cz—-z— 4.9)

where d is the smallest distance in the lattice.

If I. and | exceed a certain critical value [;>0 the matrix » becomes
sufficiently small and the positivity of the unit operator in eq. (4.8) prevails.
Using the bound (4.9) and p, ¢ <1 we get

v

o \KE%'&' (4.10)

In its turn, the positivity of X (k) ensures the positivity of the spectrum for
the evolution operator A(k), as will be shown below. This is essential for the
convergence to equilibrium to take place for any solution eq. (3.12). Since the
stability of the equilibrium is a characteristic feature of the master equation,
which is the starting point®} in deriving the hopping rate equations (3.2), it is
clear that, in the range of the parameters where negative eigenvalues occur,
the instability is an artifact of the approximations used during the derivation.
An example given in Il shows the selfconsistent approximation to be respon-
sible for the departure from the equilibrium in systems with too small
distances between the sites. Therefore only the cases when L,{ >, and
consequently

v X (k' >0, forany k€ BZ 4.11)

will be dealit with.

We are now in the position to discuss the properties of the operator A. We
begin by proving the following statement: A(k) is diagonalizable, with real,
positive eigenvalues, bounded as functions of k throughout the BZ. To this
end let us consider the matrix

Ak) = v I (k) PR k)F(k) "
= [ p—H’Zf"l.f?vH'Z]{v—lnx"vlﬂ][v—lﬂflﬂpﬂll. (4. 12)

Because I'(k)v is hermitian, so is »~"*[v"%, which makes the hermiticity and
positivity of sf(k) obvious, Zero belongs to the spectrum, and is noa-
degenerate for k# 0 with the eigenvector v '°|q). Moreover, since

Fiv'" ol (k) = AR (k)" p'? @.13)
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the following connection between the eigenvalue problem for o and A holds:
if

A)x) = aq|x.)
and

F(k)"™y"x,) = jo,) % 0 @.14)
then

AR)p,} = a,lvs).

On the other hand, F'(k)"»'?|x,) =0 is equivalent to a, =0. This way we
proved that «f(k) and A(k) share all the non-vanishing eigenvalues, with the
eigenvectors related by eq. {4.14). But zero belongs to the spectrum of Atk)
too, with the eigenvector

[osar(k)) = X (k) "|ttsia)s (4.15)

50 that #(k) and A(k) have the same spectrum.
Even though A(k) is singular in k = 0, it is easy to check that «(k) is not,
wherefrom the boundedness of the spectrum follows.

5. The scaling limit

This section is devoted to the scaling properties of A(k) and of the solution
|7k, t)). A(k) depends on the scaling parameter A through k and i, and the
solution through k, I, t and x,. We shall use sometimes the subscript A to
indicate the scaling of these arguments.

The behaviour of the spectrum and eigenprojectors of Ak, D) = A(kix, AD
for A — = is an analytic perturbation problem’} in 1/A as expansion parameter.
The results we are going to prove are summarized below,

Using the notations

R(f,u)"= Y(%,M)= Y0+}%Y,+XI~_IY2+---, 5.1)

|1 = |10 + 1), (5.2)

and |f(£)) being the vector with components f(£,), s =1,2,..., 8+ X for any
function f, we have

(i) lim, .. a,(kfA, Al} exists and is strictly positive for all a except two

ag+.(§, M) =0, (5.3)
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lim A al(k M) k@k(l+F%°a), (5.4)

where the tensor ¢ is defined by

Go)k
€o

= ok, Yoakg) >0 5.5

and will be later identified as the dielectric tensor (hence the notation)
{ii) the eigenprojectors P, Ps., corresponding to the vanishing eigenvalues
have poles in 1/A =0, but

2 2
* —K"ﬂ* £ I
lim¢e™ 1P S*'(a’ "’) TT Pkekleg o (5:6)
kZeof 1
HREFN) =k & al:
lim(e [P, ( M) =+ 13 F{mko)\u], .7
(ii1) defining the microscopical internal charge by
5+

P (x, ) = e 2 3, milr, D3(x — 7 — &), (5.88)
i.e.

Pk, t) = ee™, Ak, 1)), (5.8b)
and the total microscopical charge

Pl (k, 1) = poi™(k, 1) + g™ €™, 5.9
the following scaling limit holds:

H A MICTO k 2

limp e (x, At Al )Lx.;.) =r.h.5. of eq. (2.9), (5.10)

Ao
in which the dielectric constant tensor is given by eq. (5.5), and

D=%,

plk, 0) = e(ly, (0, 0)) = ZZns(r, 0y,

{5.11)

. 5+X .
Peulk) = e(ly, H(0,0)) + g™ ™ =23, 2 ,'?s(r, 0)+ g™ '™

T s

The last relation shows that if the “islands” are not electrically neutral their
total charge eventually plays the role of an external fixed charge, located at
the origin,

The proof makes use again of the fact that A,(k, I) is related by eqs. (4.13)
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and {4.14) to the selfadjoint operator &, (k, [) which is analytic around 1/x = 0.
This is easily seen, using the fact that I'(k/A)" is analytic (see II). This
already proves’) that the eigenvalues are analytic too. The relationship be-
tween the eigenprojectors of «f, which are analytic and those of A, is more
complicated, and the analyticity is in general fost. The eigenprojectors of A,
may have poles in 1/A =0, but it is important that 1/A = 0 is not a branching
point for them because it is not for the eigenvalues’).

The existence and the positivity of the limit for the eigenvalues is now
obvious, but we are interested in the detailed behaviour of the eigenvalues
which vanish in the scaling limit and of their eigenprojectors. To this end we
found convenient to transform the eigenvalue problem

Ajlv) = ailn) (5.12)
into the eigenvalue problem in the generalized form’)
Llx)=aYan): |n)= Yilx). (5.13)

They are equivalent, but the latter has the advantage that in perturbing the
vanishing eigenvaiue, the unperturbed problem contains only I'(0).
Since

M=y ' Ty: Y =Yy, 5.19)

the solution of eq. (5.13) answers the adjoint eigenvalue problem too and
gives

lﬁA) = VIIIx)\): (5.15)
so that the eigenprojector of A, is

_Y, x, (X, V;I

b= {x, vy Yox, )

(5.16)

The order by order analysis of eq. (5.13) is a straightforward matter and we
shall skip the details. We merely point out the important ingredients. Perhaps
the most important is the fact that the singular part of the Coulomb matrix is
of one-dimensional range

Rk =1+ ;,‘;‘-zo(k, 1)+ vR(k), .172)
Q(k, 1) = A%l ™) (e ™| = QUk, 1) (5.17b)

and for k=0, Q projects on the hull subspace of I It is useful to write
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Y (k, I} in the form
Yk, 1) = [1 +(1 ———%—-;Q)»R]_'(l ‘TI%’PQ)
= 87 (1-57:12Q) (5.18)

on which it is easy to check that

(lfiY():(l{(; (lbiyo‘—"(lr[; Yo(q)'—‘ﬂ,
{1 Yiq) = {1y, Y1) =0, (5.19

2
Iy, Yaq) =,
(1, Yaq) = kK2L? + (k&, Yoqké) = k2L

The last inequality stems from the positivity of Yv whose zeroth order in
1/A is L™%Yq. It is also important to observe that in %, only the zeroth order
of I, appears.

The perturbation of the doubly degenerate eigenvalue y(0) = vs,,(0) = 0 of
F(©0) gives rise to

a5a=0; |xs.)={q) and a.( M) —:kﬁak<<ll"’%g; +eony (5.20)

013 M) ) = )+ e X1, Y200,

wherefrom (i) and (ii) follow. In order to derive (jii) we use the spectral
decomposition

e A 2 g AN D ( Al) 5.21)

w=1

It is obvious that the terms corresponding to the noavanishing eigenvalues
{a%, 1, §+1) decay exponentially when A = =. The terms we are left with
were described in (i) and (ii). We use also

1C%(k)) = Elzle‘“‘)e“‘"’ +|R%k)), (5.22)
which is the analogue of eq. (3.8) and

lim Y4|Cpe™ = [ B'ja) + I‘,Yoqlﬁ"(o»]e"“o. (5.23)
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6. Discussion of the results

The problem of the macroscopic behavior of our system is answered by
eqs. (5.10) and (5.11) which form the central resuit of the paper. The
asymptotic domain in which the microscopic evolution approaches the
macroscopic fundamental solution is suggested by the scale invariance of the
latter.

A slight generalization of the procedure should be used in order to produce
non-fundamental solutions. Since the scale invariance eq. (2.8) does not hold
in this form for the general solution, one recovers it only by scaling all the
relevant geometric parameters of the initial and external charge densities.
This prevents them from shrinking to point-like distributions in the scaling
limit, vxactly as we had to scale x, in order to keep the initial and external
conditions macroscopically far apart. The phenomenon is illustrated by the
fact that no matter what {summable) initial conditions we considered, it got
delta-form (k-independent Fourier components) in the end, as seen in eqs.
(5.11).

It is interesting to point out that the scaling procedure we employed is
entirely equivalent to keeping x, t, I, x; fixed and scaling instead the lattice
constant as 1/A, the transition rates as A’ and the charge of the bound
electrons as A, while keeping the average density of particles constant. (The
scaling of the bound charge alongside with the diminishing of the space
between the sites is the natural way to produce a distribution of point
dipoles.) In more physical terms this means that the macroscopical behavior is
observed for distances which are much larger than the lattice constant and
times much larger than the inverse of some typical value of the transition
rates.

The model is reasonable only for ! and L greater than a critical value /.
Otherwise the equilibrium solution becomes unstable, which is both un-
physical and in contradiction with the starting point of the model—the master
equation. As far as ! is concerned this is not so restrictive since the
macroscopical behaviour we have in mind is typical for semiconductors,
where | has macroscopic values.

Another feature of the model is the fact that the scaling limit and the -0
limit do not commute

fim lim A1 = (1, (0, 0)) + 4™ €% = 3k, 0+ penll), (6.1)
lim lim g = kz—e"[ﬁ(k 0) + pex(h)] 6.2)
mum tot kek s Pext ) .

the difference being exactly the polarization charge. At a microscopic time
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scale the polarization sets in with a certain delay, but the characteristic time is
too short to be observed macroscopically. Eq. (6.2) shows that indeed, the
macroscopic polarization charge follows instantaneously the free and external
charge.

Even though the free and bound electrons move in a strongly inter-
dependent way, the phenomenological constants governing the macroscopic
evolution are the same as for uncoupled systems. Indeed, the diffusion
constant (and hence the conductivity) is expressed in terms of the free
electrons parameters only, as seen from egs. {4.5) and (5.11). In its turn, the
expression (5.5) of the dielectric tensor is dependent omly on quantities
pertaining to the bound electrons, because

0 0
Y=g (14110 - X1 DaRa 17 —laXiDa) ©3)
where Ry, is the diagonal block of R corresponding to ¥, and the inverse in
eq. (6.3) is taken in %,
This is why, in the subsequent discussion of the dielectric constant formula,
we shall omit the free electron system aitogether, without loss of generality.
On the one hand, we are interested in the relationship with the well-known
Clausius-Mossotti formula

€ — €, K

e -3k (6.4)
which links the dielectric constant to the polarizability e for a system of
point dipoles, in a lattice with cubic symmetry. The point dipoles may be
obtained in our model by taking the limit & —0 and at the same time
increasing the eiementary charge (¢ » = or, equivalently, L —0) in the same
proportion, in order to prevent a vanishing results. More precisely, we have to
perform the limit £ -0; L—0; &/L = const. in eq. (5.5). The delicate point
here is the fact that for small £°s the Coulomb matrix is singular. For cubic
lattices we have (using the explicit expression of R(k) given in IT)

R, A0)= e 128 oy (§, —EY 4 (6.5)
AnlE- &1 § !

It is clear that a more reasonable treatment of the Coulomb interaction
between the sites of a given cell is necessary if the sites come too close to one
another. Nevertheless it can be proved that no matter what ‘‘softened”
interaction replaces the singular term in (6.5), the dipolar limit of e satisfies
eq. (6.4) with x given by the polarizability of the isolated unit celi

p =13 efin. = ecE™ (6.6)
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Of course, the dipolar response to the external field is computed using the
same intracellular interaction.

On the other hand, it is instructive to discuss Kubo's linear response theory
on this model, where an exact solution is available. The linear response of the
charge with respect to the field, regardless of the source of the latter, is given
by eq. (3.2a). In the spirit of the standard dielectric response theory one
expects to find here all the relevant information.

Let us consider the equilibrium value of the charge density in the presence
of the field:

ITE) = e ™™, (K, =) = = Tr(e ™™, (1~ [aXIDqT (k. =)

= (x(k), T'(k, =)). 6.7)

The notation emphasizes the fact that the equilibrium values correspond to
taking f — in the solutions |#i(k, £)), | ¥k, 1)).

The usual approach is to obtain the permitivity by comparing eq. (6.7) with
the macroscopical relation

Pindk) = —kie — ek V (k), (6.8)

using only the information contained in ¥.(k). The procedure involves some
space averaging on x,(r) (see for instance II). However, it is obvious that the
Coulomb interaction which appears in the expression of the dielectric con-
stant eqgs. (5.5) and (6.3) is absent in g,(k) (and therefore one may recover at
most the polarizability of the isolated cell without Coulomb interactions).

Our result may be recovered from eq. (6.7) by taking its scaling limit, which
implies the knowledge of the actual dependence of |) and |¥) on the scaling
parameter.

This information is given only by the complete solution of eqs. {3.2a) and
(3.2b). The convergence of the left-hand side of eq. (6.7) to the macroscopical
charge density being already established, we concentrate upon the potential.
Combining the eqs. (3.2b), (3.8), (3.13) and (5.22) one finds the following
scaling behaviour:

Pk, ) = NAD V1) + 4[| €)Yk, 1) + EROI G 01+ D)
x ((e"-lhﬁm’ Ak, f)))n] - 6.9)

Here V(k, 1) is the macroscopic potential eq. (2.3) and the subindices of the
A-dependent quantities show the order of the 1/A expansion. For instance

binCh, D)1 = ~ 2 —ikt)eg V ik, 1) (6.10)
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is the singular part of |9, (k, t). Introducing eq. (6.9) in (6.7) one observes the
rather surprising fact that the dominant term, which is used in the
identification of the macroscopic potential (see also II)

1imx',u|°ﬁ(k, ) =DV k, 1) (6.11)

is cancelled out by the operator (1—|g¥ql)q, because it is proportional to the
vector |1). Fortunately the next term also contains V(k, t) alongside with R(0)
and £ dependent quantities and leads to the desired result.

The whole discussion remains unchanged if we start from the dynamical
response function and take the zero frequency limit in order to obtain the
static dielectric constant.
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T is shown that un unambiguons discussion of the limit of independent atoms in the theory of the
diclectriv constant has 1o be formulated in terms of asymptotic secies in the ratio of the Bobr radios

to the lattice spacing.

In this sense, a decvation of the dassical Clausius-Maosott for Lovents-

Lorenz} formula is given, starting from the gosntum-mechanival theory including “local-field™
carrections, at the self-consistent Hartree-Fock level, Our approach clarilics the origin of the many
diverging resilts ob the subject and eliminates mast of the unnecessary approximations and/or as-

SUMpPlions.

1. INTRODUCTION

The classical Clausins-Mosotti {or Lorente-Lorenze, for
nanzero frequency) relation for cubic crystals fand gases)

a1

L3 .
£ 1— e

(1.1

between the dielectric constant € and the atomic polariza-
hility w** (g, is the permittivity of the vacuum) was de-
tived before the advent of quantem mechanics, from the
mendel of independent nestral atoms assimilated to poing
dipgles whose magnitide is proportional to the local elec-
teic field. This field is given by the sum of the exiernal
field and the field of all the other atomic dipoles. In the
textbook derivations the latter is evalvated in a hybrid
manner, Lo, it s done mieroscopleally within a finite
sphere while the rest of the system s treated as a continu-
um. More recent {reaiments’”? perform {he discrele sum-
matton over the whole lattice of atoms and compuie the
macroscopic field by taking the long-wavelength limit
These derivaiions contain again the essential ingredient of
uncorrelated atoms, ie., there is no overlap between the
wave functions of clectrons on different atoms,

On inttuitive prounds one expects that as the rato rp/ia
of Bohr radius to the lattice spacing tends to zero, one
should approach the linut of uncorrelated atoms. On the
other hand, it was known for a long time that the well-
known guantum-mechanical linear-response Kubo formu-
la, which lor crystals in the onc-electron frame s
equivalent to that derived in Refs. 3 and 4, leaves no
hopes of recovering (1.1 Tor very large lattice spacing.
Only after the refining of the quanium theory of the
dielectric constant of crystals, due to Adler® and Wiser®
the possibility of a deeper understanding of this problem
evolved. They remarked that since ithe translational in-
variance is anly discrete {and this is precisely the way the
atomic strecture enter the theory), specilic “local-field™
corrections appear.

Mevertheless, antil now there has been a wide contro-
versy in the literature with arpuments both for and against
the Clausius-Mosotti (Lorentz-Lorenz) limit. Some of
these papers™® use unnecessarily restrictive assumptions

9

and approximations, heing at the same time mathemalti-
cally nonconvincing. Other works,”~!? under similar con-
ditions obtain alternative resuits disagreeing with (L1} A
typical sowrce of misunderstanding was the ambiguous
definition of the atomic polarizability, as it was pointed
out recently in Ref. I3, Generally speaking, most of the
discussion was within the frame of self-consistent theories
with respect to Coulomb interactions, however, it was felt
that self-interaction is dangerous and therelore exchange
and perhaps correlation effects should be  essential,
Another ingredient which is often used to simplify the
calculations i some variant of a factorization assumption,
Whereas there is 2 peneral agreement as 1o the necessity of
taking the atoms sufficiently far apart, this idea is imple-
mented it a mathematically imprecise manner, differing
from author to auther,

In this paper we will show that the Claosius-Mosott
problem must be formulsted as an asymptotic series prob-
lem in the parameter ry/a. This is the only mathemari-
cally reasonable formulation. It means that one should
neglect oaly terms that vanish faster than any power. We
resteict the discussion to the self-consistent potential or
IMartres-Fock approximaiions and will prove that, in the
above-mentioned sense, the Clausius-Maosotti formula is
recovered in both cuses. The only ingredients are the in-
clusion of local-ficld offects in the manner of Adler-
Wiser™” and certain assumptions about the asymptotic
behavior {in ry/a) of the wave Cunctions and spectrum.
These plausible assumptions coincide with the commonly
used anes.

In Sec. II the quantum theory of the macroscopic
dieleetric constant is described together with the basic ap-
proximation schemes. The quantum theory of the atomic
polarizability is outlined in Sec. I in a way that facili-
tates our purposes, Our basic statement and its prool on
the asymptotie validity of the Clausivs-Mosotti relation,
are conlained in See. IV, The last section is devoted to the
discussion of the results.

II. QUANTUM THEORY OF THE MACROSCOFIC
DIELECTRIC CONSTANT

With the wse of linear-response theory with respect to
an culernal potential P oof  freguency w, it the
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guantum-mechanical problem of the motion of electrons
in a periodic potential at T=0 K one may define the
dielectric matrin {?tk,m}]z g [k belongs to the Oirst
BGrillouin zone (BZ), while K 2nd B run through the re-
ciprocal lattice] as relating the Fourier transforms of the
total potential {created by the external and internal none-
quilibrivm charges] to the external one

Tkl g UK +K o) =e (K + K,o! .

_K' .

2.1

In terms of the perturbation theory diagrams (see, for ex-
ample, Ref. 14 with respect to the electron-electron
Coulomb interaction it can be shown thae [2 ]?,cu]] —y is

related to the so-called polarization part [I:

(Bl ol

B L — - — -
R, K+E®

3 AR |ap (K1 ppfen K up (K} [K'D
r.r

2.2
where
(R|up®) = [ ax e ¥R TG (hlp . (F)
2.3

with ¢ (X being the Bloch functions [of bund index #
and quasimomentem F=BZ (Brillowin zone}] of the self-
consistent Hartree-Fock (HF problems in the absence of
the external potential. (The self-consistency being
achieved for the ground-state.] Here T denotes the ensem-
ble of indexes (n,i, 51 and v is the volume of the demen-
tary eell,

According (o Alder® and Wiser® the macroscopic diclec-
tric constant €l X, w1 is defined as

T
ek e ——1 2.4
(& K,a )
Use of Fq. (2.2} here gives
ek o et r 1
g2l & S (0]|aplkD) | 1
ek LT 1-1ig
X (up (K1 [0}, i2.5)

where a matrix natation is used with respect to the indexes
T with

Ky KK juplk)
AELLYLALIL LU

_e
bir= FLRy?

By T
We are interested in the K— 0 hmit of Fq. (2.5

The existence of this limit is assured due to the fact that
the pularization part has no singularity at k=0 and obeys
the identities
bR LX) IR M 1 E A R
0 n

{2.7al

=0, {2.7h

T ETS X I
1K=

a -
[Tiw, k
> ak“[ lan k)]
o

which are a consequence of the charge conservation. Us-
ing these identities, the expansion in powens of k

e, K 1= 11w )4 AP )
+EEETIL ) -
{0 kN =etik=p ™ kbl 4
LU=+ -,
and also that

L

an F _an.m 1

one can derjve

HI I 1 o

elw} @ — o . b . -
S = VR - o TMed ] EVE eV — o [T | e
e e % r I—[I""[m]é"m jrr' T Iy i—lI"“fw}g':“' wle ,-]—-: r
oGy e 1 Felit
+up (T e —m o oe— ¥
1 &™) - r
+ o [T e E 4 et ——L i) i 2.8
= iy L0 r . ¢ !
1-T1" " Jrr
T
where polarization part IE; nevertheless some comments will be
o made also with regard to these general formulas.
C=I—E_| The time-dependent, self-consistent Hartree-Fock ap-

In the following sections we will restrain the generality
of the discussion by resorting to approximations for the

prosimation in the presence of the external potential is
equivalent Lo the summaltion of all ladder diagrams for [1
giving
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-~ - . Hu—FE _\-Ou—E _ -
O lrr= =2 | ——————ak,w) E AU [ S A ™ A
1—#(K,w)e(K) re Byg=E, 5 tho—i0
29 2,100
where E is the band-energy, p is the chemical potential
with and
1
H
= e . . S - | .
(&K= Jdi fatg gl o 3 x-lx- @ Xl . A .10
is a type of exchange Couvlomb matrix. [The factor of 2 in Eq. f2.9} cotnes from the spin.]
Intreducing Eq. {2.9) in Eq. (2.5}, one finds
HE L 2 - -
kel o 2 (ofundy | ———— Fikw) | (apdEV|0) . (2.12)
o LR oy 1+ F (K, e)[28(K)— =ka] rr

The time-dependent self-consistent potential approximation is equivalent to omitting all the exchange effects, ie., ig-
noring ‘6’ in Eq. (2.9 and considering the Bloch functions Fpq A5 solutions of the vaperturbed self-consistent potential

problem,

This is nothing but the random-phase approximation (RPA} for the polarization diagram, not to be confused

with the RPA approximation for the dielectric constant itself, which implies ignoring also £, The appearance of £, due
to the inversion procedure (2,43, is often referred to as the “local-ficld" correction.
Within the HF appreximation we are interested again in the k — O limit. It can be shown that Eqg. (2.8) becomes

Emi(eg,—mj_]:%r;zr I { 1+‘Y'°*rw}(12§’°'—%”‘°‘1'ylm{m] rr-E.vlrl':t
+e vi—” l+,§!"°'(m1(12§:0'—‘6""19’) j}m(w)‘glrr'vw‘
Foft "%m[m'g 1—\%f“”cm}flzé""’—-'s;’f*D‘J }E._Y‘Irw
o0 B Py B 22 F Mo l+mc_ﬁm(m rr,”?" I ,

whete

weV=eqi o T

F, ', #11 are the corresponding terms from the K
expansion ol' X’(m ¥y, or explicitly

{F N lpr =S [F M)y,

Qu—FE 1—Bilu—F .}
st = L} = N
[ (] B,o—E, - +#0—i0
23.[}(11('3)]“.“?1' = 309 (I Maler 12.14}
[ I
1 _OE, -
=EeTﬁP—am—Eﬁ),
ag, . |*
P FL i Fant Slp—E. ).
P r e EUT T 3ap g
(2.14)

In the case of the insulators, where the chemical poten-
tial gt is sitoated in an energy gap, only the first term of

(2.3

T
Eq. {213 survives; the others appear only n the case of
metals, carrying a typical 1/ vingularity at @ =0.

Although we are interestcd mostly in the insulator
problem, where a static dielectric constant also exists, we
cannot @ priori ignore these spuriovs terms. Indeed, the
gap of most reat dislectrics is a so-called Bloch pap, Le., it
is not related to the atomic gap. When the lattice constant
s increased, the gap disappears, reappearing later as an
atomic gap. Correspondingly, the system may undergo
several metal-insulator transitions (the chemical potential
being in the band or the gap). Since we are interested in
the study of the limit @ « =, we must keep all the terms
and consider e550. Nevertheless, as we shall see later,
other arguments help to ¢liminate these complications,

In the following sections we shail base our discussion on
Eq. {(2.13L. Om the other hand, since as we shall see, no
specific role is played by the exchange terms, al) the re-
sulls hold also in the simple self-consistent potential ap-
proximation.

III. QUANTUM THEORY OF THE ATOMIC
POLARIZABILITY
If one considers the linear response of the system of in-
teracting electrons belomging to a given atom with respect

Ladislaus Banyai: Profile in Motion
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16 a homogeneous monochromatic external field # o™ at
T=0K, ong may compute the induced dipole moment
pa=e [T (T} .

{Ine defines then the atomic polarzability & through the
coefficient of proportionality between the density of in-
duced dipale moments P=T7 /0, where v is the volume at-
tribuled o one atom {in the crystalline arrangement of the
aloms in a Bravais lattice it would correspond to the
volume of the cell), and the external field

Pin=eglew) Fo'™ (3.0
The resulting formula is
Ktml:—-%—(]; fdx fdx (€ NHe-K ]E

- lar—ilns
* fo dre

AKXy .

13.2)
where & is an arbitrary unit vecror (€2=1}. The rerarded
Green function in Eq. {3.2) of course can be related to the
Coulomb operator and the polarization diagram, giving
rise to

&= — Ll 3 T:'"{-":“ —-17”""1:.-}.‘
e B B (I v
117
XUET, 33
where
V, =i dx g% %) i3.4)

2e? ==L 1
KmHF pi= - ¥ _ e e
=1 ?"; Vol e g g ney

A comparison of the formulas of 1his section with those
of the preceding one shows much similitude underlined by
our chaice of the notativns, We were careful of course to
introduce similar entities with similar (HF) approxima-
tioms, This is a very important point to be emphasized,

In our opinion, in comparing crystallinc entities with
atomic ones, ane must stick to the same approximation,
A striking example is given by the case of the monoelect-
ronic atom. In this case we know exactly the atomic po-
larizability as given by the dipole formula

H )
£ Ea'v?)[y"{@]]rri"‘?;’]‘]
Y oy
iwhere, however, the true one-electronic wave functions
and energics appear). The time-dependent HF approzima-
tion Eq. {3.9) for this problem as can be shown, would
give the same result for spinless electrons (in spite of the

with ;0 §) being the atomic wave functions of the selfs
consistent Hartree-Fock problem in the absence of the
exlernal potential {the sell-consistency being achieved for
the ground statel. Herc ¢ denotes the ensemble of atomic
indexes (4,7}, and

H
. I3 . L ey e 1
-g}‘;:f.j,= o fﬂ'x fn’x %U}%‘[XJW

KapF( X gt X1 1.5
is the direct Coulomb matrix, (Actually the Feynman
graph rechnique applies only for (i non-degenerate
ground state—in the atomic case it means full shell occn-
paticn.)

The time-dependent, self-consistent Hartree-Fock ap-
proximation in the presence of the exiernal potential is
given, similarly 1o the crystalline case, by

3 1
L= =2 [ o )
( Ly 1— F M aremr ol
¥r
3.6}
with
) Bl —e1-B(u - g,
H M ] = =B ——————— k3
{ @y T & —g +Hiw- {0 (3.7
where &; is the alomic energy and
e _#1 o It K1 1
Cialriby fdx fa‘x [T Farg
g U g X} (38
is the Coulomb exchange matrix.
Iniroducing Fq. (3.61 into Ey. (3.3) gives
.wt[m} T 3.9
Iry'

f
formal differences), but it introduces a spurious Coulomb
interaction for spinning electrons. The same approxima-
tion may hecome quantitatively a good one in the erystat
{where no exact solution is availablel, but from our point
of view these qualities are irrelevant for our discussion. It
would be meaningful, of course, 10 compare the exact re-
sults, but it is meaningless to compare cntities from dif-
ferent approsimation schemes and levels.

An important leature of the alomic polarizability is
that its dependence on the average distance between the
atoms is only through the factor 1/v in front of Eqs. (3.3)
ar {3.9). It can be shown through a dimensional analysis
that

= at ficr
el dmegry

r [
AL 1310
a

o) =

where i "(x} is & universal function (ot depending on any
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physical constant except Z—the cumber of elections per
atom).

Here the case of a simple cubic arrangement of atoms
was considered where n=a” and r; denates the Bohr ra-
dius. Equation (3.10) shows that increasing @ or decreas-
ing ry are equivalent only for the zero-frequency case. In
what follows, we shall vary the parameter ry/a only
through the increase of the lattice constant .

I¥. CLAUSIUS-MOSOTTI LIMIT

With the use of Eq. (3,10}, the Clausius-Mosouwi formu-
1a for crystals of cubic symmetry can be written as
oM oo
€ 1~ Firplare™
Then one is confronted with the diletnma of how w
reconcile the idea that this nonlincar refation supposedly
holds for ry/a— O, with the obvious relation
3
P

a —
- —g#

€q i

lim
rpla =0
that forbids the discernibility of the nonlinearity in the
same limit,

The only conceivable conjeciuare is that the guantum-
mechanical expression of the diclectric constant of a sim-
ple cubic crystal has the same asymplotic series in the pa-
tameter »,/a a5 that given by Eq. (4.13. Otherwise stated

eme™

where ~ stands for equality up to terms that decrease fas-

ter than any power of rg/a. This is a meaningful

mathematical statement that we shall iry (o prove in the

frame of the approximations described in the previous sec-
tions.

Unfortunalely, the straightforward proof must be sup-

|

plemented with some assumptions about the properties of
the unperiurbed iequilibrium! Hartree-Fock  solution,
which is not explicitly known. These assumptions (gen-
erally accepted in the literature} are (e following:

{a} The bands tend 1o the atomic levels faster than a
power law,

(b} The restrictions of the Bloch functioms on the celi
tend to the atomic functions faster than a power law.
Under thits form they ure acceptable for those bands that
correspond to the negative part of the atomic spectrum
{bound states). The analysis of simple Kronig-Penney
models shows that they hold for the negative spectrum,
while for the positive part of the atomic spectrum these
statements are meaningless. For these states a much more
sophisticated mathematical property should hold, which
we are unable to formulate. We are compelled therefore
Lo ignore that part of the spectrum. In this respect, how-
cver, our state of the art is identical with that of all the
other approaches, where these assumptions are brought in
under the form of the tighi-binding scheme.

Under the asswmptions {al and {b), for our asymptotic
purpase we may consider dip, p./aﬁ and 3, ./3f as van-
ishing. As a consequence Eq. {2.13) reduces 1o the first
term. Therefore, irrespective of the position of the Fermi
level, for nonvanishing frequencies, we remain only with
the expression that is typical for insulators.

We may also replace the crystal energies E 7 and wave
functions ®, Ex] by the corresponding ati‘Jm]C energies
and wave functions e, and @i43), (It is understood (hat
the lattice constant is already so big that we encounter ne
more band crogsings.} In applying this procedure we must
be careful, however, to put the expression under a form in
which unly restrictions of the wave functions on the ele-
mentary cell appear. Therefore we must rewrite the defi-
nition of €#*®' [see Eq. (2.11)] in the form

m_ &’ - — . ., gfF ROT . - )
=g — z_,fb_dx [ d% g, (g (X :lmrp:.f‘..{xlgvm.ﬁ.{x 1. 2
¥ T
Then
H HE—TF 7
I S W PP DL s SR AL LIPS 3 4.3}
Ly [F—F"+T¢
and also
F]
e £ 2 fd'xe’E . ”{x}rp‘"tx}fd'” —RE PR EmlE =, (4.4)
£l & K
=0
i
¥ i [z tidghii=v, 4.5
Here after the introduction of the atomic wave func- S f dr=1,
tions the integration over the cell has been extended to the (2m)7 VL @

whole space. Such an extension is allowed dus to the
faster-than-power-law decay of the atomic wave functions.

Now we se¢ that the dependence on the quasimomenta
survives only in %' according to Eq. (4.3). On the oth-
er hand, since the summarion symbol is

D N N LI

while

{4.6)

¥ = GTT
(2;”‘ fhzdpe r _51'.0'

we may replace the summation symbol {in all the matrix
manipelations) with

E?E

sm\ukaneously with the replacement of € ¥ with
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_ A M 3 Ll 1
O e ~ [ax fax ghimignts ’T%l' IR (.8
Therefore we arnive at the formula
IF, T :
0, @) 1 2t 2l 1 e | wT , 4.9
£ VEy oy 1+ya|(m}(2gnl_rgntr) o

which resembles Eq. (3.9) for the atomic polanizability.
The only difference is the appearance of £* instead of the
direct Coulomb matrix %* 9. On the other hand, it is ob-
vious from the inspection of its definition Eq. (4.4} that

hm (=l (4.10}
gT—+
A hasty superficial conclusion would be then, that actu-
ally we obtained 2 linear relatiomship between the dielec-
trie constant and the atumic polarizability. However, this
is nol s0. Equation 14,100 says nothing about how Tast 15
the lmit achieved and this is crucial for the discussion of
the Clausius-Mosotti limit. Actually we shall prove the
following lemma,
§§'1r"“ ?”,;trq“‘ fatn
which says that {* tends toward €9 faster than any
power of ro/a only after the subtvaction of 4 term that
falls as (#y /a ¥,
From the Poisson formula
1 Vi 1 L]
S Ki=
at %é‘ 2rp E?,g{?)

(4.12}

{where
gi¥)= [ ake-F¥g)

and the limits on the summation signs mean that the sum-
mations are performed over the lattice of constant 2 and
the reciprocal lattice of constant 1/a2) we may conclude
that

Lia

Eg{K1~——

dk gty
o 44

(4.13)

if g{¥) decreases faster than any power law, or equivalent-
|

ﬁu{a—i-}f-EE_“n
E’z

fafE

But due to the spherical symmetry of integration
= Ed- K _.v = = :
[k S e ) fakened,

we may regroup the terms and we have finally

[
ly if £1K) is continuous, indefinitely differentiable, de-
creasing together with its derivatives faster than any
power. On the ather hand, we have for §§;, 4n expression
of the form

-—]3 z .*-(K]——
a K?

K‘r—”

where FiK) is continuous, indefinitely differentiable in L,
decreaging together with its denivatives [aster than any
power and vanishing quadratically at the origin. Owing
to the singularity of the summand in the origin, we cannot
apply directly Eq. (4.13). Let us subtract the behavior
kAK of F{K1 around the origin in the following way:

P RAEK air (B —K-A-F]e
e K2 i
2Ry -ety
=E

where @ is an arbitrary positive number. Oaly the first

term does not satisfy the required conditions. However,
due to the cubic symmetry,
1 K-A - S
- —K uﬂz=%[[r‘4} E PR
a’ Kt el

Rt
A e L
alltm]g‘,t a

K

1
- Fer

where the function wnder the sum again satisfies all the
conditions,

Therefore
F(k][I—e_“"‘z,'l+.[er]e“’k —;lgtr;f,
I
1 & AR 1 - FIX N
T 2o e J T e
2 g5 K 2o X 3a
4.14)

which gives immediately Eq. (4.11).
Now let us use Eq. (4.11) in Eq. (4.9). To this end it is
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important to observe that the asymptotic difference be-
tween & and £ 9 is a factorized matrix, therefore the
formula expanded in formal powers of this matrix gives
rise to products of the 3x 3 matrix

:
At HI £ -:||;:[ N
W ==—TFr _—
N T e

WA M| e
[E

{prr=12,31,
But. owing Lo the spherical symmerry of the atom
HF HF
K;Iv =r5’“.x"' .
and therefore we have alter resummation

P HF

HF,
e 0w} 4151

£ 1—

1 KAHE
which i exactly the proof of our conjectuce.
V. DISCUSSION

We have seen how the formulation of the problem in
terms of asymptotic serigs in #,/2 leads in a natural way
ta the Clansius-Mosotti formula. While the plausibic as.
sumplions about the asympiotic behaviar of the Blach
functions and band widths are the same as generally ac-
cepted in the literature, a crucial point of ur proof is the
lemma {contained in LBy, (4.11)] about the asymptotic
behavior of a certain Jattice sum. [n the absence of the
guiding criterion of asymptotic equivalence, one could
derive the mosi contradiciory results, since iginoring terms
that vanish enly as a power law would modify completely
the results. Therefore, those papers that sccidentally ig-
nored only terms that according to our lemma decrease
faster than a power law have obtained the Clausius-
Mosott: relation, while the athiers have not, Of course, in
the identification of the Clausins-Mosotti relation it was
important also to use the appropriale definition of the
atomic polarizability. As we have shown, one must com-
pate similar approximations for the crystal dielectric con-
stant and atomic polarizability.

Our discussion was limited to the sef-consistent, time-
dependent Hartree-Fock and the simple self-consistent po-

%

tential approximations. AW the results hold in both ap-
proximations, irrespective to the presence or absence lin
the spinless HF schemet of a spuricus sclf-interaction. We
think that this is natural since only for pointlike charge
distributions is self-interaction dangerous.

We gapect that the Clausius-Mosotti relation in the
above described asymplotic sense holds also between the
exact crystal dieleetric constant and the exact atomic po-
larizability, bowever no proaf of such a peneral sfatement
seermns available, Morecover, an order by order perturbative
argument for the irreducible polarization diagram 1 leads
to jmmediate dilficalties. [ndeed, a succesion of second-
arder photon self-energy diagrams (electron loap with two
cxternal potential lines) within will give rise to crystal
convolutions of the exchange Coulomb lerms and not
products of atomic exchange Coulomb terins.

A weak point of our discussion is that it ignores the
part of the spectrum that tends toward the pusilive atomic
spectrum (not bound states). This 1s a serious shorteon-
ing, but again it is common for ail approaches in the
literature. The inclusion of this part of the spectrum
would require an adequate formulation of the asympiatic
propertics, which obviously wilt be less intuitive and even
harder to prove.

We would like to mention here also our resuls on the
analysis of the Clausins-Mosotti problem wirhin an exact-
Iy solvable hopping made] with self-consistent polem.ial."
In that lartice problem rhe role of the atoms was played by
the elementary cell to which were coufined the “bound
electrons.” The Clausius-Mosotti relation (for zero fre-
quency) was obtained in the limit, when the dimension of
the cell goes to zero, while the total electronic charge on
the cell increases, in such a way that their product is con-
stant. (The existence of this limit uafortunately implied &
regularization of the Coulomb interaciion at the origin.}

1t can be shown however, that the result of the present
paper about the asymprotic vahidity of the Clausius-
Mesotti relation holds exactly also within the above-
mentioned moded, climinating the need of any artificial
regularization procedure.
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Witliin the frame of a self-consistent paiting 1heory, with polential interclectron interaction, a
Exuge-invariant discussion of the Meissner effect is given. It is shown that the terms that are usual-
ly ignared, proportional t the variation of the order parameter due to the magnetic field, arc indeed
vanrishing in the Coulomb gauge, provided that the pairing phase is locally stable. An instructive
cxample is given, where due to the degeneracy of the phasc, although a pairing gap exists, there is

no Meissner eftect at all.

I. INTRODUCTION

En the discussion of the Meissner effect within pairing
theories, the usual choice of the gauge for the vector po-
tential is the transverse (Coulomb} gauge. It is supposed
that in this gange (for vanishing wave vector) one may ig-
nore the terms coming from the vector-potential depen-
dence of the order parameter, while, otherwise, the contri-
bution of these terms is admittedly essential for the gange
invariance of the result. This neglect is due to technical
difficulties, rather than a clear physical or mathematical
muotivation. Within the frame of the self-consistent {SC)
pairing theory, Rickayzen' tried to estimate the neglected
terms. He concluded that for certain “potentials™ the er-
vor is small. However, his analysis actually does not in-
clude at all troe potentials that only depend on the dis-
tance between the electrons; therefore, the c¢oordinate-
space description is inapplicable.

Owing 1o the principal importance of the problem, we
undertook an investigation within the frame of a SC
gauge-invariant pairing theory with arbitrary trans-
lational-invariant potential. Cur conclusion is that the ig-
nored terms are figorously vanishing, provided the pairing
phase satiefies a certain local stability condition. On the
conteary, if this is not satisfied, these terms may acquire
importance and even totally compensate the Meissner ef;

H
1 a2 €T
— |-V ——AIXI| —
2m ! [ * #

#=3 [axelm

fect of the naive theory. This is ilustrated on an exactly
solvable model that exhibits a pairing gap, but has no
Meissner effect,

IT. DESCRIPTION QF THE SC PATRING
MODEL

We consider an intereleciron potential imeraction {in
the second-quantization formalism)
Jax [ axvi | 3% | iR @ s g (2.1
as a prototype model for superconductivity, Although
perhaps too crude, it is the simplest model that might
show superconductive properties. To the study of the
equilibium properties of such a pure electron-electron in-
teraction, one may apply the Hartree-Fock-Bogoliuboy
{HFB! approximation scheme, which is the best one-
electron approximation for the grand-canonical potential.
As is well known, the HFB solution corresponds to taking
all the simple contractions (including the anomalous ones}
in Eq. 2.1 and subtracting a constant term obtained by
taking all the double contrachions.

For the sake of simplicity, as it is customary, we shall
ignore all the nermal contractions. Then our SC Hamil-
totdar i the presence of a magnetic field 15

Dl )

+ fdi’fa’i"Vf|i‘-x"|)[<¢Tti}wi(i’})¢;{i’)¢'[il+(&;Ei”!w,{i’l}tﬁf{?:;&j{i"}

— PRI (RO (X T,

where the SC nature of #” is determined by the presence
of the Gibbs average

()=Trle=8" ... }/Fre—8% (2.3}
Actually, the mapnetic fieid must be interpreted here as
the total SC field (the sum of the external and internal

29

2.2

Iunes]. It iz considered, as usual, that the omission of the
couplitng of the magnetic field to the spin is not very im-
potiant in the discussion of the Meissner effect.

Owing o the existence of the anomalous contractions,
this Hamiltonian does not commute with the charge
operator, and consequently, the current density,

4952 (#1984 The American Physical Society
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Far=5- [wml i#7 - SR(7)

2.4

is not conserved. Nevertheless, it can be shown that the
average current density is conserved,
F{jxn=0. (2.5}
This model is also gauge invarnant (see Rickayzen® in
the sense that if

(P W (T2,

is the anomalous contraction for the vector potential A o
then

r[e!ﬁc)[l’t RS (]

{3 }Ib‘:l)),l A=

RS CAE LA (2.6)

This relation, in conjunction with

Hoy aale PR TINTI =5 [W]. (2.7
gives rise to the gauge independence of the observables.

Since the effect of the magnetic field will be studied
only within fimst-order perturbation theory, we ontline,
here, the main features of the model in the absence of the
magnetic fisid. Here one usually looks for solutions that
are invaniant under space translations, rotations, and spin
rotations, Then (using the Bogoliubov transformation),
one may diagonalize the Hamiltonian

— D ' r
Ho= 3 |BACT Cp Ol 00

k

2
—p D —2/1EL]

+ep—Ep+ iE , 28
|
el . .
#Fp=13 [6"(0T(rai'r+a—i’.a—?a)*n‘i’a—i’la1’r

'y

L Topeg bt
1’1 _E [k —k )(a.k._‘crh'-‘.,l )g(a__rl

k.Xk

This variational problem replaces the full HFB varia-
tional problem when normal propagators are ignored in
the scheme.

Actually, one looks for a minimum of 5%, while Eq.
{211} [ur Eq. [2.91] assures only stationarity, but we shall
return later to this important aspect.

For J.\T(. satisfying Eq. (2.9}, the grand-canonical poten-

4993
where
#K?2
r= 2m G
1
- ] 24001 [
EE'_+(ET(+|&T(| W5 AEL= »

eﬁ* + 1
and the order parameter {or gap parameier) ﬁk. iz the
solution of the self-consistency eguation

Ao=—

S }\fa'kV[k kJ

[1—2f{E 1,
2.9)
with
K= [axe T TvE)

The chemical potential has to be determined from the
equation

N

oraelos 0
Gop J ARt g EN-EE . o

which fixes the average number of electrons in the volume
.

These results may actually be obtained as the solution
of the variational problem

&?*;&.\r=n 211}

for the grand-canonical potential

apd
yﬂz_h—lglnm BrG 2.12)
with
ot
T(ai'ra—-i'a]
.
ar[)u—ar,(a_?larr)g al (a-—a iy ol - {213
' 1
L —g#
kg nﬁlnTre
L fa|e Bt EIl1—f(E)
T 2P voEy gl =/
ag
+ 55 1-2MEL)] 2.14)

tial takes the simple form

3
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[I1 is supposed that the potential P{K) vanishes sufficient- iIl. EQUILIBRIUM LINEAR RESPONSE
Iy fast for |k |— o, and therefore A also vanishes to TO THE MAGNETIC FIELD
assure the convergence of the integeal.] We shall consider u small vector potential A[%} which

No exact solutions are known for the integral equation  is sufficiently well localized in space (it falls off sufficient-
(2.9} (except a case that will be analyzed in Scc. V). How-  ly fast). Then, we may use the equilibrium linear-response
ever, for separable kernels, where instead of Pk — i) tde- formula

pendmg on the single variable 'k K |1 we have had (Xye=iX g D et
= + dA{[ A7 — AR — (T Hg]lX - (X D)
UIKIUIK", the equation is easily solvable. Such factoriz- Yo I‘J a CH Dl (X)eldo

able potentials are largely used in the literature, being a 3.0
usefull |qgredlent in most _phenomenologlcal appli.calllons for the equilibrium average of an operator X, where % is
by pointing out the essential features (even quantitative),  ihe small perturbation of the Hamiltonian. Keeping only

that for the maost part, depend only on the existence of a

. - terms linear in A, we have, from (2.2),
paiting gap around the Fermi level. On the other hand, eems linear in A, we have, from (2.2)

through such an “approximation™ the link with the initial — #'= _ 1 f 4% JIAlT)
problem in coordinate space is lost. c
For 2 rigorous discussion of coordinate-space behavior, + f ax f AR PR - X[ T, 20930
only true translation-invanant potentials should be con-
sidered. In what follows we will consider anly such poten- x(i+He]l, (G2

tials, without sticking to any given candidate {with the ex-

: j h is th. iation of th al
ception of Sec. V1, but only assuming that Eq. (2.9 has Where 4 15 the variation of the anomalous propagator

anomalouws solutions (with QE. not vanishing everywhereh L E =1 qﬂ{ x']x_!rt(x"l y— (H'Jt(i'}gt-:( T (3.3}
Moreover, we shall sssume that the minimum of the  (actually, here also we keep only terms of first order in A).
grand-canonical potential is attained with a A which can Also taking into account that the current-density opera-
be chosen to be real. {Otherwise there would actually be  tor of Eq. (2.4) has a term linear in A, one finds for the
two cquivalent minima.) Fourier transform of the average current density,
J
5 AN # 1
Guiiin==< e ! o Bt [2 5 [ 4B pp SEBY 4,06
o1 ~ B - ST
— o qu V[qudpppa{k,p)v{k,p+q] 34
where
. 1 | 1=FIEZ—FIEL} €€ +A A FIEL)—fIE .} bt AL
= Il [l
Sk pl== | ——————— 1= — e L 1+ ,
2 l Eo+Es E;—E . ELE,
(3.5
. € b e Al VI fIE - fEL)  JEL)-FlEL)
alk,fl=———— +
2EE Eq+Eo4 E-—E_.
iwith I =F+K/2, I"=—P+%/2), and
- K E | | K . &
Wk, pl= 2& +p, 3 -6 |—% |- 5 + P, - 7 B (3.6)

We now also have to write the linear-response formula for w i(v,ﬁ], which is a sell-consistency equation, 1o have an ex-
plicit relation between the average current density and the vector potential. This $C equation for v appears as

-~

far'p"[mi;{a]F 4 TR BOME, =B ALK (K, B) (17
where
(M (0] , -.=d (K, 65— ’)—'—-{-;---}-;d(i,ﬁ]?[ﬁ—E’Jd[ﬂ,ﬁ’] (2.8)
s

Ladislaus Banyai: Profile in Motion



pal MEISSNER EFFECT IN GAUGE-INVARIANT, SELF-. .. 4955

and

S 1
diKFl=r | ——t = U | o
tkopl=5 E-+E, TR Rl

(with T=F+K/2, T'=—p+ks2.

1—flEL1—fES) [ W

_f(E]-]—f(E]v,] e].el-,-i—&].&l-,

" . 1— F—
Eo -Eo, E_E.

3.9

If the matriz M{K} has no vanishing eigenvalues for the k's of interest, one may determine (formaily) v K, 7} and in-
troduce its exptession [containing the inverse of the matrix M (k)] in Eq. (3.4}, One then finds

(PR =K (K1A(K) {3.10)
with
o et | {wy W . oo a(kpR
N=t-1_227 L d Sk, p)r— S
Kllo= o 7 m 2m) Jdvee, |SE e dik, 5}
+ fdp'fdp"p,,a:k,ﬁ)M-‘[k)W.afi,ﬁ')p;} ] 3.11)

From the conservation of the average current, gauge invariance, and invariance with respect to rotations, it follows

that X, ( K) has the structure

R (Kb (8, — Kk, 7K DK )

13.12)

This can be shown explicitly by straightforward, but lengthy algebra, that makes use of the useful identity

3%

CFa+T

A
FEalk, )= [ dp MK, d KB F“ﬁ"—[ﬁaq

Al
| ¥ R-p
-+ AR

Rasp (3.13)

1
EoE IR
K/i- g

For the normal phase {A?=O} it can be seen that x(0)=0. The existence of a Meissner effect is assimilated with a

nonvanishing &0}, actually

kIOI= —e/AY,

{3.14}

where ¢ is the velocity of light and A is the so—called London length. Taking the proper zero wave-vector limit in Eq.

{3.11), we immedhiately have

. = ¢ 21 - gty i ey

lim K tek)=— 258+ 5 s lim [ [ dFpuatek,51M el ; catek.Fps {3.15
T
where MUK=MK)=M(—K). (.
A2 e? [N} 4 1 j- A6 ot} Af(E E'] If the potential i?_[_k') is a vapigly decreasing comtinuous
T me | O 3 (2P Plegtiim function with k| —c, it can be shown that
i TrM (K1 < oo [ie, M{K) is a Hilbert-Schmidt operator].
t3.16)  Such an operator has only a discrete spectrum.”

The difficulty lies in the calculation of the sccond term
in Eq. {3.15) (coming from v due to the field-induced vari-
ation of the order parameter). It is generally admitied
without proof that its conteibution is purely longitudinal;
therefore, Eq. (3.14) results with A given by Eq. {3.16],
Our aim is Lo analyze exactly under which conditions this
is indeed troe.

IV. STABILITY AND THE MEISSNER EFFECT

Let us now examine the properties of the mateix M (K,
which is the central piece of our problem. From its defi-
nition, Eq. (3.8}, it is obyions that it is Hermilian, real,
and an even funetion of K,

It can also be seen immediately thut M (k) has a zetn
eigenvalue for k=10,

JavIMol =0, .2

a5 a consequence of Eq. (2.9). Since A i an eigenfunc-
tion, it is sguare integrable, and this assures the conver-
gence of the grand-canonical potential, Eq. 12.14).

If we examine the local stability of the grand-canonical
potential, Eq. (2.12), around the assumed soiution of the
self-consistency equation (which assures only its stationar-
ity), we are lead to consider its second derivatives with
respect to A and :1'?, For cut purposes it is sufficient to

look at vardations with respect to the phase P of A

Ladislaus Banyai: Profile in Motion



4986

[&i.z | A ; | ew_"‘}. A simple caleulation shows that

Jap fap s 5% &Fp ] sesten

|sm e

=i [ 47 fdfi‘(ﬁq:?d?‘.)‘[M{O)]F?;.(B(p?,ﬁi.]
4.3}

{where stat pt denotes stationary point), Local stability
{local minimum) requires nom-negativity of this entity;
therefore,

M0)=20. [4.4]

Ome cannot avoid the vanishing eigenvalue correspond-
ing to variations with a constant phase [giving rise o Eq.
(4.2}], since the wave functions are determined only up to
a constant phase.

In principle the zero eigenvaloe may be degenerate.
Then, the minimum condition should be checked on
higher variations along the directions given by the corre-
sponding eigenfunctions. In this section we shall admir
that there is 1o such degenetacy.

Had we studied variatiops that are not translational in-
variant we would have obtained a similar condition for at-
bitrary k. This thermodynamical stability corresponds
also to the stability of +( K,]:i) fwhich is proportional o
the field-induced phase of the order parameter) with
respect to small magnetic fields. Indeed, Eeg. (3.7 shows
that a small vector potential induces a small v {through
linear-response theory) oniy if MIK) has no vanishing
eigenvalues fexcept the one that induces an arbitrary con-
stant phase).

For the fortheoming discussion of the Meissner effect
we shall assume that such a strict local stability holds, e,

M{K)=0, 4.5

for E?;"U, and there is only one nondegenerate, isolated
zero eigenvalue for K=0 corresponding to Eq. (4.2},

Now we may return to performing the e—0 lmit in
Eq. {3.151. From the Eeﬁnitions, Eqs. (3.5), (3.8), and
(3.9, it (ollows that a{ek, T and M (ek | can be developed
in 4 power series in ¢, containing only odd and even
puwers, respectively, as follows:

; 4.6)
40

alek,pl=ea' (K, 50+ -
MieRI=M0] +EM M) 4 - -
Therefore, the finite contribution of
Lu=1im [ 4% [ a5,
Xalek, BIM ekl calek,Flp,
(4.8)
to Eq. (3.15) resuits only bacause of the vanishing eigen-

value of M{0). Using bra and ket notation, one may
therefore write

L. BANYAI AND P. GARTNER »

= lim (p alek) ! )Prsil !pva{ek‘)> . 49
!

Tk

where m{ek) is that eigenvalue of M ek ) which goes to
zero a5 €—0, and Plek] is the corresponding eigenprojec-
tat,

limm (eK)=0, lim Plek)— [AAL
€1l 0 (A|AY

First-order nondegenerate perturbation theory lallowed
for an isolated eigenvalue) applied to Eq. (4.7) [where the
perturbation is €M (k1] gives

- ALME | AY
m{ek]=ez~—|—|— .
{alA)
Therefure, the limit can be easily performed, giving,
{pua ”{k}|A)(ﬂ|pva"'ik})
(A MK A)

On the other hand, from the € expansion of the identicy
Eq. (3.13), one immediately ohtaing

4.100

4.11)

I

s

4.12)

3 - _
% Sk, (8] paa' KD =—2A MY 8), 413
"+

or using the rotational invariance mv being a function of

(A|paa' ik =k,% , (4.14)
with

UR/m)K 1 = —2(A MK A) . (4.15)
Thus

Fau= —(k, %, 7K Y6 (2m A7) 4.16)

The constant ‘6_" can be computed directly from the & ex-
pansien of aiek,F), but since we know that X, has the
structure given by Eq. (3.12}, the pure longitudinal struc-
ture of 1, also predicts its coefficient, giving

k k.

kP

We may conclude, therefore, that the stabilicy of the
pairing phase we have required leads o the Meissner ef-
fect, with the London length given by the naive theory. A
by-product of our discussien is the proof of the positivity
of the square of the London length {A% > 0} if the stability
conditions are salisfied. This resulis trom the positivity
of the matrix M{K) that gives rise to the positivity of the
33 matrix ;.. A good illustration of the troubles one
faces when this stability condition is not met is given by
an exactly solvable model described in the next section.

£ 4.17)

lim K, (k)= - Ia,”,-— e

¥. EXACTLY SOLVARLE EXAMFPLE
WITH UNSTABLE PAIRING 30LUTION

Let us considet the case of a conslanl atiractive poten-
tial. Its Fourier transform is
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Plicy=—(2m)* v | BK) . (5.1

The gap equation (2.9} is then just a simple transcendental
equation,

Ap=|v (A/2E-N1-2fE)]. (5.2
It has an anomalous {pairing} solution,
0, |eg| »EID
A% BT -7 e | <D 5.3
where E{7T) is the solution of the equation
I=|e{[1/2EITH{-2F(E(TN], 3.4}
or
T
ET _ E(Ty 4 , 5.5)
Eil Ei0) T
with
E(01=2kT, , (5.6
and the critical temperature T, is given by
AT = |w| /4. 5.7

In this model E(T) is the actual gap above the Fermi
level, and Eqgs. {5.5) and (5.6) are very close to the similar
relations of the phenomenology. In spite of this, we will
show that this model does not give rise (0 2 Meissner ef-
fect. The profound reason for this perhaps surprising re-
sult is the local instability of the solution. Indeed, along

with the solution AT( given by Eq. (3.3, J.\i.ew? is also a
solution for arbitrary phase ¢ o Thercfore, the conditions

we requited in the preceding section are not met. M ()
has an infinitely degenerate zero eigenvalue,

To avoid any confusion about the kind of instability
that exists, let us remark that for the differcnee of the
grand-cancnical potentials of the anomalous and normal
phases, cne has

1
(2o

1 - -
T F )= J dx% BIEITI~ l¢1 )

EET}Z—GZT;

X |€T¢'| _E{TJ-I—W

21— FIETY
+ Blnii—f{e.-‘.)

15.8}

Below the critical temperatore this is always negative;
therefore, the anomalous solution is preferred. The insta-
bility refers to the variations of the phase of the order pa-
rameter.  Actvally we have an infinity of anomalous solu-
tions that are unstable against pertuchation.

The linear response of this model to a magnetic field s

4957

facilitated by the fact that here the matrix M (K} is diago-
nal
MUK =8 F— W (KB 1— v |4(K,5)

=8F—F MK B, 15.9)

allowing an explicit form for Kw,fk'] for any k.
We give here, however, only the discussion for kK —Q.
Now we have, instead of Eq. (4.8),

L= lim T dBpupe el FRIMEEBII", 15100
or, with the help of the identity Equation {3.13) that now
takes the form

ﬁz T T voang L o=

;ﬁ-pkatk,pJ=M[k,p)a‘ (k!

A

k24P n
X E o By 0= 1)
2+ F

Ap s
+ =R fE

=41,
Egn- 13 k-
one may eliminate M ~' and perform the limit
2m ” A =
Iuv:—?fdPPqu__jﬁatn‘.k.p}. (5.11)
B

Using, again, the rotational invariance (that again holds)
2"k, Bl=CIBYIBk,
we get

;M,g—%”‘ [ dBpup.asC?

=_§%5#‘,fdrip'14&p.ctri1] .
ar denoting

1 [appia cipri=e
similar to Eq. {414},

I= =8, 2m /] 512

The constant ¥ is again completely determined by the
gauge-invariance requirement and cxpressible through the
“"London length™ of this model. However, now the struc-
ture of ,, being §,, and not k”k,x’klz, the result is identi-
cally zero,

lim K, (k=0 . (5.13)
=0
Therefore, there is no Meissner effect in this case.

¥I. TNSCUSSIONS AND CONCLUSIONS

In this paper we have performed a gavge-invariant
analysis of the Meissner effect in SC pairing theories with
polentials depending only on the distance between the
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electrons. We have shown that if the second vanation of
the grand-canonical potential around the pairing solution
is strictly positive (with the exception of a single vanation
that corresponds to a change with a constant phase fac-
tor), implying that it is stable against small external per-
turbations, then the field-induced vadation of the order
parameter does not change the textbouk expression of the
Lomndon length. If, however, the phase is unstable, the ex-
pression is modified. In the constant-potential model dis-
cussed in Sec. V, this modification is so important that it
actually cancels out the Meissner effect. It is interesting
o note that this example actvally has only a third-order
phase transition. This is due to the fact that n this
maodel, near the critical temperature, not only the max-
imum value of the order parameter decreases to zero, but
simuitansously the range where it iy nonvanishing dimin-

L. BANYAI AND P, GARTNER 29

ishes: &L=[EITY—eL 1" HEITI— e, |) with EtT)
~2VIRT (1T /T

f:]l the above results refer to the linear-response kernel
k(k? at k=0. It can be seen that if, for example, one
would like to compute dxik 2)/3k ? | 7. that determines
the so called “correlation length,” then the stability argu-
ments o not contain enough information about the in-

verse of the matrix M (K), and therefore one cannot avoid
the calculation of the contribution of the field-induced
variation of the order parameter.
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A quantum-statistical derivation of the general lrequency dependent Nyquist theorerm is
given, that has also a simple circuit-theoretical mterpretation. Atlention is brought on
its application to some very low conductivity materials, where already at 100 Hz the

equilibrivm noise should be attenuated with a factor of 10

[requency value.
0. Introduction

In his 1928 paper, Nwquist |[1] gave his famous
theorem, explaining the electrical noise produced by
equilibrium fluctuations, first observed cxperimental-
ly by Johnson [2]. Using an equivalent electric cir-
cujt argument, in which the resistor s placed 1
serics with a voltage source (identifyed with the
square root of the voltage neise speetral density
6¥.2) Nyquist obtaincd

Y= dk, TR

where T is the temperatore, £, - Bolizmanns con-
stant and R is the resistance of the sample. This is
the famous thermal white noise law. Given its im-
portance, besides the original argument, the nced
was fell for a dircct prool, valid for arbitrary
requencies, based only on the statistical mechanics
of an isolated sohd in thermal equilibrium. This step
was achieved first by Callen and Wellton in 1951
[37], as a peculiar example to their *fluctuation-dissi-
pation thearem™ The corresponding formula is

OV =dF ) Rie)

where Rics) is the resistance at [requency w and

L fray Jica
Foriw) = 3 cth T
P

", with respect to its zero

For not too high frequencies ho <kg ! the lunction
E{w) can be approximated by kpf, while as it is
usually arpucd [4, 3], lor most conductors Riow)
—Ri0) for w10 [Tz, Therefore, in the uswal fre-
quency ranges of nolse measurements one recovers
Myquist's white noise law,

An essential step in the Callen-Welllon prowf s, that
the current is assumed to be the “cause™ and the
voltage the “effect”™.

Later in 1957 Kubo [6] claborated his linear re-
sponse theory and gave his famons formula for the
conductivity, which actually relates it to the current
lluctuanons

K AT )
(Al =4 Riah
In Kubo's theory (he voltage (identilied with 1he
external one) is the “cause”™, while the current is the
“effect”™. His formula actualty holds in the seli-con-
sistent potential approximation.

Truyama o 1961 [V] was the [irst to bring the atten-
tion to the fact, that in a Coulomb system. while the
cxterndl electric ficld is the mechanical “cause”™, the
actual field is 1o be wdentificd with the swmm of the
cxternal and internal fields. Therefore, the relation-
ship between the current fluctnations and conduc-
tivily s a non-linear one. [Ciherwise stated: The
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nverse of the complex diclecinie constant salshes
the dispersion refations [8])

Tn what follows, we will exploit this argument, buat
we complete the discussion with a definition of the
“potential drop on the sample™, 1o compute its fluc-
tuation and relate it {in the thermodynamic lmil) to
the current Muctuations. Our resull {2.11) 18 a gener-
alized, frequency dependent Nyquist theorem, that
can be interpreted also in the eqoivalent circnit lan-
guage. [nstesd of a simple resistor, one has to con-
sider an RC (resistor-capacitor) circun, to represent
a material with complex conduoctivity,

A peculiar class of very low conductivity materials is
brought to attention, where a very strong damping
of the equilibrivm veltage noise occurs already at
100 Hz.

1. Equilibriwvm Cuarrent Fluctuations

and the Complex Conductivity

The spectral density of ibe equilibrium neise of o
dynamical variable X is defined in quanium statis-
tical mechanics as [9]

éX3,=4]: dicosmt X X0k, (L1}
where ’

{A, B} =4{AB+ BA)

and

[ofH b e )
(1.2)

CAR(M e=Tr i Ac® Be™ T
[z .

Using a well-known identity one may express 8X73
through the quantum-mechanical correlator, that ap-
pears in linear response theory

1

s kpT
SX2=4E {wRe [ deom™ | dA(X X+ BIDo. (13}
[} ]

Let us now consder a sample of volume =18,
where L 15 1ts lenpth (along the OF axis) and 5 its
transverse section. The current j, is usvally defined
as the average r-component of the current density

o, NE g
Jz_f-jj'dx_:,{x)-—ﬁ£d4:idxd}J;(,t,},__]—§I (1.4}

where I 15 the average flux over all cross sections.
The neise of the flux 1s thercfore

; s .
Hi=4 7 Er{w)Rew(m) (1.5)
where |
£l X .h-,‘:l"
eloy—@fdre ™ | dadihlt~thd)),. (L6}
o Q

. Bauyai et al: On the Nyquisl Noise

Qn the other hand, ¢(w) appears within lincar re-
sponse theory as the coefficient between the average
current density and an applicd homaogenous external
electric field of frequency o [6].

If one does nol norice the difference between the
exlernal field and the actwal field n a Covlomb
system (described by the complex dislectric constant
() ome is tempted to Identify ¢fw). in the thermo-
dynamic lmit, with the complex conductivity &{ew)
Taking into account the internal field, it can be
shown [7] (see alse [107) thar actually

. H £ e
ol = alm) —— = —“ ']-—. 1.7
ale) i .
1—— - &)
HEn

(The Kubo formula gives reasonable cstimates of
afe) within the self-consislent potential approxima-
tion, bul then the current correlator js that of the
.. theory. 1t is obvious then, that al low frequen-
cics, this turns out to be a poor approximation for
the correlator iiselll)

Therefore,
s R
=4 Erle)y ef”(‘*’} — 1.8
1-  — ol
[T |

Since it is supposed, that for low frequencics

fefe — &) (1.9

sl =6y,
it Tollows that

. (Bgew)?
o) =iweg |- .
7

(1.10)

33

(Compare with the s.c approximation Le the Kubo
formula, where o(wi =g, +lw(e— 501

Then

4k T 'mso')z_ (R

sitm= ) t L1 ) {1.11)

e T8 e
Le. the flux noise (in an isolated sample} 15 vanishing
quadratically at zero frequency.

At a frst glunce, the vanishing as @? of the current
Nuctuations at =0 seems (o disagree with the Ny-
quist formula. However, this ts not se. According o
the usual circuit-theorctical arguments, our ressior
being isolated. ils equivalent circuit is rather closed
on a capacitor and correspondingly, the curremt
noise has to vamish quadratically. In this open cir-
cuit, however, we may compute the voltage noise,
and we will show, thal by virtue of (1.8), {1.9) the
Nyguist theorem is indeed obeyed al zero freguency
in ihe classical form.
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2. The ¥oltage

The potential V{x) a1 a given point x is determined
by the charge density p(x):

a(x7)

1
Fix)= —{dx .
x) Ir X p—

dmen o

(2.0)

We shall define the “voltage™ or “polential drop
along the sample™ as the average potentisl difference
between the end sections of our sample

V=c jixj'd)-[l"(x,_1=;L]—V{_x,_\.-,(}}] (2.2)
.S
or
: fdS, Vix) 23
=g Jd5:Vix (2.3)
where £ is the whole surface and 45, 15 the =-
component of the surface element d8.
This 15 a rcasonable definition, although no prool
can be given, that a voltmeter actually measures this
entily.

Using also the electro-nemtrality of the system under
congideration, one may wrile

i) 24)

[x-x x|

1
V= [dx px)[dS,
sfiofes. g [

The last integral represents the potential difference
between the poinis x' and O created by the plates of
a planc capaciior with uniformly distributed charge
ol opposite signs. In the limit &, this dillerence
ter.ds to
1

z,
La

Therefore, the large § behaviour ol T is
1
V=—0 [dxpxiz. 25
605£ X p(xjez (2.5}

Uising now the equation ol continuity

N 1
0 it 0-0 o

and the vanishing of the normal current density at
the surface, one has

v L .
— == 270

A Sug (@ Lt
Correspondingly, the fluctuations of these entities
are related throagh

LZ
ali= i1 bl A
5= u,m? (8}

143
Lsing now {1.8) we get
L 1 Re ar[a;) o
= = . 29
2=45 Dyt i : |2 i2.9)
1——aiw)|
LT I
This result may also be written as
sr2- b Ered ] (2.10)
5 w &{ea) )
oar
5VE_Thercth = )7' (2.11)
P Yhac = Riew 2
? kgt - (c;Rce[ ]]2
where Reafe)
I
Rimm=

‘i Ren{w mieu}

i5 the frequency dependent resistance of the sample.

3. Conclusions and Discussions

Fquation (2.1 is the general form of the Nyquist
theorem. Indeed, Nyquist's equivalent circuit for-
mula for the cquilibrium vaoltage noise due to an
impadance Z(w} gives

tie 1
sz _— (3.1}
2hecth —— 3KT, ‘Re Z() (3.1}

Om the other hand, a solid described by a2 complex
conductivity (whose imaginary part is given by the
dielectric constant] is beiter represcated by un
cquivalent circuit made up of a parallely linked re-
sistor Riww) and capacitor C{w). The capacitor
should be chosen 50, that the lme constant R of
the ciccuil be the same as the time constant of the
matenal ga. Therelore

1

1
i (1.2
7((»} R(U)J +ie Cw) 2
with
1 Reulw) §
Clesh= = ) S p e oo (3.3

Riw) Rca[u} L

Then from (3 1) our resull (2.11) follows,

For ordinary conductors Ree{m)/Reetw) > 107 Hz
and thercfore in the classical noise measurement
range still we vecover the ordinary white noise law,
In the case of semiconductors however, the cor-
rection due to the dielectric constant may be impor-
Lamt.

A speaial class of materials 15 worth of mentioning
in this context. because of their peculiar behaviour.
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Many very low do conductivity semiconductors
(.2 10 "* {Dhm-cm)~ '} (doped crystals at very low
temperalures, glassy and amorphous solids, molecu-
lar solids at room temperatures) show up a charac-
teristic frequency dependence of the conduclivity
[11-15]

P aley) ~wf

with 5 close to 1, in the low frequency range 104
107 Hz. This unusual increase of ihe conduetivity is
atributed to electronic conduction through hopping
near the Fermi level. In the same time, the dielectric
constant is practically frequency-independent, being
deternined by other electronic states. Then the sup-
plementary [actor

1
 jmRe 2ty 1
te (._Re [s1{%%)] )

(3.4)

becomes very important, bul practically constant in
the above mentioned frequency range, while the vol-
tage noise will have an approximate 1/e behaviour.
{Not o be confused wiih the usual ljw curreat-
noise, which 15 a non-equilibrivm noise.)

Let us give a few numerical examples of this factor,
taken from different experiences. In the n-type Si
experiments of Pollak and Geballe [11] at T=3K,
it is 10 * ln the cxpermments of Lakatos and Ab-
kovitz [16] on amorphous Se at T -300K it is
102 In the experiments of Mansingh and Dhawan
[17} on V,0,--TeQ, glasses at T=80K, it is 2
% [0 8

Together with the rapid diminishing of the resisiance
itself, we have here a dramatic drop of the equilib-
rium voltage noise to 10 of its zero frequency
value already at 100z

Although Dbesides the intuitive circuit ineorstical
argument, we pave in this paper a prool of the
general Nyquist formula (2.11) within pure statistical
mechanics, we do think that experimental verifi-
catian on materials of the above mentoned type is
important. Intuilive arguinents are not always cor-
rect, while our proof also implied several delicate

L. Banyai et al.: 00 the Nyvguist Noise

poiats, which are debatable. The most important
ones are: @) The Quantum-Mechanicul definition of
the equilibrium noise (1.1} &) Qur definition of the
“voltage™, ¢) The peculiar order of the hmits (§ »2o
and then L—o). ) The implicit assumption of con-
figurational averages, that assurz macroscopical ho-
mogeneity for disordered systems.

The suthors would like o thank Dr. A Belu fr bringing the
noisc subject in disordered materials o our attenlion.
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Authors correcture after publication

At the beginning of Section 3 (Conclusions and Discussions) the first paragraph and
Eq. (8.1) shuld read as:

Equation (2.11) is the general form of the Nyquist
theorem. Indeed, Nyquist’s equivalent circuit for-
mula for the equilibrium voltage noise due to an
impedance Z(w) gives

8V;2 = 2hw coth (%) ReZ(w) (3.1)
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Absorption Blue Shift in Laser-Excited Semiconductor Microspheres

l.. Banyai
Insiitut fiir Theoretische Physik. Universitit Frankfure, D-6000 Frankjurt am Main, Federal Repulblic uf trermany

and

5. W. Kach

Optical Seiences Ceater and Physics Depariment, University of Arizana, Tacson, Arizopa 85721
(Received 18 August 19E6)

The energy of an electron-hole pair in laser-excited semiconductor microcrystallites is computed with
plasma screening and dielectric polarization taken inio account. A strong excitation-induced blue shifi
of the absorplion is predicted which causes a large optical nenlinearity for crystallite sizes exceeding the

bulk-cxciton Bohr radius.

PACS numbers: 7135, +z, 42.65—k, 76,20 —¢

Quanturs confingment effcets in semiconductor sys-
lems with reduced dimensions have attracled consider-
able attention within the last few years. Besides the
well-known muliple-quantum-well structures which pro-
vide confinement in one dimension, quite recently also
serniconductor microcrystallites were investigated which
confing the laser-excited clectron-hole pairs in all thres
space dimensions.'¥ Such systems are readily available
in the form of colivids! or semiconductor microcrystal-
lite-doped glasses. The nonlinear optical properties of the
glasses are presently being studied extensively>*$-'% and
experimental results an four-wave mixing, phase conjuga-
tion, luminescence, and femtosecond carrier dynamics
have heen reported.

1t is now well established that the Minite size of the mi-
crovrystallites causes an increase in the kinetic energy of
the confined quasiparticles. Efros and Efros have shown'
thal quantitatively differemt confinement effecis occur
depending on the ratio of the crystaltite eadius R and Lhe
Bohr radius of the electron-hole pairs, of the holes and of
the clecirons, respectively. For the different regimes of
crystallite sizes one has either quantization of the center
of mass motion of the electron-hale pair, of the hele
motion, or of the electron molion. Besides these kinetic
energy cifects, quite recently Brus* has also calculated
the important modification of the electrostatic energy of
an electron-hole pair due to dielectric polarization at 1the
boundary of the crystatites.

[n the presenl Lelter, we predict strong excitation-
dependent quanium-size cfleets for the regime in which
the crystallite radius is larger than the Bohr rudius af of
the exciton in the corresponding bulk material. Under
these conditions, without laser excitalion one has only a
relatively small blus shift of the exciton groupd-state en-
ergy it comparison to the bulk material. The exciting
light, however, leads to the creation of additional
clectron-hale pairs, which screen the Coulomb porential
causing an increase of the exciton Bohr radius ag and

322

therefore an excitation-dependent ratio R /ag. For larger
Bohr radii confinement effects become increasingly im-
portant, leading to a pronounced excitation-induced blie
shift of the exciton absorption and, hence, to slrong opti-
cal nonlinearities in the spectral regime of (he semicon-
duector bang gap.

In detail, we consider a system of semiconductor mi-
crospheres with R > 28 embedded in a host material with
dielectric constant g3, For semicenductors such as CdS,
CdSe, or GaAs, this implies crysiallite sizes around 100
A up to several hundred angstroms, respeclively, for
which it is justified to assume the bulk semiconductor
band structure and to apply the effective-mass approxi-
mation. 1o fact, it has been shown'? that the elfective-
mass approximalion holds even for very small crystal-
lites, containing as little as 95 atoms. 1n our computa-
tions, finite-size effects enter in two ways: {i) The elec-
trostatic energy of an electron-hole pair is medified be-
cause of pelarization effects and Gi} the quamum-
mechanical motion of the quasiparticles is influenced
through the condition that the wave functions vanish at
the crystallite boundaries.

As usual, we compule the electrostatic energy as
W =1 fd* Vitlp{r), where p is the charge depsity,
which vanishes for r > R, and the potential I obeys
Poisson’s equation. The charge density inside the sphere
is composed of the external charge 7™ (1wo point
charges +e aLr and —e al 1y, respectively) and of the
induced plasma charge p™, which is related to ¥ through
P = — (e e )2¥, where the inverse serecning length is
given by x=[{47¢%/e,)(9n/31)1"2. The quantity & is
the background dizlectric constant of the ceystalling, 2 is
the average frec-carrier concentration, and w % the quasi
chemizal potential. The Poisson equation for # has o be
solved by use of appropriate boundary conditions for a
sphere.

Since the electrostatic energy diverges for pointlike
external charges {self-interaction}, we compute only the

© 1986 The American Physical Socicty
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variation W =W (R} —W(e), The properly subtract-
wd bulk electrostalic encrgy is the screened Coulomb po-
tential

— (e | —x3 | Yexpl~xr; —1s] ).

Because of linear superposition, one may solve the prob-
lem by calculating the potential U/ for a single point
charge,

Vine o) = Ul ) = Uiney).

Expanding &/ in teems of Legendre polynomials, appiying
the conditions of total interaal charge neutrality, of fi-
niteness in the origin and vanishing at infinity, one ob-
tains an explicit expression for ¥/, and hence W, in terms
of Bessel functions.> For vanishing x our result reduces
o that of Ref. 4 (although it is not explicitly given
there).

As » second step, we have to solve the qoantum-
mecchanical two-body problem with the Hamiltonian

o W (R L3 rInnl
2y 2my s1ln -1

+ 8W (kr .or sy tafrirs R e/ e}

1aking into account the boundary conditions for the wave
functions at the surface of the sphere. In bulk semicon-
ductors {R — =), one can separale the center of mass
and the relative motions of the electron and hole in the
presence of a screened Coulomb potential. Although the

& & & & g & & &

*
4
R R T | 1 1 i ]
] ' 1 ] i 5 L} T ] ] »

R1
FIG. 1. Comparison of the average elecirostatic energy ¥ of

an electron-hole pair in a microcrystallite {ip units of
2Egat/R ) for two ratios of the background dielectric

Schrodinger equation cannol be solved exactly even in
this relatively simple case, one has a very good approxi-
mation if one replaces the screened Coulomb potential
by the Hulthén potential,'*'* for which the s wave func-
tions ¥ and the energy cipenvalues E are explicitly
known. Details of the calcuistion for bulk semiconduct-
ors are given in Ref. 15, Here, we only mention that
within the discussed approximations, the clectron-hoke
ground-state energy is E = — Eg(] — /g }*, where Ep is
the Rydberg cnecgy, The exciton Bohr radius in the
presence  of  screening  is go=ale/(g — 1} with
g =12/(rafx). Without screening, g ==0, and one ob-
lains the known Coulomb results, while for g =1 no
beund states exist.

IF the radius R of (he semiconducior microspheres con-
siderably exceeds af onc expects only small size-
dependent energy corrections. However, through the
screening effects caused by the laser-generated electron-
hole plasma of density #, the exciton radius ag increases
and approaches R. For the situation ap= R, one can ap-
proximate the pair wave function ¥ as a product of the
electron and hole wave functions in a spherical potential
well representing the crystallite and compute the lowest
energy level of the clectron-hole pair as K, =-£;
+¥{H | ¥} Here, E is the bulk band-gap encrgy in
the presence of the electron-hole plasma.!® In the regime
R=ay, onc obtains (he tatal shift S6F, =E,(x.R)
—E,(0,) of the bound-state energy due to finite-size
effects as

* [ xat]’, 2ab
S _[_1 +l£| 4 2ab 5

Eg g R R
The first term on the right-hand side of this equation de-
scribes the reduction of the exciton binding energy in a
bulk semiconductor due o screening,'® 1he second term
is the kinetic energy centribution due to quantum con-
finement," and the third term represents the average
clectrostatic cnergy of the clectron-hole pair inside the
microcrystallite in the presence of plasma screcning,
The function ¥ has been computed numerically and is
platted in Fig. 1 for (wo ratios of £/e;. For £, =& no
diclectric polarization occurs at the interface between
microcrystallite and bulk material and only the screening
effects are present. For large &R the Tunction ¥ becomes
independent of £)/e; since for strong screening the
Coulomb petential essentially decreases 10 zero within

£
KR; -—
£2

TABLE [. Shift of the bound-state energy for different crys-
lallite sizes. g =12/{x*afx), where & is the inverse screening
length and a8 is the exciton Bahr radius in the unexcited bulk
semiconductor.

of the crysallite, £1, and of the hust matcrial, £;. Solid line,
aifez=10; dotied e, eifez=1. R is the radius of the micro-
crystallites, x iz the inverse screening Jength, £g is the bulk-
cxciton Rydberg, and o is the bulk-exciton Bohr radius (see
text).

Rial I3 BELfEr
3 1.5 .86
5 1.25 0.323
10 L1nng 0.0967
2723
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TAHLE 1. Shift of the bound-state encrgy Tor dilferent
crystallite sizes R > a9 without screening.

Riad &k SER
3 0158
5 0055
10 0.0131

the sphere, climinating surface polarization e¢ffects. In
Table | we give some typical results for differcnl ratios
of R/af and screcnings such that the excitalion-
dependent exciton Bohr radius &g equals the radius R of
the semicondector microsphere, For sironger screenings
V approaches zero {see Fig. 1) and 8£, becomes practi-
cully cxcitation independent. To determine the excita-
tion-dependent part of the encrgy shifts which give rise
1o nonlinear optical properties, we give in Table II the
corresponding  energy varjations  withoul screening
(g = o=, weak excitation), which have 10 be computed for
the regime R > ag and which can already be obtained
frum Ref. | taking inio account the dielectric correc-
tions." The results are presented in Table 11 lor the ex-
ample of Cd%, The compatison shows thal the ser g

size-induced shift is only about 60% of the Mot density
in the corresponding bulk material. These properties
make the semiconductor microcrystallites an extremely
interesting systemn in which Lo study nonlinear optical ef-
fects, such as optical bistability, nonlincar wave interac-
tion, wave mixing, to name only a few cxamples, as well
as for device applications, such as optical logic gates.

We thank H. M. Gibbs and E. M. Wright lor a critical
reading of the manuscript. One of us (S.W.K.} acknow]-
edges Ffinancial support from the Deutsche For-
schungsgemeinschaft (Boan, Germany) and from the
Optical Circuitry Cooperative of the University of Arizo-
na.
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Asymptotic biexciton “binding energy” in quantum dots

L. Banyai
Institey fir Theoretische Physik, Universitit Frankfurtl, Federal Republic of Germany
(Received 24 January 1589)

The hiexcitan "binding enerzy™ in a microsphere is calenlated in the limit of vanishing sphere
radius by use of ardinary second-order perturbation theory. This “binding energy” is found (o be
always positive and may exceed cne excitenic Rydberg, depending on the ratio of the dielectric
constants of the semiconductor and the cladding matestal, as well as on the electron-hole mass ra-

tio.

Quantum confinement cflects in semiconductor micrao-
crystallites are the subject of many recent experimental
and theoretical studies' ~*? Efros and Efres' have de-
veloped u theory of the lowest electron-hole pair state {ex-
citon) based on the successive quantization of the center
of mass, the electron, and the hole motions. Brus® imple-
mented the important dielectric effects due to the
difference in the dielectric constants of the semiconductor
and the cladding matcrial.

For nonlinear aptics two-pair states are relevant. In re-
cent investigations’®~ 2! the lowest two-pair state {biexci-
ton) probiem in & sphere of finite radins was ana]{zed us-
ing the phenomenological theory of Efros-Efros’ in the
so-called intermediate guantization regime. In this re-
gime the lighter electron is frozen in its well ground state,
while the heavier hole moves in the average elecironic
charge distribution. This picture is expected to apply
whenever the electron-hole ratio is very small and the ra-
dius of the sphere lies between the Bohr radii of the elec-
tron and hole. The rather interesting result of this theory
is that, unlike in bulk, quantum wells or wires, the energy
of the biexciton in microcrystals may be bigger than twice
the energy of the exciton. Such a negative biexciton
‘binding enerpgy™ does not destabilize the biexciton be-
cause in a finite sphere one cannot take the excitons far
apart. Whether this theory is weil justified for the experi-
mental mass ratios, However remains an open problem.
Unfortunately, variational caleulations are not very help-
ful for (he delicate ensrgy balance because the exciton and
biexciton problem have different Hamiltonians and, there-
fore, the well-known inequalities do not work. One has 1o
control the errors of each approximation very accurately
since the hiexciton “binding energy™ is only a very smail
fraction of the exciton energy.

An alternative method to study the confinement prob-
lem: is L appiy standard perturbation theory for the small-
ness parameter A —R/ap {where R is the spherc radius
and ap the exciton Bohr radius), The peculiarity of this
series expansion is that it stacts with & ™2 {kinetic energy)
followed by % ™' (average of potential energy), while the
first regular term in the second-order perturbation theocy
starts with &%, Within the first two approximations the
biexciton energy is just twice the exciton energy. This has
led to the assumption, that in the extreme quantum

2

confinement limit the biexciton “binding energy™ van-
ishes. However, this is not true. We will show, that
second-order perturbation theory gives a radius-inde-
pendent asymptotic “binding energy” which is always pos-
itive. Its numerical evalvation gives unexpectedly big
values.

Let us consider the guantum-mechanical motion of
electrons and hales with etfective masses #1, and my, re-
spectively, in an infinite potential well of radius R. The
diclevtric constants of the medium ¢, and of the cladding
¢; determine the cffective Coulomb interaction belwcen
the particles (surface polarization effect). For 2 system of
M particles of charge g/{i=1i,...,W), the additional

Coulomb energy in the sphere is >
1 X [P T ! T 1
= i ;
— - A Al
2,-,?,:‘.‘?’"” oR EG[R: ] " ] T+e/U+1}

4}

where ¢ =¢;/¢; and 1; is the position of the ith particle.

For a neutral system of particles of the same absolute
charge e, this potential energy can be written as a sum of
positive {repulsive) and negative {alractive) two-body in-
teraction energies V{r.r,).

We give the explicit form of the potential energy Lf us-
ing units appropriate for our problem. In what [ollows, we
shall use coordinates {lengths) in units of the sphere ra-
dius R and energies in units of excitonic Rydberg energy

z ah!
PO 0 PO, L B E I
2urad ue H My My
Then
2
V(ry,rz) -?_Ufl'l,l'z) . (2)

The partial-wave decomposition of L' is given by

— T
vlrr)=%, U;(r..rz.f)ﬁ[ =2 ] , )
= Fira
where
8022 © 1989 The American Physical Society
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e Filn
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The excilen Hamiitonian is
Hoem — - Lv}w“—\?ﬁ]—iu(re,u). (5)
Ac | me g A
while the biexciton Hamiltonian is
Hijore = — J; [J‘—(vj*, +¥)+ J‘—(vgl+v§=)]
| m. iy
- %[U (et )+ 0 (e 0y U, r 3 U e 0} — U, T, ) — U T )] (6)
. I
The wave functions have to vanish for each particle The corresponding cigenenergies are
coordinale on the sphere boundary (r=1).
We are interesled in the biexciton spin state where the € m, -Jrf_,., . (an

electrons and the holes are in the spin-singlet state; there-
fore, the exclusion principle does not apply. {(This state of
course will be the lowest.)

The ratio of the potential energy 10 the kinetic energy in
both Hamiltonians is proportional to & =R/ay. This pa-
rameter will be considered small in what follows {quan-
tum dots). Then onc may apply standard periurbation
theory with respect to & {sctually to the Hamiltonian res-
caled with A2). The zero-order wave functions are prod-
ucts of the ane-particle kinetic cnergy eigenfunctions in
the sphere

—¥2y(r) mewlr} with wir)|, =, =0. (7
Explicitly, they are given by
Ui, .
Wr.m.n,"—r-—P.r(cosﬂ)e’"“’, (8)
with
)y, = constx i (xy o r}, (%)

where j; arc Bessel functions and «; . are their zeros, ic.,

(Lo}
J

Silky ) =0,

0,0 Mo | af=— Z%Idx,fdm wolx o )UK R Jwa (X Fyp(an ) = — Fog= — Vo,

Standard perturbation theory for Lhe ground-state
eigenenergy up to second order gives

" 2
E-Eo+<0|H'|o>+E'M. (12)
o Ey—E,
where |0} and Eg are the unperturbed stale veetor and en-
ergy £y, H' is the perterbation, while |a) and E, are the
unperiurbed state vectors and energies of all the other
states. ln our case, |0} will be the ground state of the ki-
netic energy operator for an electron-hole pair, respective
for twa elcetron-hole pairs in the sphere.

As mentioned in the Introduction, in its orthedox form
perturbation theory should be applied 1o the rescaled
Hamiltonians »2H, and A 2H ey and the correspondingly
rescaled energies, then the perturbational expansion eon-
tains only positive powers of the expansion parameter A
This is however only a formal aspect. The same result is
obtained if one explicitly considers £, of order 1/A? and
H' of order 1/&.

The relevant mattix element in the one-pair problem is

(13}

where a (or 8} stands for a given set of one-particle-stale quantum numbers {/,»,1,) in the sphere. [0 stands for the set

(0.0,1) describing the one-particle ground state.]

The relevant matrix clement in the two-pair problem can be expressed through the same matrix elements Vg

00,00 | Hbicxe | aa’, B8 = VawEmbpn+ Vagdendan — Vapbaodyo = VagSaolan = Vegdandg— VasBandpn .

(14}

[1 can be seen immediately, that the *maolecular binding energy,” defined as

E ol ™ 2E ene — Eieac »

{15)

vanishes in zeto- and first-order perturbation theory and has a finite (i-indcpendent), strictly positive value in second-

order perturbation theory:

2 + me -y 1

(16)

Efli=4 Ugl?
e a.r%()l n,ﬂ’ (P/mr){?g.n‘f'(ﬂ/m*)eﬂo

where e;o=e,— ep.

u

ot e '
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This perturbative result, unfortunately, is still difficult enough to evaluate analyticalty or even numerically. However,

one can casily obtain lower and upper bounds for

H {2y
lim gy =E mal
o=l

The lowest contributing excited state to the summation in Eq. (16} is the 1d::g::mersn.e state corresponding to
g=f=1=(f=1m =0, L 1,0 %1} having the one-particle encrgy increment £ 5= x7) —xd=10.3174.

Therefore,
He N . 4 . +m
-4_ 2+e’—-'\' E |Ulml.|m'1|_<hmEmoI{-— 2+¥—* |U¢§!1. amn
€1 2u =0, & | b €10 2u 2B 0

The lower bound is just the contribution ol the above-mentioned state, while the higher bound comes from the replace-
ment of all the higher-encrgy denominators through the lowest one.
The sum over all the excited states can be performed using the completencss of the one-particle eigenfunctions:

2
[l 2-J.dmfdx;[m;(x.)w.;(x;)b’(x|,xz)]2+ [fdx|J-dxwo(x|Jzwg(xz)zU(xhx;)}

EYEL ]

— ZIdmfdx 1fdx3[wo(x| Ypolxadwelxa 13200y, 0, W X2 x5} (18}

where wolx}=sin(zr)fr+2x and the vector notation for
the coordinates x was omitted.
Qur result thus can be written as

ity

2+—]cf(e)<5,m..< [2+ C.le),

(19)
where the constants (e} and €, () depend only on the
dielectric censtant ratic . A numerical evaluation of
these constants for three representative values of #= 10, 4,
and | gives

Ci(10)=0.104 C;(4) =0.076 C;(1) =0.052

ity
2u

and
(10} =0.71 €, {4)=0.7% C, (1) ~0.55,

The distance between the lower and the upper bounds is
still very big; however, the price to pay for a better predic-
tion is too high. Tests of including some other peculiar
states showed that the lower bound can be fairly enhanced
with 50%. However, it is relevant that already this modest

T
lower bound gives a huge asymptotic *melecular binding
energy” exceeding 0.84 cxciton Rydberg (for an electron-
hole mass ratic of 0.1 and a diclectric ratio of e=10).
The corresponding upper bound is 5.7 exciten Rydberg,

Our asymptotical results about the huge biexciton
“binding energy™ arc mathematically exact. They may be
helpful in the understanding of qualitative trends as well
as in checking correciness of other theoretical approaches
like the variationzal ones. It is not obvious however, that
they may be really checked expetimentally. The problem
lies in the inherently wide inhomopeneous as well as
homeogencous width of the microceystal levels. Another
source of bias is the deviation from parabolicity at high &
vectors, thal must be taken into account for very small
sphere radii.
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Surface-polarization instabilities of electron-hole pairs in semiconductor quantum dots
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The surface pelarizalion instabilities of 2 Coulomb-interacting electron-hale pair in a spherical semi-
conductor quantum daot inside a dieleciric medium are studied. Two independent numerical solutions
for the ground state are presented which arc based on a direct integration of the pair Schridinger equa-
tion or on 3 diagonalization of the Hamiltonian matrix. For decreasing confinement potential as fixed
dot radius, and for decreasing dot radivs al fixed confinement potential, it is found that the electron-
hale-pair state changes from & volume state, in which both particles are mostly inside the dot, to a sut-
face trapped siate, in which the surface polarization causes the carriecs (0 be self-trapped ar the surface
of the dot. The transtion from volume 10 surface trapped stutes occurs for parameters which are very
close ta those of II-VI semiconductors in a glass matrix or in 2 liquid.

L INTRODUCTION

The lowest-lying evergy levels of electron-hole pairs in
semiconductor quantum dots are a subject of recent
theoretical investigations. The gencral approach of han-
dling the attractive clectron-hole Coulomb interaction
was described in an early paper of Efros and Efres.! The
influence of the surface dielectric polarization was intro-
duced by Brus.® This surface polarization is especially
strong for dots inside a glass matrix or in liguid selution,
where the background diclectric constants of the two
media are subsiantially different, with a typical ratio of
the order of 10. On the other hand, in rhese systems the
confinement potential barrier for the electron-hole excita-
tions is alse quite high, at least in comparison to the band
offsets in epitaxially grown structurcs. Therefore, most
numenical calculations of the last few years”™'® have been
performed within the approximation of an infinite poten-
tial well, for which the wave functions of the lowest-lying
slates vanish on the dot boundaries. Finite-well effecis
have been considered in Refs, 11 and 12, but without a
simultanecus inclusion of the surface polarization.

Surface dielectric effects have been taken into account
also in quantum wells'* and quantum-well wires.'* Re-
cently, in the contest of quantum wells,'® it has been
shown that finile barrers lgad to substantial and concep-
tual difficulties in the treatment of the dielectric surface
polarizalion. The classical potential energy (self-energy)
of a charged particle facing a separating surface Lo anoth-
er medium  with higher dielectric constant becomes
infinite negative when approaching this surface, This
sinpulatity is not integrable and allows no normalizable
pround-state solution of the Scheddinger equation. The
particle "“falls” onto the surface.

These unphysical results clearly show that the classical
clectrostatic description of the interface belween dielee-
tric media fails at distances comparable to the interatom-
ic distance. {ine is forced to introduce a phenomenologi-

45

cal cmoff distance lof the same order of magnitude as the
interatomic distance) that regularizes the potential. With
such a cutoff it was shown'’ for Gaas-Ga,_,Al As
guanium wells thal, although the confinement potential
barriers are low, the corrections due to the dielectric sur-
face polarization are not too important due to the small
difference of the dielectric constants.

In this paper we present an analysis of the interacting-
electron-hole-pair ground state {exeiton ground stated in a
spherical quantum dot, meluding a finite confinrement po-
tential barrier and a cutoff dielectric self-energy. For sim-
plicity we assume the same effective masses inside and
outside the dot. In Sec. II we discuss the effective
Coulomb potential energy of charged pacticles inside and
outside a dielectric sphere. In Sec. I11 we then present
the Schrodinger problem of an electron-hole pair inside
such a sphere. In Sec. IV we show examples of our nu-
merigal solutions and in Sec. ¥V we discuss possible conse-
quences of the results presented.

II. EFFECTI¥E COULOMB ENERGY

A charged particle in the neighborhood of a dielectric
interface induces a surface polarization charge, and con-
sequently its potennal energy depends strongly on the
distance to this interface. This induced surface charge
acts also on other particles and therefore renormalizes
the Coulomb interaction energy. The total effuctive
Coulomb energy for two oppositely charged particles of
absolute charge ¢ in a dielectric sphere of radius & and
diglectric constant ¢, embedded in an infinite dicleciric
medium of dielectric constant €; may be written (see the
Appendix) as

W=[Virn /R /R)1+Viey/R 0, /R
+E(r  RICEr,/RY, 2.1}

where the self-energy is given by
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—Gfpl'r _]pz_'l_' for py =1 and py= 1.

€=¢, /€, is Llhe ratio of the dielectric constants inside and
outside the dot, g and E; are the exciton Bohr radius
and binding energy Irydbergl of the exciton in the bulk
semiconductor material of the dot.

For the case when both particles are inside the sphere,
this interaction energy coincides with that discussed by
Brus.> The other cases are obtained analogously [see the
Appendix} by solving the Poisson equation with the ap-
propriate dielectric boundary conditions.

The general term of the series defining the self-energy
behaves for { —» oo like the geometrical series, and there-
fore the self-energy is diverging as r /R — 1. Subtracting
known series, one may put the self-energy into the form

a5 e—1 1 i
= —_———— e —— — — 1_
Iipt=Ep R i1 I—Pz 2 e+l Ini 1 —p?}
u
I
e+] 2 AL+ Tied- 1}
for p < | and
43 e—1 1 1 3
Zipl=Ep— ~—¢|- 5 ———Inll—p™%)
PR R en1 |15 1m0 F
€
+_
pz et}

w -2
x —;
J;,JH+1)[1+NE+1J]
forp>1.

45 SURFACE-POLARIZATION INSTABILITIES OF ELECTRON- . ..

14 137

SELF -ENERGY {urits of £ )

0.0 0.5 1.C 1.5 7.C
v /R
FIG. 1. Self-energy of a charged particle tin umits of the Ryd-
berg energy £ at the rudial position g Gn units of the sphere
rading R), inside and outside the dielectric sphere having a rela.
tive dielectric constant to the surrounding e=10. (The dashed
lines correspond to regularizations with 5= 0.08 and 0.16.)

After this separation of the singularities, the remaining
series are converging everywhere, ineluding the boun-
daries. In Fig. 1 the self-energy is represented in a radial
domain ranging from the center of the sphere to twice its
radigs. The divergence at Lhe surface of the sphere is not
integrable and is pathological for the Schriddinger equa-
tion. The attractive potential just outside the sphere cap-
tures (traps) all particles at ¥ =R +0. In what follows we
shall use a regulanized self-energy E7p), which is finite
everywhere. It coincides with Zip) for |p—1|>8ag /R
and in the interval |p— 1| < 8ay /R the regularized self-
energy 15 just a linear interpolation between s values at
p=1xbaz /R, respectively. The cutoff parameter 5
represents the exclusion of a layer whose thickness Bag
should be of the order of the lattice constant, a domain in
which electrodynamics of continuous media breaks down.
In Ref. 13 another reguladzation is introduced which
gives a smooth interpolation. The numerical results,
however, are sensitive only to the range of the interpola-
tion 6.

The series defining the interaction energy are also
diverging (or r; —R& and simultaneously for r,— R, how-
ever, the divergencies are integrable and thus do not pose
too severe a difficulty for the Schrodinger equation.

HI. SCHRODINGER PROBLEM
OF AN ELECTRON-HOLE PAIR
IN A QUANTUM DOT

Besides their Couvlomb interactions, the electron and
hele in a quantum dot feel a confinement potential,
chasen as a finite potential barrier of height U;. For sim-
plicity we take the same barrier height for both particles.
We are interested to find the lowest-lying eigenenergies
and wave functions of the Hamiltonian operator

# #
H=— 2. vfr— 2y ?Ek-i—Uu[B{r! —R)+Bi{r, —R}]
+ Wi, .1, (3.1

for an electron-hole pair with effective electron and hole
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masses m, and my, respectively. The superscripl roat the
Coulomb energy indicales that the self-energy was re-
placed by the regularized one. [Actually, it is convenient
to work with a continuons potential barrier which also is
linearly interpolated between © and £y in the inierval
R --Buy <r <R +8ap and not with the usual step func-
tion barrier U, r —R 1]

O general grounds one may expect that if the depih of
the dielectric Coulomb trap just cutside the dot is muoch
bigger thun the height of the confinement barrier, then
the particles may he trapped in this potential mimmoum,
The first one to be trapped would be the heavier particle,
e, the hole in an electron-hole pair. To investigate this
scenario and to find the range of physical parameters
where the surface trapping occurs, we solved the
Schridinger equation with the twao-particle Hamiltonian
(3.1} using twe different numerical methods.

Our firs! approach is a Hartree or selif-consistent poten-
tial approximation. This means that we factonze the
two-body pround-state wave function into a simple pred-
uct of spherically symmuetrical one-particle wave fune-
tions:

L8 o0 RSN  I' A A 13.21

The vanational principle then yiclds the sclf-consistent,
coupied one-particle Schrodinger equation

*‘f— a3ERVE+ 80, —R)

FH

1
S AT TR IXE R %wctq. =003

for the electron and analogously for the hole. The poten-
tial energy of the electron in the average field of the hole
1 given by

U,ir 1= e, Vin, /Rt /R Ir )2 3.4
Due to the 5 symmetry of the one-particle ground-state
lunctions only the ! =0 partial wave of the interaction
putential (2.3) contributes here. The total ground-state
energy £ differs from the sum of the one-particle Hartree
pground-state energies through the Hartree constant

E=e,+e,+ [dr, [dr, Vie./Re /R

< (e 01 i 012 3.5

This system of one-dimensional Schrodinger equations
was solved iteratively for the twe parhicles using the
Runge-Kutta hisection method for one-dimensional
Schradinger equations.'® The iteration starts by solving
the Schrddinger eguation of the lighter particle (slectron)
without interaction with the heavier particle (holed. This
wave funetion is used in the full equation of the heavier
particle and so on. The convergence is achieved typically
within five steps.

Another approach to solving the two-body ground-
stale problem is a madification of the matrix diagonaliza-
tion method of Rels. 9-11, which enables us to achieve a
high degree of precision. This method consists in devel-
oping the two-particle wave lunction in sums of products
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of a complete system of one-particle cigenfunctions,

Pirr, 1= 3C, dile, i, ),

T

(3.6

where v and p¢ are running through the quantum numbers
of a complete basis of one-particle kinetic-energy eigen-
functions for clectrons and holes, respectively, Taking
into acconnt the spherical symmetry of the problem, the
angular parts may be separated and ecach of the indices
4t sunmarizes the angular momentum basis indices { m
and a radial quantum number #,:

L“Jg_,,,.,‘r[r]=é;_,,,‘,,'(rfl}',.'“t(l] .

Taking any finite number of terms tn the expansion
(2.6 reduces the Schridinger problem 1o a mainix diago-
nalization, Supercomputers permit one fo achieve a high
degree of convergenee, successively increasing the num-
ber of components, Of cowrse, angular momentum con-
servation allows an efficient reduction of the dimensional-
ity of the matrix. A peculiar aspect of this method, when
applied 10 the problem an this paper, is the choice of the
radial part of the ane-particle hasis, Since the potential
barrier is finite and the ground-state wave function is not
to be expected to vanish everywhere outside the sphere
boundary, we choose the basis of the wave functions of a
single particle moving freely in a fictive sphere whose ra-
dius was chosen twice as big as that of the actual dot.
This size of the fictive sphere was foond to he large
enough to not influence the resales,

Actually the Hartree approximation may be considered
as a pecullar case of the general matrix diagonalization
method, Indeed, if only s-wave one-particle fFonctions are
retained and the caeflicients are looked upon only in a
factorized furm, one recovers Fy. (321, Although these
restrictions are not negligible, we shall see that qualita-
tively, and to a greal extent also quantitatively, the Har-
tree solution gives predictions in good agreement with
those of the numerical diagonalization,

1V, NUMERICAL RESULTS

We performed numerical calgulations with the de-
scribed methods using identical physical parameters. We
ook an clectron-hole effective mass ratio m, /m, =0.1, 4
dielectric-constant ratio €= 13, a dot radius identical
with the exciton Bohr radiuz R =4, and a cutoff param-
eter 5=0.08, The height of the potential barrier £y was
varied in discrete steps in 4 wide domain to cawh the
whole scenarie of surface trapping.

In Fig. 2 the radial distribution of electrons and holes
for the case of an infimte polential bareier (8 — e ) is
shown bhoth for the Hartree approximarion and the
matrix-diagonalization method.  Even though we see
some quantitative differences, both methods show that
the electron and hole distributions are displaced from
another, and the heavier hole 1 cushioned away from the
surface and pushed toward the center of the sphere. For
later reference we call a state with such an clectron-hole
distribution a “volume state™ of the quantum dot,

In Fig. 3 we show within the Hartree approximation
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C

i

FIG. 2. Radial distribution of electrons and heoles in an
infinitely high potential well with R =ag, €= 10, and
m, /my =0.1 (full line, matrix diagonalization; dashed line, Har-
tree approximation).

the changes of the radial distributions of the electrons
and holes introduced by a finite potential barrier. At
Uy =40E the barrier is still equivalent to an infinite one,
but a further reduction down to 30F, causes gradual
changes of the hole posiion. The hale graduoally moves
to the surface of the sphere, while the electron still
remains delocalized inside the sphere. This state is
denoted as “surface state.” A following decrease of the
potential barrier brings the electron also to the surface,
but still with a wider distribution than that of the hole.
Cualitatively this picture survives even after the complete
elimination of confinement barrier (L/,==0) The particles
remain confined in the minimum of the potential energy
given by the self-energy represented in Fig, 1.

Essentially the same scenario 15 described by the
matrix-diagonalization calculations, but Fig. 4 shows that
some guantitative differences occur. The hole radial dis-
tribution on the surface is less sharp and the electron ra-
dial disteibution follows more closely that of the holes,

Rudia' Lonsily

FIG. 3. Radial distributions of electrons (dashed curves) and
holes (Foll curvest by different potentizl barter heights & (in
units of Ey) with R =ag, €=10, §=0.08, and mt,/m,=0.1,
within the Hartree approximation.

14 13¢

Derety

FIG. 4. Radial distributions of electrons (dashed curves) and
holes (full curves) by different potential baroer heights Ty fin
units of Egq) with R =ag, ¢=10, §=0.08, and rr,/m,=0.1,
within the matrix-diagonalization method.

Ag in the Hartree approximation, we observe a gradual
transition of the electron-heole pair from volume to sur-
lace state.

In Fig. 5 we show the energies of the electron-hole pair
groond state as & function of the confinement potential
height. It gan be seen that parallel to the iocalization of
haole and electron on the surface, a strong drop of the en-
ergy follows, which socn becomes negative. Negative en-
ergies here mean a reduction of the electron-hole-pair
ground state in the quanium dot below the band gap of
the corresponding bulk semiconductor material. This
energy reduction would amount to a redshifted absorp-
tion onset in the quantum dot in comparison to the con-
tinoum absorption in bolk, The polarization ensrgy com-
pensates and even overcampensates the confinement ener-
zy. Before localization of both particles on the surface
sets in, the matrix-diagonalization results are lower than
the Hartree results. For smaller confinement potential
values the Hartree calculations give lower energy values.

- (]
1
k= =)
a8
= -
=] i
&
E_ -5 - /f;’ -
< ! &
[ i
= L /
/
&7 -15 [ R

12 200 30 40 U - T
Lo/ Ep

FIG. 5. Energies of the calculated electron-hole pair states
Tor different potentiai barrer heights £, (in units of Ep) with
R=asz, =10, 5=0.8, and m, /m, =0.1, within the mairix-
diagonalization method (Full curve) and the Hartree approxima-
tion (dashed curvel,
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F1G. 6. Radial distributions of clectrons {dashed curves} and
holes (full curvest as functions of the normalized radivs r /R for
dots of different radii R for the same parameters {f, =40&g.
=10, 5—0.08, and m, /m, =01 within the Hartree approxima-
Lo,

In principle the mairx-diagenalization energies can al-
ways be reduced to less than or equal to the Hartree cal-
culation values ximply by increasing the expansion basis,
In the present case we did not atternpt this numericslly
mereasingly expensive task, since we do not believe that
the domain of negative energies has physical significance,

In an experimentally realized quanium dot system it is
not trivial to change the confinement potential, since this
is basically determined by the chosen semiconductor and
host materials. However, a reduction of the dot size at
fixed confinement mdential also leads to a decreasing
influence of the quantum cunfinement and to a more pra-
nounced penetration of the hole and electron imto the
host material.  To  invesiigate this  experimentally
televant situation we show in ¥ig. & compoled electron
and hole distribution functions (within the Hartree ap-
proximation) for various dot sizes at fixed potential bar-
vier (§7,=40E, and 5=0.08). For large dol radii
(R /ag = 0.8} we see the electron-hole-pair volume state.

- ——_———

i
-

a

FAIR EMERGY [units of ]

F1G. 7. Energies of the calculated electron-hole pair states
for different dot radii R with U, =40E,, €= 10, §=0.0%, and
m, Sre, =01 withio the Hartree approsimation.
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A transition to the surface state occurs around
R /ag =04 InFig 7 we represent the corresponding en-
ergy of the electron-hole pair as a function of the dot Ta-
dius R. It is always muoch smaller than the ideal kinetic
confinement energy (mag /RYEg.

V. DISCUSSION AND CONCLUSIONS

Our numerical results show that the interplay between
the attractive surface polarization and the repulsive
quantum confinement potential leads lo a scenario where
the electron-hole excitations may be confined inside the
quantum dot or trapped close ta the surface. For typical
CdS parameters (¢p =30 A and Eg =30 MeV} and regu-
larization of the surface potential at a reasonable culnlf
distance (about 5 Al, surface trapping of the optically
generated electron-hole pair accurs ar a confinement po-
tential Leight of the order of 30E,. Alternatively, lor
fised confinement potential (40Eg) the transition from
the volume to surlace state occurs around R /qg =0.4.

The described scenario is a direct consequence of the
use of the continuum theary of the dieleciric boundary
cffects and the resulting divergence of the particle sell-
energies 15 mainly a difficulty of the theory itsell. The
simplification of using the same effective masses outside
the sphere may influence quantitatively vhe results, how-
ever, Lhe slrong attractive potential just outside the dors
remains.

Even though the actual numbers resulting from our
simplified study may have to be considered with skepti-
cism, the qualitative aspects of our theory should be
relevant for the understanding of experimental observa-
tions. Here we think in terms of a scenario with a possi-
ble dielectric self-trapping in small quantum dots, mainly
of the hole, close to the sueface of the dot, whereas the
electron is still mainly delocatized inside the dot. In this
way the confinement energy roughly corresponds to the
elementary kinetic confinement energy, while the ¢harge
distribution of the two particles are significantly separat-
ed and the probability for the hole 1o wnmel out of the
dot inte the surrounding matenial i inereased,

A stronger charge separation might be an eaplanation
for the big Huang-Rhys Factors suggested by recent ab-
sorption, luminescence, and Raman scattering experi-
ments. ¥ The focalization of the hole on the surface, on
the other hand, might agree with some experimental con-
clusions  about possible  surface states of gquantum
dots.!* 72!

An interesting possibility emerges if one wakes into ac-
count that the background dielectric constant that should
be used on a short time scale is only determined by con-
tributions from the valence electrons (€, ), while on the
long time scale one should use the dielectric constant €,
which also includes the slow ionic response. Since ac-
cording to our results a vartation of the ratio ¢ of the
diclectric conslants inside (€, and ouside {€,) the quan-
tum 4ot may result in a drastic change of the pair states,
it is possible in principle to have an effect similar 1o the
standard Huang-Rhys effect, in the sense of having
strongly different clectron-hole-pair wave functions in the
early and late state of the presence of the pair in the dot,
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Hence, the states into which absorption occurs and out of
which the lumingscence takes place could be substantially
different. Since e;>€, the luminescence could oceur
from the surface trapped state, whereas the absorption
takes place into the valume state.

In conclusion, our present work shows that surface
effects, even without defects or surface irregularities, may
play a very important role in the understanding of the
properties of semiconductor quantum dots.
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APPENDIX

We give here the derivation of the classical effective
Coulomb energy [Eq. (2.1)] due to the diclectric polariza-
tion effects at the surface of separation between a dielec-
tric sphere embedded in another dielectric medium. Let
ug caleuiate first the patential created by setting a unit
positive charge in an arbitrary point $ inside ar outside
the sphere.’’ To this effect one has to solve the Poisson
equation inside

€vVi¥=—dap (r<R), (ALY
and outside the sphere

V'V =—4mp (r>R) (A2}
with the charge density

plri=8lr—si, %]

and match the solutions at the sorface of the sphere ac-
cording to

XTIV g y=tXFV |, g q s [(Ad)

et V¥ Lq o= V¥, _g4p - 1AS5)

The standard methoed is to look for the solution as a su-
perpasition of a peculiar solution of the inhomogeneous
equation with the general selution of the homogensous
ane. For the former we chose the bulk solution

1 for s <R
1 ©
Vc[r}Eﬁx 1 [AB)
r—s — fors=R .
£1
Then
V=p,+5V, (AT)

where 5 is the general solution of the Laplace equation.

14 141

It follows from the rotational symmetry of the prob-
lem, that the potential ¥ may depend only on the lengths
s, r of the two vectors 8,1 and the angle 2 between these
two vectors, Then an expansion in Legendre polynomials
is the right way to approach the problem:

Virl=3 ViiriPicosd) . (AR
io
The fth partial waves then satisfy the equation
1 @ i+
el v =3 sy~ (a9)

and the behavior in the origin and at infinity allows only
the salutions

A;r“] forr<R
b= Bir Pforr>R . (A10)
Using also the well-known partial-wave expansion
I+1
1 1 ol
_ = — —_ 9 —_
sl € Z‘,I (s —Fl
I+1
+% %] Olr —s1 | Flcos@) (AID)

one may fix the arbitrary constants by imposing the
boundary conditions Eqs. (A4) and (AS5), which for the
partial waves look as

il ad (A12)
§—— =6—— .
iar r—R -0 2 ar R0
Vil,cg—o=Wl, g eq - 1A13
The complete solution 1s then
} i L)
E_ & r
Vigsy= 1 |1 4 € =1 =
ne= [r—s. E R||®
I's I+1
Pl |
o | 1—fie+ 1)
(Al4)
for 5 < R and
. L= [ ,
_£= 5 ’
V —_— _ —_
= sl & 2| R
4
s !
XP =
Pl L 14te+1} ‘
(A15)
for 5 = R, Here we did introduce the notations
_ |t forr<R
A= |11 forr»R (Al6)
and
£ .
E=— . {Al7)
£
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Now we discuss the electrostatic energy of a system of
paint charges ¢, (i =1,2,...,%) described by the charge
density

X
plry= ¥ g,8(r- 8;}.
=t
With a continuous potential that vanishes at infinity the
electrostalic enerpy may be writlen as

w=1[drviepic)

(ATB)

LAY

On the other side, the potential V, according to the su-
perposition principle, may be expressed as the sum of the
potentials created by each of the particles

A
Firi= ¥ g, Firs ). [A20}
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The motivn of the classical polaron in a de ¢lectrie field is investigated numericaliy. En oo limited runge
of purameters (ficld und coupling constant} o stable stationary asymptote drift of the electron with a
constant velogity is shown to cxist. Quuside this range of parameters the electron i asymploticalky ac-
celerated by the fcld. Tike o free charge. This model is un iltustrodion of the dissipative behavior of a
clussical mechanical subsystem coupled to o mechanicul syitemn with un infinite number of degrees of

freedom (here the classical 1O phanen field).

FACE numbers: 11384

The maodel of an ¢lectron interacting with a longitudi-
nal optical (LOY continuwm phonon field through the
Frishlich coupling [1] is one of the basic quantum-
mechanical models used in the description of polur sobids.
Many years ago Feynman [2] introduced a path integral
fermulation of this pelaron medel, in which the integra-
tiwn over the phonon variables is formally perlformed.
The action lunctionul of the poluaron appearing under this
path integral corresponds 1o a retirded self-interaction of
the electron with itsell. In spite of the muny applications
af the quantum-mechanical polaron model, its truly clas-
sical version got very litde attention. About a decade ngo
some unalytical asymptotic solutions with finite orbits
[3-5] were lound.

In this work the evolution of the system fram an initial
state at ¢ =0 withouwl polarization {no phonons) und an
applied de electric ficld collincar with the initial velocity
of the partiche is investigated. Therefore the solutions de-
seribe o one-dimensions! collinear molion and do sot in-
¢lude Far vanishing de field the finite orbit solutioos af
Refs. [3-5h

The main result of this paper is the analytical and nu-
merical prool of the existence of stationary-flaw asymp-
takic selutions in the presence of the de eleetric ficld,
This is an cxample of a dissipative asymptotic motion of a
particle interacting with a system having inlinitely many
deprees of Treedom (the phonon field). 1n recent yeurs
dissipative asymplodic results on o muothematically rig-
arous level have been vbhtained concerning the mation of a
classical particle in a Rayleigh fsee Ref [6] fur u
comprehensive review). The pecu ty of the dissipative
behavior deseribed in this paper is that it is not of statisti-
cal nature, but refers to the trajectory of o single perticle
and deseribes u stale with stationary Now.

Tet us define briefiy the model (although it may be
found in muny textbooks]. 1t deseribes o polarization (di-
pole) density P{x), which in the absence of interuction u
obeys an oscillator egquation with the mass density p and
a single frequency myg. This phonon field interacts with
an clectron o mass wand chuarge ¢ through the Coulomb
energy

__1 VPx, i dply.r}
T f:fxfd’y -

1674

where plx,7) =ed{x—1{t)) is the charge density of the
electron, ¢ is the current coordinate of the electron, and
£« 15 the background dielectric constant.

Unfortunately the model with Coolamb potential is
mathematically il] defined due to the singularity ol the
orgin, This is due to the dealization e an oscillator con-
tinuum contained in the above formulation. The phonons
of solid-stute physies are actually oscillations of a discrete
lattice and the dungerous continuum idealizution is usual-
Iy repaired by restricting the wave vectors of the phonon
(palarization) field 1o the frst Brillouin zone, therefore
assuring the conservation of the correct number of de-
grees of Ireedom {Drebye trick). This is equivalent o the
eeplacement of the Coulomb potentisl through o non-
singular cuwiofl potential rhte) depending on o cutolf
lenpih g The medifieation of the potential is such that

. _
limrial=—.
@ +n |¥E

Besides the interuction with the phonons we consider
also an external de electric lield E acting on the electron.

The prototype of the clussical polaron model we consid-
er in the following is then described by the Lagrungian
Tunction

¢
rediiget fax] et -uta?
=T il x{u X uix

102

+

£ \?‘u(x)r(x—r)} R
4r

where the inverse of the phonon frequency wro was
chosen ws a wnit of time, the cutaff Tength @ as a wnik of
lengih, the energy unit is maw ge }°, and the phonon ficld
was tesciled Lo dimensionless vector field wix,r). Alter
this rescaling it becomes obvious thut the theory depends
oty on two dimenswnless paraineters, the coupling con-
stant and the rescaled de hicld,

k4

£ :

dae e -

. 6=
HE=ln

i
: T k.
e*muwioa £ LT 10 Y

{For illustrational purposes, with a cutoff length g =16 A
and CaAs parameters C==3.2.)

Since only the langitudinal part of the phonon field s
coupled to the clectron, it is sufficicnl to concentrate on

© 1993 The American Physical Sociely
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these Tongitudingl degrees of freedom. The coupled equa-
tions of motion (ollow as
£z

C ex—rtr1), ()

Villx, s ¥ ulxsl=—

Tled=6—

152
f;] Jaxveta—renvatxsd. @

One may eliminate the palarizalion charge in favor af
the electronic variable through the formal sotution ol Eq.
{31, We shall do this by choosing a special solution of the
inkomopeneous equation adequate for delining an initial
value problem at ¢ =0. We chose a vanishing polariza-
tion in the absence of the electron charge (introduced at
r =0}, then

i -
Voulxt)=— {(

172
o ] _[; dr'sinlt — ¢ W (x—1{'}).

(4)

This polarization charge density induced by the electron
i noovanishing only along the path of the electron within
a tube whose transverse dimension is given by the cotoff
length. Introducing this result inte the Mewton equation
of the electron one gets the closed cquation for the clec-
tran (From now on o be called polaron)

il
arie}

where @ new potential ¥ was intraduced according to the
delinition

Firy= —;—ﬂfdm‘(r-x)\"zr(x). (6}

'r'(f)-6’+(.‘J:d;’sin(f—.") Vil =), (5)

1 one chooses for ¢{x) to ke the Coulomb potential, enc
gets for #0r) again the Coulomb potential, but otherwise
the two are different. Nevertheless, if one chooses a
cutoff procedure in which the “smoothed point charge™
plxd=— L x¥2ix} falls off sufficiently rupidly away
fram x =0, the patential F{r} will be also Coulomb-like.
One sces that il s convenient to consider the potential
F (e} as the primary quantity instead of r{r}. We chose
lor our calculations a simple analytical form lor this po-
tential whick is regulur in the origin, and Conlomb-like at
targe distances
Viey=(r2+1) 712, 3]
In whult follows we shall consider only collinear
maotions, which are the only solutions il the initial velocity

ol the clectron is collinear with the field, and arrive at the
ane-dimensional equation

dixle) _ e e x{e)~xle)
e € Jy arsint =) s e e
+6&. {8}

The solution is complelely determined by giving the coor-
dinate and the velacity of the polaron at 1 =0

LETTERS 15 MARCH 1993
2 . T T T — —- -
1= | .
I 4
14 N
1
| J
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1
[
.
n -::b‘_"l:-.- TIJ15_UE---r_.-. [ 1 I1.‘ _II\
it
FIG. 1. Possible fasvmptoticul) stationary-Now velocities of

the palaron w as a function of the ratic of the ficld & to the cou-
pling constant €

Equation (113} is o nonlinear integrodifferential equa-
tion with infinite memory and therefore finding ity gen-
erul solution unalvtically is hopeless,

Lot us assume that there is a solution in the preseoce of
the field, which “very rapidly™ develops into a stationary
mation with constant velogity e

x(e)
A necessary condition for this velocily is

A i —
(]""—(.ﬁI d!mn![{m]:_'.”_m+é’. (9)

which leads 10 the transcendental eguation lo terms of a
Bessel Munction)

~ur .

{1

The dependence of the ssymprotically stationary velocity
wan &/ is represented in Fig. 1. 10 is clear that above a
certiain fchd {6, =0.483C), which is the upper bound
of the momentum transfer rate to the phonons in a uni-
lorm medion, na asymptatically stationary-fow solulions
ure possible, 1t is worth mentioning thatl in order 1o sus-
lain a stationary Aow with a finite (uoscaled) velocity aw
as a — 0, according to Eq. (8) ane needs ar infinite (un-
sealed) ficld £

OF course the existence of such an asymplotically sta-
tionary solution is not yet shown, bl just a necessarcy cri-
terion for its existence was {ound. Urnfortunalely a stan-
dard stahility analysis is not possible. First of all, we do
nat know the exact solulion but just its asymptotically
leading 1erm.  Secoend. any linearized version of the
theory, due w the memaory effeets [ooks even more com-
plicated than the original nonlingar cquation.

The very existence and stability (against variations of
the initial velocity) of the stationary drift solutions will be
shown only numerically, Equation (8) has indecd o very

la7s
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FIG. 2. Velocity of the polaron as a function of time in the FIG. 4. ¥elocity of the polaronr as a function of tme i the
presence of a field & =0.75 ut a coupling constant =232, The presence of a field & =1.25 at a coupling constant (=32, The
tnitial velocity was taken to e sero. initial velocity was waken to he —2.00

simple structure, which is easy Lo translale nlo a rapidly  tial velocity 500} =15, the trajectory suddenly chunpes
converging discrete numerical algorithm.  In whal fol- its nature and becames uniformiy acceleraled as is shown
lows. numerical solutions of this equalion oblained on a in Fig. 3 The same kind of transition to accelersted
wark slation are reported. motian gceurs if the initial velacity 5(0) =0 of the elec-

All the sclutions found for various coupling constanis, trical field 15 increased to & =125 although this i sull
liclds, and initial velocities may be classitied in one of two  smaller than the maximally allowed momentum transler
categaries: {a) paths which asymptotically wend to a uni- rute given for this coupling constant by &, =1.54564.
form drift, whose velovity Cwithin some error] lies on the MNevertheless, an asymptotic motion with a constant drift
lower branch of the curve of Fig. | and (b) paths which may be again realized if the initial velocity is tuken oppo-

ssymplotically teod to the uniformly accelerated motion  site to the direction of the field ¥{0)= —2.0. Above the

of the noninteracting ¢lectron in the external de field, maximal field of 1.5436 the asvmptotical motion s al-
The ecxample given in g, 2 illustrates s trajectory of  ways uniformly accelerated.

the first category. At a coupling constant O=3.2 in the It can be casily seen from Eg. (4) that in the asymptot-

presence of o field & =075, after starting with an initial  jcally steady drift motion the induced polarization charge
velocity 4(07=0, one wvery rapidly obtains a steady  density closely Tollows the eleetron, and it is well approxi-
mulion, whose velocity corresponds (o Lhe asymptatically mated by a running wave with the phase velocity -+ und
predicted value, Under the same parameters, bul an ini- the phonon frequency along the clectronic path. At the
same time it can be shown that the energy of the phonon
system increases lincarly with the time, while the interac-

250 T ' T T T

RN E

150+ ]

b 1 ‘;
. -
nk . L L . R
W . . : . . . . . .
Hi kH] (] (EH] om 2l zm A% I i 1 i K al [ " 1
i .

FIG 30 Velocity of the polaron as a function of lime in the FIG, 5. Coordinale of the polaron as a Tunstion of lime in
presence of a lield & =075 at a coupling constant £=3.2. The the presence ol o field & =125 al o coupling constant C=3.2.
thitial velocity wus taken to be |5 The inttial velocity was taken to be = 2.0,
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FIG. 6. Coordinate of the poleron as a function of time in
the ahsence of a field Eor a coupling constant € =3.2. The ini-
tial weloeity for the twa trajeclories wus Laken to be 2.0 and 4.0,
respectiveby.

tion energy remains asymptotically constant. 1F during
the initial stape of the motion, which is maioly deter-
mined by 1he initial velocity of the electron and the ap-
plicd ficld (ballistic motion}, the clectron does not lose
its contact to the polarization charge, then steady mo-
tigzn follows asympttically, if in the same lime the
field strenpgth does not exceed the maximal momentum
transfor Tate & qas.

On the contrary, in the asymptotically accelerated
motion the polarization charge density decreases as 1/t al
any linite distance behind the electron. The electron loses
its pelarization cloud and the interaction energy vanishes
as 1/, This kind of asymptotic behavior follows whenev-
er, cither due 1o the high initial velocity or high field al-
ready in the initial (ballistic} state of the motion. the
electron leaves ils polurization charge fat behind.

On the grounds of the discussion above it is alse under-
stunduble why no drift solutions on the upper branch of
the stationary curve. having high velecities, were found.

A closer inspection (blowup) of Fig. 2 actually shows
small amplitude oscillations, which decay very slowly, if
at all. These vscillations are well pronounced in the case
of the drift motion at C=3.2 and &=1.25 and x(0)
m =20 shown in Fig. 4. Nevertheless, the palh of this
polaron in Fig. 5 shows a clear constant average drift ve-
locity of 0,455, slightly above Lhe expeciled ideal value of
.41, The ground frequency of the oscillations is always
1 {the phonon frequency}, however, it has many higher
harmonics. The deviation of the drift velocity [rom ies
ideal value might be attributed either to the lact that the
Irug asymptotic regime was not yel achieved, or rather o
the tough asvmptotical analysis, which teok only the
leading asymplotic lerm into accounl.

The above described scenario has been checked hy vari-
ous coupling constant strengths, fields, and initial veloci-
Lics.

Srong asymptotic oscillations are alsa Gypical for very

FiG, 7. Courdinate of the polaron os a function of time in
the absenee of o ficld st a coupling constant € =32, for an ini-
tial velocity of .01,

low fields. Therefore, although in the ahsence of the elee-
tric field according 1o Fig. 1 the asymplotical drift veloci-
ty should wanish, we canoot exclude oscillating slow
asymptotic drift solutions. Accerding to the numerical
experience, the motion of the electron in the absence of a
dc field first suffers a rapid slowdown and afterward a
very slow drift regime sets in. [n Fig. &, lwo trajeclories
are represented for =22 having two difTerent initial ve-
locitics [4{0}=2.0 and 4.0). The drift velocity of the
slow motion is, however, not constant. One of the trajec-
tories was lollowed over o long time duration (¢ =1000)
and we found that the average drilt coordinate increases
sublinearly approximately as (%% W canoo decide,
however, on the basis of our numerical results, whether
the motion is asymplotically very slowly damped, or a
steady asymptotic drift regime with a very small velocity
will be achieved. 1L is also relevant that for very small in-
itiat velocities the oscillatory compenent of the maotion
has 4 very complicated structure like that shown in Fig. 7
for £60y=0.01 and € =2.2 and no damping could be pul
into evidence.

The author would like to thank H. Haug for many use-
ful discussions and K. [l Sayed lor discussions and
methodical advices.

[1]1 H. Frihlich, Ady. Phys. 3, 325 (1954).

[2] R. ¥. Feynman, Phys. Rev. 97, 660 {1955).

[31 R. Extard, I. IDeveeese, E. Kartheuser, and €. . Cirosje-
an, Nuove Cimento Soc. lal, Fis. 12K, 118 (1971),

[41 G, A, Ringwoud und ). T, Devresse, ], Muth, Phys. 2L,
1918 (1950},

[5) F, Peeters and 1. T. Devreese, 1. Math, Phys. 21, 2302
(1980

(6} H. Spohn, in Large Scele Dyaamics of Interacting Parti-
cles, Texts and Monographs in Physics, edited by W,
Beiglhiick, 1. L. Birman, K. . eroch, E. H. Lieh, I.
Kegge, and W. Thirring {Springer-Verlag, Berhn, 1991).

1677

Ladislaus Banyai: Profile in Motion



Reprinted from AmNars o PEYSICS Vol. 233, No. 2, August 1, 1994
All Rights Reserved by Academic Press, New York and London Printed in Belgium

Time Reversal and Many-Body Non-equilibrium
Green Functions

L. BAnyar aND K. EL SAYED

Institut fiir Theoretische Physik, Universitit Frankfurt, Robert Mayer Strasse 8,
D-6000 Frankfurt am Main, Germany

Received June 30, 1993

A detailed discussion of the relationships following from time reversal invariance or
covariance of many-body theories is given. The discussion includes equilibrium and non-
equilibrium Keldysh Green functions. It is shown that self-consistent RPA approximations
conserve the above deduced relationships.  © 1994 Academic Press, Inc

1. INTRODUCTION

Time reversal invariance of mechanical theorics is one of the most important
symmetries. Its fundamental relevance for relativistic quantum field theories
has been recognized very early. Within ordinary quantum mechanics it help to
understand important relationships like Onsager relations, detailed balance, etc.
A detailed technical understanding of this basic symmetry is particularly important
to understand the origins of irreversibility observed in nature. Most obviously time
reversal symmetry may be broken for a system in contact with a bath (open
system). If a system is treated in the thermodynamic limit the symmetry may also
be broken, because the system obtains infinitely many degrees of freedom it may act
as its own bath. But the evolution of some systems, e.g., a semiconductor excited
by a laser pulse with a duration of just a few femtoseconds or a small electronic
device with very high internal electric fields, cannot be described as either coherent
or dissipative. The so-called quantum kinetics, developed in the last years [1-3],
tries to combine these two aspects of the evoluotion within a unified formulation.
In this context the time reversal properties of the many-body theories, as well as
those of the usual approximation schemes, may be very useful. With all the progress
of the last decades in the field of many-body theories and the abundance of good
textbooks and reviews, a detailed discussion of the time-reversal symmetry in the
context of non-equilibrium, to our knownledge, is still lacking.

In this paper we follow the book of Lee [4] in the formulation of time-reversal
in the second quantization formalism, but we use the simplifications of the non-
relativistic limit. We derive first relations following from time reversal invariance
for the equilibrium Green function. Afterwards we discuss the case of general
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time-dependent Hamiltonians describing the interaction with external time-
dependent electromagnetic ficlds. In this case we treat the non-equilibrium Green
functions introduced by Keldysh [5] and speak more correctly about time reversal
covariance, since also changes of the external sources are implied. We show that the
derived relationships are obeyed also within the self-consistent RPA approximation
both for Coulomb interacting particles and interacting particle—phonon systems.

II. TiME REVERSAL

Time reversal invariance in classical mechanics may be understood as the
possibility to reverse the trajectories if the velocities of the particles are inverted at
a certain moment. This simple formulation is true only in the absence of velocity-
dependent forces and of external forces explicitly depending on time. In the follow-
ing we restrict the discussing to interactions via electromagnetic forces which are
the relevant for macroscopic systems (solid state, liquid, and gases). Time-reversal
covariance then reads: If r(r), E(r, 7), B(r. t) are the solutions for the particle
coordinates, electric and magnetic fields in the presence of the external charge current
densities p .. (r, t) and jo.(r, t), then r(—t), E(r, —t), —B(r, —1) are also solutions in
the presence of the external charge and current densities p ., (v, —1) and —jeq (r, —1).

In quantum mechanics the formulation is a little bit more complicated [6],
because the state of the system is described by a wave function. In the simplest case
of a particle in a time-independent external electromagnetic field characterized by
the potentials ¥7(r), .«/(r), the Hamiltonian

1
=5 (—iV el ' +et” (2.1)

has the property
H=H[V,d]=(H]V, —A])*, (22)

where the square brackets indicate a functional dependence and the star indicates
complex conjugation. It follows, that if y(r,#; [¥7, «/]) is a solution of the
Schrédinger equation,

oy

i = HY (2.3)

with §(r, 0) = yy(r), then y'(r, ) =Y *(r, —1; [¥", —o/]) is again a solution of the

same equation with f'(r, 0)=y&(r).
The charge and current densities are defined as

p(r, t)=ey *(r, 1) Y(r, 1) (2.4)
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and
i(r, 1) =% LY *(x, 1)(—ihV — et (x)) Y(¥, 1) + compl. conj. ]. (2.5)
Therefore,
P 5[V, A])=pr, — [V, —]) (2.6)
and
e, 7, L])=—ilr, —; [V, —]), (2.7)

where the prime indicates that the densities are calculated with the wave function

v |
The time-reversal invariance of the Hamiltonian (2.1) implies that if
Y. (r; [¥, #/]) is an eigenfunction of #,

Y, =E, ¥,

with the eigenvalue E,, then iy *(r; [#", —/]) is again an eigenfunction belonging
to the same eigenvalue.

In the following we shall make precise the formal aspects of the time-reversal
operation in the more abstract formalism of second quantization in the Fock space,
which is very important for many-body physics.

Let H be the Hamiltonian of a non-relativistic many-particle system which may
consist of charged fermions and photons. For the moment we consider a closed
system without external fields. Then H is time reversal invariant (T-invariant) [4]
if there is a unitary operator U, in the Fock space such that

U H¥UE =H. (2.8)
Here the star means complex conjugation of any complex number. The star does
not act on the creation and annihilation operators (a*,a, b™, b), nor on the

vacuum state |0).
If H is T-invariant and the state vector |®P(r)) satisfies the Schrodinger equation

d
fﬁal¢(f)>=h’|@[r}>, (29)
then |@'(t)) = U, |®(~1) ) * satisfies the Schrddinger equation, too,

i 290> = H 1§(0)). (2.10)
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Frequently used shorthand notation for the time reversal operation on any
operator ( and any state |¢ ) is

TOT '=U;0* U} (2.11)
T|p>=Url¢>* (2.12)

With this definition, the T-operator is anti-unitary, i.e., unitary, but anitilinear, and
has to be handled with some mathematical care.

The classical analogy suggests that quantum numbers like momentum and
angular momentum should be inverted by time reversal. We define accordingly the
unitary transformation U, acting on a fermion annihilation of wavevector k and
spin projection 6.=¢/2 (6= +1) by

Uray, , Ur =0a_x o \ (2.13)
and on a photon annihilation operator of wavevector k and helicity s= +1 by
Upb, JUf =—b_y _,. (2.14)

These linear transformations conserve the equal-time commutators and therefore
the existence of a unitary transformation Uy is ensured.

With this choice of the time-reversal operator, it follows that the field operator
in the interaction picture,

ﬁl’a["; I}=Z€i(kr—h2k2f2m}rak‘m (2.15)
k

transforms under time reversal as
Ty r,t) T =0y _,(r, —1), (2.16)

whereas the electromagnetic (EM) vector potential operator A in the coloumb
gauge transforms as

TA(, )T = —A(r, —1). (2.17)

The transformation law, Eq. (2.16), implies that the charge density, current density,
and spin density operators transform as

Tolr, 1) T—"=p(r, 1), (2.18)

Tj(r,t) T~'= —j(r, —1), (2.19)
and

Ts(r, ) T~ = —s(r, —1). (2.20)
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Under these transformations indeed the Hamiltonian H describing the interaction
between charged fermions with spin and photons is invariant,

THT  =H (2.21)
The vacuum state is expected to be non-degenerate and, therefore,
TI0>=510>  (nl=1) (222)
if [n) is an eigenstate of H with the eigenvalue E,,
Hn)=E,|n), (2.23)
then T'|n>= U, |n)* is also an eigenstate of H belonging to the same eigenvalue:
HT|ny=E,T|n). (2.24)

We gave a formulation suited for electrons, ions, and photons with EM coupling,
but other elementary objects, e.g., phonons, can be included easily with a suitable
choice of the unitary transformation U acting on these objects.

III. EQUILIBRIUM PROPERTIES

Equilibrium properties of many-body system are determined by the grand
canonical density matrix,

g —BUH —uN)

7 (3.1)

p:

where N is the total number of fermions, f is the inverse temperature, and u is
their chemical potential. In the absence of magnetic fields the T-invariance of the
Hamiltonian implies for the evolution operator,

=Tt _ gmh, (3.2)
and for the density matrix,
T =pm . (3.3)
By calculating equilibrium averages
(O0Y=Tr{p0}, (3.4)

one is tempted to use the T-invariance property Eq. (3.3) under the trace, and
thereafter to transfer the action of the unitary operator T on the operator (7, a trick
one usually applies by standard invariances under a group of transformations
described by a unitary transformation. In the case of an anti-unitary operator this
is not possible. However, any complications can be avoided by using the properties
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of the eigenstates under time reversal. Indeed, in terms of the eigenstates of H
Eq. (3.4) can be written as

OY=Y p, (n| O |n),

where
o~ BUER— 1)
Pn= Z
The degenerated states Uy |n) form also a complete system of eigenstates and,
therefore,

OY=Y p, *(n| Uf O Up|n)*=(UF O Up)*>* (3.5)

Now for the operator @ we take products of the field operators of the electrons,
wn{r’ r)HEeiHerd[r, 0) e r‘H;,»'h, (36)

in the Heisenberg picture. With our choice Egs. (2.13)—(2.14) of the unitary
operator U, we obtain

(UF ¥ (r, 1) Ur)*= —ay _,(r, —1)". (3.7)
Using Eqs. (3.5) and (3.7) we find
Yalr, Y, ) =a0" (Y (r, =) YL (r', =) )% (3.8)

for the one-particle correlation functions as a direct consequence of the time
reversal invariance of the hamiltonian H.
If only spin-symmetrical systems are considered, then

Yolr, YL (0, )75 =0, o P, (x, )7 (v, )7
=Y _o(r, ) Y2 (', 1)) (3.9)

To simplify the notations we shall drop the spin from now on.

The time-reversal property of the correlation functions gives immediately the
corresponding properties of the equilibrium Green functions. However, we
postpone their discussion until the general framework of the non-equilibrium is
established.
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IV. TiME REVERSAL OF KELDYSH—GREEN FUNCTIONS

For the treatment of non-equilibrium problems Keldysh [5] has introduced a
very elegant diagram technique, which is a natural extension of the usual Feynman
diagrams of the zero temperature equilibrium theory. Even for equilibrium at finite
temperatures this technique tends to replace the standard Matsubara formalism,
which deals with imaginary times.

Let us assume as usual that all interactions are absent in the remote past and
future, that some of them decoupled only adiabatically, and that the system was in
equilibrium in the past, described by the density matrix p,. The Heisenberg and
interaction pictures are chosen to coincide at r= —co. The unitary evolution
operator from time ¢, to the time t,, where ¢, >t;, S(t,, t;) connects the operators
in the two pictures.

Y(1)=S(t, —0)™ Yo(t) S(t, —0). (4.1)

With S(¢,, 1) S(¢5, t,)" =1. For notational simplification we omit whenever
possible the coordinate r in the arguments. This relationship may be rewritten also
under the alternative forms

W(t)=S* T{Yo(1)S}=T{S*Yo(1)}S (4.2)

with the help of the chronological (T{ }) and antichronological (7{ }) products of
operators and of the full S operator acting between —oo and oo:

S = S(co, —m)=T{exp(~éffdeH'[t))}. (4.3)

Here H'(1) denotes the interaction Hamiltonian in the interaction picture.

The basic idea of Keldysh is to introduce a time contour that runs from —oo to
oo (upper branch) and back (lower branch, see full time contour C on Fig. 1). One
introduces a chronological product 7,.{ } on this contour as well as a full S-matrix
on the same contour:

Sc=Tf{exp(_éj de H’{t})}. (4.4)
5

A supplementary time index n= +1 indicates the upper or lower branch on the
contour C and correspondingly the operators carry also this time index.

- 00 -
C) oo

- 00 3
Fic. 1. The Keldysh contour C.
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In close analogy to the zero-temperature theory one has a generalized Gell-
Mann-Low formula connecting perturbed to unperturbed entities,

T APt m (0 n)} o= T {bolt M) U (£, 1) S} Do (4.5)

and the usual Feynman rules are valid with the unperturbed matrix propagator
(causal Green functions):

1
gt ()= CT{Walt, MYE (121} Do (46)

(See Ref. [7-9] for a detailed description of the formalism.)
Instead of these Green functions one often uses also

Gt 1')=gn. (6 ) (4.7)
because after this redefinition some relations of the Green functions and of the

higher correlators have a higher symmetry, Through a unitary transformation they
might be brought to the very convenient form

Réﬁ—ls(G" GA), P (1 ‘), (48)

0 G, J2\-1 1

showing only the three linearly independent components.
We assume that the unperturbed Hamiltonian H is time-reversal invariant,

Uy HY Uf =Hs; (49)

whereas the perturbation part H’, including the external, time-dependent EM
potentials ¥(r, t), &/(r, ¢) transforms as

UrH'[V, &1 U =H'[Y, -] (4.10)
In the interaction picture
H'(t; [V, H])= TP [¥(t), L ()] e HoR, (4.11)
the transformation reads
UrH'(6 [V, #1)* Ur = H'(—t: [V7, r]), (4.12)
with the transformed external potentials

V)=V (-1, ()= —(=1) (4.13)
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From Egs. (4.7)-(4.11) the transformation law of the S-matrix follows:
Up SV, A UL = T{exp(%] dv H'(~1: [V, y] ))}

- T{exp(é r; e H' (2 [V, ] ))} (4.14)
= S* [, ).

We can now apply this relationship to derive the time-reversal transformation
property of the Keldysh—Green functions.
Let us now consider, for example,

1
8- (n 6, 1) == Ylr, YT, 1) o
which according to Eq. (4.2) may be written as
e
T {T{S " Yole, 0} T (x, r')S} Yo

Now using Egs. (3.5) and (2.16) as in the previous section we may show that it
equals also

ST, S} Tipd @ =) 5* ) o

¥, = ¥, o7

== (T{ole’, ~1)S} Ty (1, =1)5%} 30

¥, ol — Vp, AT

1
== (SW(X, =) Y (5 —1)S" Dy

L S 2

The S matrices in the last line may be reinterpreted as performing the average on
a new density matrix,

fo=S* po S, (4.15)

instead of p,. This density matrix describes the state of the system in the remote
future.
The result may be rewritten then as

gin, 50, 5 [V, 1)y =8°(cs =050, —1; [V, 1]z (4.16)

which is actually valid for all the components of the Keldysh-Green function
matrix. This is the time-reversal covariance in terms of the one-particle Keldysh—
Green functions. It is a sort of generalized Onsager relation. In the absence of time-
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dependent fields and no static magnetic fields, the S matrix describes the adiabatic
introduction and elimination of the internal interactions in the remote past and
future. Then the density matrix in the remote future equals that in the remote past
Po= po: the extra notation of the functional dependence on ¥~ and .o/ may be omit-
ted and we obtain, for example, choosing the component (—, +) in the Keldysh
indices,

Y, )Y, 1)) = Y, =) Y (r, =) ) = Y, =) Y ¥ (r, —1') D%

ie., we recover the relationship Eq. (3.8) that is typical for equilibrium.

Proporties analogous to Eq. (4.16) may be derived also for the many-particle
Green functions. Under this form, however, this basic property is not yet very use-
ful, because we need also recipes to calculate the averages on py. This is the next
step on which we shall elaborate.

V. GREEN FUNCTIONS ON THE KELDYSH ANTI-CONTOUR

Let us now define another set of Green functions according the same rules, but
on the contour C shown in Fig. 2,

i 1 ¢ # r
g L T) =z (LAY )y (Xt 1)} o (5.1)
According to the time ordering on the contour € we have

igh(r, t,x't")

=( CT{Yo(r, ) g (', 1) S}ST Do {T{Yolr, nS}T{Yd (v, f')S+}>o)
—CT{Yo (0, )S Y T{Yolr, 1)S} o ST{o(r, ) Y5 (7, £)ST} D )
(52)

This form shows that the matrix elements consists of the Green functions on the old
contour C, but with the average taken for the final density matrix j, instead of the
initial one py.

g.x —8 4
&) =( 4 ) . (5.3)
i —B= E__ /m

-OO( z
00

)
-

y
8

Fig. 2. The Keldysh anti-contour €.
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In terms of the above G.,G,, and G, Green functions (see Eq. (4.8)) this
relationship reads
G% 410, =G5, &ls, (5:42)

A|Po
G5l =GSl5, (5.4b)

In the non-interacting case p, equals j, and this index can be dropped. Therefore
G =G , (5.52)
G°S=G"S. (5.5b)

These last relationships Egs. (5.5a), (5.5b) mean that the diagrammatic rules with
po on the new contour C can be obtained from the old rules with p, on the contour
C by just exchanging G°, with G°,. On the other hand, according to Egs. (5.4a),
(5.4b) one obtains the Green functions on the contour C, but with the density
matrix p,, by exchanging the indices R with 4 of the Green functions on the
contour C, but with the density matrix p,. Therefore, if the one-particle Green
functions with p, on the contour C are known as a given functional of the free
propagators,

Ga.i‘dlﬁnzg&ma[(—;og: Gcg, GOSL (5.6)

the Green functions on the old contour C, but with the new density matrix g,
which appear in the time-reversal relation, Eq. (4.16), are given by

G < = g‘d, R,A‘[Gof{‘s Gﬂg’ GOE]: (5?)

R A 45

ie., by a double change of the retarded—advanced indices.
Now we may reformulate the basic time-reversal relation, Eq. (4.16), as

gk. A, A(r:‘ L ]", f’; [GGRa GG_.{; GDA} V: d])
=€§»{. R, A{r?a = Ii; | P f; [GoAa GOR, God, ’VTS ‘R{T] }! (5-8]

where also the contour index has been omitted, since everything is on the standard
Keldysh contour C. This is an explicit functional relationship which the
Keldysh-Green functions satisfy in virtue of the time-reversal covariance of the
Hamiltonian (see Eqs. (4.9)-(4.10)).
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VI. TiME REVERSAL OF THE SELF-ENERGY

Most of the approximation schemes of many-body theories are formulated within
the frame of the Dyson equations for the one-particle propagators. In a symbolic
notations they read

G=G+IG=6"+63 6" (6.1)

where 2 is the self-energy. The self-energy itself is related to higher Green functions
which again are coupled to even higher Green functions. In that way an infinite set
of coupled equations with rising complexity is formed. The standard approxima-
tions consist in choosing a simplified form for X which decouples the equations.
We shall assume that we are working within such an approximation; i.e., the
self-energy is a given functional of the Green functions G,

Z=2[G].

In the case of the Keldysh formalism it is convenient to write the Dyson
equations (on the contour C, with p,) for the three independent Green functions
Ggr, Gy, and G,

Gr=G"r+ G Zx[Gr, G4, G4] Gy

(6.2a)
=G'r+GrZrlGr, G4, G,41G
G=G"4+G° Z,[Gr, G4, G,]1G,4 (6.2b)
=G’4+G,2,[Gx G4, G,]1G,
G =G4 +G (Zr[Gr. Gy, G4 G4+ Z,[Gr, Gy G4] Gy)
+G° 24 [Gr, Gy G416y (6.2c)

=G+ (GrZr[Gr, G4, G4l + G, Z4[Gr. G4, G,]) G°,

+Gr2r[Gr, Gay G41 G

Since these equations now implicitly define the functional dependence of the Green
functions G, G 4, and G, on the unperturbed ones G°,, G°,, and G°,, according
to the given proves at the end of the previous section, we may write down
immediately also the Dyson equations for the Green functions with the density
matrix gg,

-

Gpa,a=0r a4 'pn-
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Following the recipe of Egs. (5.6), (5.7) we obtain from Egs. (6.2a)-(6.2c)

GR = GOR + GO.R EA[GA.: GR: GA] GR

~ = (6.3a)
= GOR+GR EA[GA, GRS Gd] GGR
Gi=G+G°, 2:G,,Gr.G,16,

4= G+ G Z4lGs, Gr, G (6.3b)
= GOA + G'A ER[GA, GR: Gd] God

G4=G"4+G°J(Z4[G 4, Gp, GG+ 240G, Gr, G, G4)
o ~
+G% Z4[6 4, Gr, Gu1 G (6.3¢)

=G +{G, Zx[G 4, Gr, G,1+G 4 Z,4[G4, Gr,G41)G'%
4G B[00y 6,16

The time-reversal relationship Eq. (4.16) implies, however, besides the replace-
ment of p, through p, also the replacements of the arguments,

r,ur,t'=r, =t —1,
any of the external fields
V(r, 1), (r, 1) =¥ (x, —t) =V 5(r, t), —A(r, —t) = o 1(x, t).
We introduce again a simplifying notation for this operation, namely
GXr, 50, 5[V, A1) =G, =15, =1 [V7, o 7]) (64)
and
GT=G* (6.5)

for the complete time-reversal operation. If time-reversal covariance holds, then
according to Eq. (4.16),

GT=G; (6.6)

i.e, GT fulfills the same equations as G.
The ~ operation is defined through Egs. (6.3a)-(6.3c). Now we have to perform
the now operation *. First we remark that

G =g° (6.7)
and that for matrix products one has

{GI z Gz)x = sz Zx GlX
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where the matrix product does not run over the Keldysh indices. From Egs.
(6.32)-(6.3b) we obtain

Gr=0", 4+ GLZ, 16, Gy G417 % (6.82)
GL=0 4 GL I [6 s O G156 4 (6.8b)
Gj:: GOJ e (GZ\ ER[GAa GR! GA]X+ Gi}:d[ém Gm GA:IX] GOA

W (6.8¢c)
+GL X, [Gy, Gr, G, 15 Gy.
Obviously to recover the original Egs. (6.2),
Zr4,4lGr Ga, G417 =2, 2 4[G%, G}, GT] (6.9)

is required. If this relationship is satisfied, then also Eq. (6.6) or, equivalently,
Eq. (4.16) holds.

After these preliminaries, we may analyze the time reversal properties of different
approximation schemes of the many-body theory.

VII. TiIME REVERSAL OF THE RPA APPROXIMATION

The simplest interaction to be considered is that with some external scalar and
vector potentials ¥7(¢), #/(¢). In this case the self-energy is local in time and space
and it does not depend on any Green function. Its time reversal property is obvious.
If further interactions are added, then still this term will be the only one that
depends on the external fields and the time.

A more complicated structure of the self-energy occurs within the self-consistent
RPA approximation for the Coulomb interactions between the fermions described
by the Feynman-Keldysh diagram of Fig. 3. The full straight line represents the
renormalized self-consistent fermion propagator, while wavy line represents the self-
consistent screened Coulomb propagator (or two-time screened potential) the sum
of all Coulomb self-energy corrections is pictured in Fig. 4. Accordingly,

2, A xy=iV, (x,x') G, (x,xX)n (7.1)
and

V=v+vilV (7.2)

Fig. 3. RPA self-energy diagram.
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+ ANV = AR

FiG. 4. Polarization diagrams in the RPA approximation.

with the polarization diagram given by
I, . (x, x")= =2i G, ,(x, x) G (X, X)n. (7.3)

In Eq. (7.2) a symbolical matrix notation is used. The entities are matrices with
respect to the space-time coordinates x=r, ¢ and Keldysh indices 1. The bare
Coulomb propagator is diagonal in time,

Vo (X, X ) =v(Ir—1]) 3(t — 1) 0 (74)

non'e
with the bare Coulomb potential,
v(r) = e?/|r|. (7.5)

Separating the singular part from the Coulomb propagator and introducing its
nonsingular part by

V=V—y,
we obtain
Eplx,x')= ——%. {0V R(x, X') G 4(x, x') + 8V 4(x, x") Gg(x, x'),
+v(x, X')[G 4(x, x') + G g(x, x') — G 4(x, x")]} (7.6a)
E4l6, )= =5 {8V 6, X)) G, X))+ 8V 5 %) G (3 %)
+v(x, X" )[G 4(x, ')+ G (x, x")— G 4(x, x")]}, (7.6b)
Zix,x)= -:;— {6V r(x, x') GR(x, x")
F OV 4(x, x) G, ')+ 8V 4(x, x') G4lx, X')}. (7.6¢)
and
Viea=v+vIlg 4 Vi 4 (7.7a)
Va=Ve Il V4, (7.7b)
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together with

i

HR(X, x’) =3 {Gr(x, x') G 4(x", x) + G 4(x, x') Ga(x', x)}, (7.8a)

(x, x’)=% {G (% X') Ga(x's X) + G (x, ') Go(x', %)}, (7.8b)

,(x, x’}z% [Galx, ') G4(x's X) + G ,(x, x') Galx', )

+ G4 lx, x') G4(x',x)}, (7.8¢)
The time-reversal covariance of the self-energy, Eq. (6.9), requires
6V, 4,alGr, G4y G41¥ =08V 4 & 4[G], G%, GT], (7.9)
which in turn implies
g 4, alGrs Gy, G41 =11, 2 4[G%, G, GF1. (7.10)

In virtue of Egs. (7.8a)—(7.8¢c) this is obviously satisfied.

This concludes the proof that the self-consistent RPA approximation for the
Coulomb interaction is time-reserval covariant in the sense of Eq. (5.8).

The proof of this covariance in the case of the self-consistent RPA approximation
for the electron—phonon interaction follows analogously. The self-consistency here
includes also the phonon propagators. The diagrams are the same, but one has a
non-trivial, non-singular unperturbed phonon propagator. One should also take
into account the specific aspects of the boson theory in the Keldysh-Feynman rules.

VIII. CONCLUSIONS

The time-reversal property of a many-body Hamiltoninan determines a certain
relationship, Eq. (4.16), between Keldysh—Green functions with different density
matrices, showing that the same state may be achieved in evolving from the remote
past to a certain time ¢ as evolving in the negative time direction from the remote
future state to the time —¢, but with the time-reversed external electromagnetic
fields. No direct statements concerning the existence and nature of the state in the
remote future can be made a priori on this ground.

It has been shown that for exact solution there is an equivalent, but more explicit
form of this relationship, Eq. (5.8), involving only the Keldysh—Green functions
with the same density matrix. This last relationship looks like an invariance of the
Keldysh-Green functions, defined as functionals of the free propagators, against a
simultaneous permutation of the retarded and advanced indices, time-reversal of
the EM field, interchange of the coordinate-time arguments and time mirroring.
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This functional property is shown to hold also within the sclf-consistent RPA
approximation, although its interpretation in the sense of Eq. (4.16) is not granted.
In deriving Eq. (5.8), the introduction of a second Keldysh contour served as an
important ingredient.

Although in most of our treatment we considered no spin and a single type of
fermions (no bands), the results may ecasily be extended also to more general cases.
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Oscillations of the transient four-wave-mixing signal with a period of about 100 fs are observed in
bulk GaAs using 14 fs pulses tuned to the exciton resonance at low temperatures. The measurements
are explained in terms of the non-Markovian quantum kinetics for electron-hole pairs due to LO-phonon
scattering. It is shown that the observed oscillations are evidence for memory effects. The experiments
provide a first test of the central ideas of quantum kinetics, in which the effects of quantum coherence

and of dissipation are intrinsically connected.

PACS numbers: 72.20.Jv, 42.50.Md, 42.65.Re, 7847 +p

Ultrafast relaxation in liquids and solids can directly
be investigated in the time domain by femtosecond spec-
troscopy. The coupling of electronic excitations to a
vibrational mode is a particularly interesting example.
Semiconductor quantum dots, for which this coupling
has recently been investigated {1,2], can be considered
as an inhomogeneously broadened ensemble of two-level
systems with a diagonal coupling to longitudinal optical
(LO) phonons. This coupling through the Franck-Condon
mechanism gives rise to quantum beats in the four-wave-
mixing signal with exactly the phonon frequency [2],
which are not related to non-Markovian relaxation. [In
bulk (polar) semiconductors, where the electronic excita-
tions have a continuous band spectrum, the coupling to the
optical phonons results in real intraband scattering tran-
sitions and provides the fastest relaxation and dephasing
mechanism at low to moderate excitation densities. The
ultrafast scattering kinetics in band states is thus distinctly
different from the dynamics of discrete electronic states
coupled to a lattice vibration mode. Particularly for time
intervals, which are short compared to the period of an
optical lattice oscillation period (= 115 fs in GaAs), the
kinetics can no longer be described by the classical Boltz-
mann kinetics with its completed energy-conserving colli-
sions. Instead, quantum kinetics has to be used in order
to account for the partially coherent nature of electronic
states in the band. This quantum coherence gives rise
to memory effects [3-5]. Earlier solutions of the non-
Markovian quantum kinetic equations for single-pulse ex-
citation in spectral vicinity of the band edge indicated that
the coupling to optical phonons gives rise to a periodic
modulation superimposed on the polarization decay [6.7].

In order to test the theoretical prediction for bulk
semiconductors we employ transient four-wave-mixing
(FWM) experiments which are directly compared with

2188 0031-9007,/95/75(11)/2188(4)$06.00

solutions of the quantum Kinetic equations under identical
conditions. As usual, two pulses (of equal linear polari-
zation) with wave vectors g, and §;, respectively, are
delayed in time and focused onto the sample. The self-
diffracted signal in direction 2§> — §; is detected as
a function of time delay 7. The pulses are derived
from a laser system similar to that of Ref. [8]. The
sech®-shaped pulses have a temporal full width at half
maximum (FWHM) of 14.2 fs and a spectral FWHM of
87 meV, resulting in a bandwidth product of 0.30 close
to the theoretical limit of 0.315. The autocorrelation
has been taken under identical conditions as the FWM
data. Every component introduced into the beams (like,
e.g., neutral density filters) has been precompensated in
a four-prism sequence. The sample is a high quality
GaAs fAl ,Ga 1_;As (x = 0.3) double heterostructure
grown by metal-organic vapor phase epitaxy with a
thickness of the bulk GaAs layer of 0.6 wm, resulting
in a small optical density of 0.3 for continuum states
at a lattice temperature of 77 K. The sample is glued
to a sapphire substrate; its front side is antireflection
coated. Electron-hole densities quoted are determined
via the measured total incident flux and the spot radius
of 35 um, measured with a knife edge technique. For
the effective absorption coefficient we have used half
of the measured unsaturated continuum value of 1.1 X
10* cm™', since about half of the laser spectrum is below
the band gap. Figure 1 exhibits typical signals as a
function of time delay for three different excited electron-
hole pair densities. The resonant excitation conditions
can be seen from comparison of the laser spectrum with
the FWM spectra in Fig. 2. The FWM signal (Fig. 1)
exhibits a guantum beat [9] behavior, the period of
which is density independent. For increasing density the
modulation becomes less pronounced. We have fitted

© 1995 The American Physical Society
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FIG. 1. Experiment: transient four-wave mixing on GaAs at
77 K. The diffracted signal is shown as a function of time
delay for three different carrier densities (from top to bottom:
1.2 X 10', 1.9 X 10, and 6.3 X 10'® cm™). The curves
are vertically displaced for clarity. The dots are the result
of the quantum kinetic theory. The curve labeled AC is the
autocorrelation of the laser pulses, the exponential wings of
which are well fitted by a 6.5 {5 time constant (dashed line).

the decays in Fig. 1 with a function of the form ~
[1 + asin(@e.T — a)]exp(—7/Tes), obtaining best fits
with periods Tose = 277/ wose of 100, 98, and 98 fs for the
densities 1.2 X 10%, 1.9 X 10'¢, and 6.3 X 10" cm 2.
The decay time constants Ter are 44.1, 46.7, and 32.5 fs
and the modulation amplitudes a 0.26, 0.17, and 0.17,
respectively. For yet higher densities the modulation is
less pronounced; for lower densities the worse signal-
to-noise ratio inhibits detailed analysis. Interestingly,
we observe only one peak in the FWM spectra as a
function of time delay (Fig. 2) and no satellite related
to the LO-phonon energy. Via the Fourier theorem this
is equivalent to the absence of oscillatory structures in
the signal as a function of time for any given time
delay. From the density-independent modulation period
we can clearly exclude any interpretation along the
lines of Rabi or plasmon oscillations. Furthermore, the
magnitude of the expected period is completely off for
either mechanism. Propagation effects would also lead
to a much longer oscillation period. Surprisingly, the
observed period of about 100 fs is smaller than expected
from the well-established LO-phonon energy in GaAs of
hwpo = 36 meV equivalent to an oscillation period of
115 fs.

For the theoretical analysis we use the semiconduc-
tor Bloch equations [10] combined with the retarded
collision integrals for the LO-phonon scattering. This
accounts for the important fact that the lattice cannot
react on a time scale shorler than a lattice vibration
period. The scattering rates of this delayed, partially
coherent early time regime can be derived either with

=
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FIG. 2. Experiment: spectrally resolved four-wave-mixing
signal as a function of time delay for a density of (a)
1.9 X 10'® and (b) 6.3 % 10'® cm™¥; other parameters as in
Fig. 1. The resonant excitation condition can be seen from the
laser spectrum depicted in the background of (a).

nonequilibrium Green functions (GF’s) [3-6,11,12] or,
alternatively, in a dénsity matrix theory [13-15]. We use
the nonequilibrium GF theory which allows the inclusion
of nonperturbative effects by partial summations. It
results in coupled nonlinear integrodifferential equations
for the density matrix p, (1) = (ai,;c(t)a” £ (v
are band indices, k is the momentum), which is just
the equal time limit of the two-time particle propagator
G x(tt) = ilal(Daus(®)) with hi=1. The re-
sulting collision rates for the equal time density matrix
contain integrals over the history of the system. A typical
term has the form Y, [L.dt' 35, k(t,2)G, x(t) 1),
where E:m(r.;’) are the scattering self-energies.
These self-energies are taken in the simple loop ap-
proximation 33,.4(r,#) = i ¥4 8707 (t:1)Gyips—g 8, 1),
where for simplicity the phonons are considered as a
thermal bath, and their ‘propagators D= are taken in the
free-particle approximation. g, is the Fréhlich interaction
matrix element. The quantum kinetic equation is finally
closed by the generalized Kadanoff-Baym ansatz (GKBA)
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[3,4] which relates the two-time particle propagator to the
density matrix: G, x(t,#') = =¥, Groi(t, 1)povi(t)
for t > t'. For t < (' the advanced GF G* enters in
this relation. The GKBA is exact for a mean-field
Hamiltonian [7] because the correction term to the GKBA
is proportional to a scattering self-energy. With the
GKBA one typical term of the scattering rates becomes,
€8 Yol wd! Klt,)puri—o()[1 = pori(t];
where the memory kernel is given by K(t,t')=
g%e"”L"{"”G;,.k_q(r, )Gy, 4 (t', )ng, with the phonon
distribution n,. Previously [3,4,6], diagonal free-particle
Wigner-Weisskopf approximations for the spectral func-
tions have been used. For long times the scattering
rate approaches asymptotically the Boltzmann limit
with a broadened energy-conserving delta function.
With the diagonal approximation Thoai and Haug [16]
showed that oscillations with the LO-phonon frequency
[contained in D=(¢,1')] are superimposed on the decay
of the interband polarization induced by a short laser
pulse. These oscillations are due to interference of
the various LO-phonon sideband polarizations and can
therefore be interpreted as L.O-phonon quantum beats.
Here, we have improved the description of the spectral
functions by a mean-field approximation [7] for which
the GKBA is still exact. In this description—combined
again with a Wigner-Weisskopf collision damping—the
spectral functions are calculated under the influence of
the coherent light pulses and the Coulomb Hartree-Fock
interaction consistently with the density matrix equations.
Thus all optical band mixing effects and the important
excitonic effects are now contained consistently in both
the semiconductor Bloch equations and the spectral func-
tions. We solve the quantum kinetic equations for two
delayed excitation pulses Eg(t)e’®* and Eo(t — 7)ed'%,
with Eglt) = Epe ™" /cosh(t/Af) and a FWHM of
the intensity of 15 fs, corresponding to the experiment.
The diffracted signal in direction 2g; — § is calculated
in the following manner. The interference pattern with
wave vector Ag = §; — g can transfer multiples
of Ag to the two beams. We therefore calculate the
time dependence of the total polarization P(t,7,¢) as
a function of the phase ¢ = X - A7 and time delay
7. The various diffracted orders P,(t,7) can then be
projected out of the calculated function P(t,7,¢). As
in the experiment, we choose the direction 2g> — 4
corresponding to n = 2. This sequential procedure is
essential for the iteration of the huge set of coupled equa-
tions. Furthermore, we neglect propagation effects which
are of minor importance at low optical densities. In
Fig. 3 we show the calculated time-integrated diffracted
signal [*% de]Py(z, 7)I? as a function of time delay for
GaAs parameters at 77 K: heavy-hole-electron mass ratio
my/m, = 6.67, exciton Rydberg R, = 4.15 meV, and
Bohr radius ag = 12.5 nm. The collisional damping is
taken to be y. = ¥, = 1 meV. The excited electron-
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FIG. 3. Quantum kinetic theory: time-integrated four-wave-
mixing signal as a function of time delay for GaAs at two
different temperatures. T = 77 K, full line: theory with an
additional dephasing mechanism with T3 = 143 fs (same as
dots in Fig. 1); T = 300 K, full line: quantum kinetic theory
for phonon scatiering only; dashed line: Markovian limit.

hole density is n = 1.6 X 10' cm™3, comparable to
the experiment. In order to model the experiment at
77 K we have added an additional, phenomenological
dephasing mechanism with T = 143 fs. This additional
dephasing mechanism is most likely the Coulomb scat-
tering among carriers, consistent with the fact that the
oscillations vanish at higher excitation densities. Except
for very short delay times, the agreement between theory
and experiment is very good. From the same fitting
procedure as in the experiment we obtain Ty, = 98 fs,
Tegr = 45 fs, and @ = 0.17. The oscillation period of
about 100 fs can be interpreted as a simple beating of
interband-polarization components with frequencies w
and w' which are connected by coherent LO-phonon
scattering. These frequency components are resonant
with the band states k and k': e = F*k*/2p + E;
and hew' = K*k?/2p + E!, where u is the reduced
electron-heavy-hole mass p = m.my/(m. + m;) and
E} is the Hartree-Fock renormalized band gap. The
two interfering momentum states are coupled by an
LO-phonon scattering event in the conduction band
Ak — k*)/2m, = hwyo, from which one gets
Woe = @' — w = (1 + m,/my) wpp, which yields a
period of 100 fs, close to the experiment. We have
checked that this interpretation holds indeed for various
mass ratios up to my/m. = 1. The contribution of
the scattering in the flat valence band is much smaller
because the Frishlich coupling is weak for large momen-
tum transfer. This interpretation clearly shows that the
observed effect is connected to band-to-band transitions;
however, excitonic effects are important because they
increase the necessary coherence considerably. In fact,
the oscillation amplitude becomes very small if the
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electron-hole attraction is switched off in our calculations.
Note that we have treated the LO phonons as a thermal
bath. In reality a certain number of phonons is generated
by the hot carriers excited by the spectrally rather broad
15 fs pulse. It is known for thé numerically much
simpler diagonal approximation for the spectral functions
that the combined quantum Kkinetics of the electronic
excitations and the LO phonons [15,16] provide both a
faster relaxation and a larger amplitude of the quantum
beats. Therefore we also present calculations at 300 K
with no additional dephasing time and damping constants
which are determined self-consistently using Fermi's
golden rule. The actnal phonon populations in the
experiment are somewhere in between these two curves
which, however, exhibit no qualitative difference. We
also show that the observed oscillations as a function of
time delay are absent in the Markovian limit of the theory
(dashed curve in Fig. 3). Figure 4 finally depicts the
calculated FWM spectra at 77 K versus delay time. They
are in good qualitative agreement with the corresponding
experimental FWM spectra (Fig. 2), even though the
theoretical spectra tend to be somewhat broader. In
particular, the FWM signal exhibits no sign of oscillations
in real time r, showing that the dynamics in the delay
time 7 and in real time are not simply connected.
Because of the good agreement between theory and ex-
periment, the reported measurements provide a first direct

INTENSITY

1550 =

PHOTON ENERGY (meV)
FIG. 4. Quantum kinetic theory: spectrally resolved diffracted
signal versus time delay. Parameters as in Fig. 3 for T =
77 K.

1450 1500

experimental verification of the basic ideas of quantum
kinetics. According to quantum kinetics, quantum coher-
ence—here observed in the form of LO-phonon related
quantum beats—cannot be separated from dephasing and
relaxation on time scales which are shorter or comparable
to the inverse frequency of characteristic resonances in the
system.
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We report the observation of spectral hole burning exclusively due to the nonequilibrium electron

population in a nondegenerate pump-test configuration.

The rapid redistribution of electrons as

well as the other features of the differential absorption spectra are well described by a theory
using quantum-kinetic bare Coulomb collisions in the framework of the semiconductor Bloch

equations.  [S0031-9007({96)01740-1|

PACS numbers: 78,47, +p, 42.65.Re, 71.10.-w, 78.20.Bh

The redistribution of nonequilibrium carrier populations
in semiconductors has atiracted considerable interest in
the last two decades. The tremendous progress of fem-
tosecond lasers in terms of pulse duration and stability
has rendered possible the observation of the initial stages
of carrier relaxation [1-6] and the study of very low car-
rier densities [6]. However, studying the contributions of
different scattering mechanisms such as LO-phonon and
carrier-carrier scattering remains a difficult task, because
mast experiments measure a combination of electron and
hole dynamics and the signals in ultrashort-pulse experi-
ments contain coherence effects [7] and are not solely
population dependent. Indeed, standard pump-test experi-
ments [1,3,5,6] measure the absorption saturation due to
the Pauli exclusion principle and are sensitive to the sum
of the electron and hole distribution functions ( f. and fy,
respectively) while time-resolved luminescence experi-
ments [2] measure the product f.f;. A selective inves-
tigation of the hole dynamics has been used in Ref. [8]
to measure the heavy-hole thermalization time. However,
this method cannot measure the complete hole distribution
and the initially injected hole population.

Here we have used a modified pump-test scheme in or-
der to isolate the electron dynamics [4]: the pump pulse
excites electrons from the heavy-hole (HH) and light-hole
(LH) valence bands while the test pulse probes the ab-
sorption saturation of the interband transition from the
split-off (SO) valence band to the conduction band C (see
inset of Fig. 1). Because of the large spin-orbit split-
ting in GaAs (340 meV), no holes are present in the
SO band and the differential absorption signal —Aa =
@yithout pump — @with pump depends on the electron dis-
tribution only. This method has a further important ad-
vantage: pump and test are at different wavelengths which
allows the observation of spectral hole burning due to the
initially injected electron population without any contribu-
tion from the induced-grating coherence effect [7,9] which

0031-9007,/96/77(27) /5429(4)$10.00

considerably complicates the interpretation of standard
pump-test experiments, Moreover, due to the isotropic
matrix element of the SO-C transition, the measured sig-
nal is equally sensitive to the presence of electrons with
all possible wave vector directions.

We report the first observation of hole burning which
can be attributed exclusively to the electron population.
While in previous experiments hole burning was not
discernible [4], recent ameliorations of the experimental
setup have permitted the observation of hole-burning
signals for carrier densities ranging from a few 10" to
a few 10" em™ and for excess photon energies ranging
from 50 to 110 meV. The ensemble of these results will
be discussed elsewhere. In this Letter, we concentrate
on the very short pump-test delay times al moderate
densities, the rapid redistribution of electrons causing the
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FIG. 1. Ditferential absorption spectra for the following

pump-test delay times: —8(0, —40, 0, 40, and 80 fs. The inset
shows the pump-test configuration.
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disappearance of hole burning, and the comparison of this
early-time behavior with theory.

We used a Ti:sapphire mode-locked oscillator (Coher-
ent Mira) and regenerative amplifier system (Coherent
RegA) both pumped by an argon-ion laser. Part of the
output generates a spectral continuum and is used as the
test pulse. After chirp compensation of the continuum
with a combination of prisms and gratings we obtain
nearly Fourier-transform-limited pulses with a duration of
30 and 130 fs for the test and pump pulses, respectively.
The pulses were focused down to 50 and 150 pm for the
test and pump, respectively, on the sample which was an
intrinsic GaAs layer of thickness d = 0.65 pm antireflec-
tion coated on both sides and held at 15 K. In order to
minimize the noise, a shutter is used in the optical path
of the pump at an 8-Hz rate. In addition, a reference
beam is simultaneously detected on a different track of
the CCD detector and is used to normalize the transmitted
test beam.

The differential absorption spectra for a pump width of
15 meV and a pump energy of 1.589 eV (excess energy
of 70 meV with respect to the band gap) and for various
pump-test delay times are shown in Fig. 1. The carrier
density was estimated to be 6 X 10" cm™ . The zero
delay is defined as the coincidence of the pump and test
maxima and is taken at the middle of the integrated-
signal rise time. The spectra show two broad peaks at
about 1.913 and 1.950 eV due to spectral hole burning
associated with the electron populations photoexcited
from the LH and HH bands, respectively. Note that the
two peaks disappear already before the end of the pump
pulse. While it is clear that the signal in the spectral
region from 1.88 to 1.96 eV is dominated by the induced
transmission due to the electron population, the induced
absorption above 1.97 eV and the oscillatory structure
around 1.86 eV cannot be easily explained. Furthermore,
even in the hole-burning region the differential absorption
spectra do not directly reflect f.(r) due to energy-time
uncertainty and excitonic Coulomb effects. Therefore,
a theoretical analysis in terms of a quantum-kinetic
approach is necessary, since the commonly used theories
based on the golden-rule long-time limit are not applicable
at such ultrashort times.

Quantum kinetics is a generic name for the theory de-
scribing kinetics with memory on very short time scales
(see Ref. [10] for a review). The Markovian rate equa-
tion which has been so successful in the description of pi-
cosecond and nanosecond phenomena should be regarded
as a limiting case of the quantum kinetics. In the experi-
mental results described in this Letter, many scattering
mechanisms are involved. It is most interesting to look
at the limited short-time regime where Coulomb scat-
tering dominates because, although the quantum kinet-
ics of the electron-LO-phonon interaction (at low carrier
densities) has already received attention in the past few
years [11-15] and some observed quantum-kinetic effects
have been explained [16], no treatment of the quantum-
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kinetic Coulomb scattering for real experiments has been
attemnpted yet.

Coulomb scattering presents peculiar features which
require imperatively a quantum-kinetic formulation. [t
is well known already from the equilibrium theory of
screening that the screened Coulomb potential has an e
singularity as ¢ — 0 at any finite frequency . The sin-
gularity is absent only at @ = 0. However, a vanishing
frequency implies an infinite time. Therefore, the sin-
gularity is always present and plays an important role
at short time scales. This singularity which corresponds
to that of the bare Coulomb potential is fatal for the
Boltzmann equation since the argument of the energy-
conserving & function also vanishes at ¢ = () and the
collision integral diverges. The energy-time uncertainty
which is taken into account by quantum kinetics automati-
cally eliminates the divergence [17].

For times less than a typical plasma period, screening
is negligible [17] and thus the relatively complicated the-
ory of time-dependent screening [18-20] can be avoided.
We may also simplify the theoretical task by restricting
our calculations to times less than or comparable with the
effective interband polarization decay time. In our con-
figuration, where there is no interference between the
pump and test polarizations, one can use a simple phe-
nomenological description of the polarization collision
term and concentrate only on the quantum-kinetic colli-
sion terms of the electron and hole populations excited by
the pump.

The semiconductor Bloch equations [21] for the popu-
lations and polarizations in the case of the pump field are

35 _ 5 qiaf 1y oy 4 Hei®
T N Z‘s{nu-i{!}p"'k(”} + T coll (”
afn}“) = P L M

TR i o Sl W
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} ap, il
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Here &« = HH,LH and the renormalized energies € and
Rabi frequencies ) are given by

€l =€ - Zv;._ﬁ-.f,.i,{r), i=eHHLH,
2
(¢
RO (0) = dy p Eplt) + 23 Vipp, o). (5)

i
In the above equations, Ep(r) is the envelope of the pump
field with frequency wp, d,, ; are the respective interband
dipole matrix elements, and V; is the Fourier transform of
the Coulomb potential. Since we consider an isotropic
model with dipole matrix elements independent of the
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field polarization and k, we take them (o be equal for
heavy and light holes.

af;j[f}
at

dk'
(27 )3

4 1 dg
= — df"f —
ol A {v—fz @2z )

Vig)* cos(

The quantum-kinetic collision terms for the populations
are (i,i' = e, HH, LH):

(r =1

0 0 o 0
I B . S
I (gf T € ~ iy Er".k"iq))

<O O = Fii s = FiiegO] = fid g oot = £ = £z

(6)

In the Markovian limit one gets from this equation the IF ig. 2. The electron-population peaks are rapidly smeared

usual golden-rule rate equation.
The phenomenological collision term of the polariza-
tion is
dpailt)
e
ot on 1o Pk )
In the case of the test pulse, one may retain only the
electron population created by the pump and, therefore,
we have to consider only the test polarization equation

' a=HHLH. (7)

i
[5 + E{eﬁg + Ego.i - ﬁwr)],ﬂsoj{i‘)

- %O:()I;‘(I)(l —_‘r(j) _ P-’;orz(:) &

where the unrenormalized energy of the SO holes el .
and the renormalized SO Rabi frequency were introduced,

ROT (1) = dgo i Erlt) + 23 Vi ppsop(t).  (9)

SO0k

i
Here Ey is the envelope of the test field having the carrier
frequency wr and dgq; the SO dipole matrix element.
To obtain the absorption spectrum, one has to perform a
Fou*rier transform of the test polarization summed over
all k.

The electron population excited by the pump acts first
as a final-state blocking factor on the right hand side
of Eq. (8) and second as a band shift through the Fock
energy of the renormalized electron energies [Eq. (4)].
These effects are all mixed up, vary in time, and get
Fourier transformed and therefore it is very difficult to
discuss them separately. In addition, specific Coulomb
spectral effects of the Wannier operator in the polarization
equation (exciton and Coulomb enhancement) impede a
simple additive interpretation.

Using a 130-fs pump pulse we performed calculations
of the excited populations up to 300 fs which corresponds
roughly to the plasma period at our pair density of 6 %
10'% em ™. We took 7> = 130 fs. The effective mass ra-
tios were taken to be integer (myp/m, = 6, myp/m. =
1, mso/m, = 2) for convenience of the numerical algo-
rithm. The numerical calculation on a discrete lattice of
k-space points neglects low-momentum-transfer contribu-
tions which in the Coulomb case are important. Nev-
ertheless, we take into account low-momentum-transfer
collisions within a Landau approximation through a Taylor
expansion around § = 0. The complete quantum-kinetic
calculation gives rise to an electron population as shown in

out and already at about 300 fs after the pump maximum
the distribution is very close to a nondegenerate Fermi dis-
tribution. The calculated differential absorption spectra
with a 30-fs test pulse are shown in Fig. 3. We did not
consider delay times longer than 80 fs since their calcu-
lation involves information on the electron population for
times above 300 fs due to the Fourier transform.

The agreement with the experiment is surprisingly good,
although in many details quantitatively rough. The most
remarkable achievement is the prediction that at about
80 fs after the pump maximum the induced hole burning
is smeared out. This is related to the fact that the elec-
tron population is almost in equilibrium already at about
300 fs after the pump maximum. The only fit parame-
ter was the phenomenological polarization relaxation time
Ta. However, if T is taken comparable or larger than
the pump duration, it affects only the negative parts of
the spectra slightly. In the comparison of theory and ex-
periment, one has to take into account that the exact en-
ergy positions of the various features are affected by the
roughness of the electron energy discretization of about
5 meV, by the slightly modified effective masses as well
as by the inaccuracy of the numerical Fourier transform.
The more pronounced valley above the band threshold (at
about 15 meV) as compared to the experiment may be due
to the neglect of LO-phonon emission, which provides the
cooling of the electron system.

Both the experimental and the theoretical differential ab-
sorptions show a final-state occupation effect (hole burn-
ing) due to our narrow-band excitation and an oscillation

energy (meV)
FIG. 2. Quantum-kinetic evolution of the electron population.
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The coherent transients generated by femtosecond interband photoexcitation of a semiconductor in crossed
electric and magnetic fields are calculated. The scattering with LO phonons is considered and the complex
interplay between excitation and dephasing is analyzed. While below the LO-phonan threshold the signal is not
effectively damped, above the threshold damping takes place on a picosecond time scale, in qualitative agree-

ment with corresponding experiments.

I. INTRODUCTION

Within the last decade considerable efforts have been de-
voted to the search for terahertz (THz) emitters as well as to
the use of this radiation as a method of condensed matter
spectroscopy. In this context a new research topic known as
the dynamical Franz-Keldysh effect'™® developed. Several
mechanisms have been proven to generate THz signals: co-
herent phonﬂns.ﬁ'? optical rectification and instantaneous
polarization® * in  magnetic fields,'” " cold plasma
oscillations,'®  asymmetric  double quantum  wells,"" """
heavy-light-hole beatings in quantum wells,'*" and Bloch
oscillations in superlattices.”’ ** As different as these mecha-
nisms are in detail, they all are footed on common ground: In
a system with broken symmeiry it is possible to create co-
herent wave packets by short laser pulses. When the wave
packets are charged, the motion of the wave packets gives
rise to a time-dependent dipole moment and a corresponding
emission of electromagnetic radiation in the form of THz
oscillations. With respect to emitter applications, the tunabil-
ity and the amplitudes of the signals, as well as the damping
of the oscillations, are of crucial interest.

In the present paper we show how THz radiation can be
generated in bulk material exposed to perpendicular electric
and magnetic fields, known as the Voigt geometry. Here the
electric field serves to break the symmetry so that the optical
excitation leads to a coherent generation of electrons and
holes, while the frequency of the oscillations is determined
by the magnetic field, which can be tuned readily. As the
dominant damping process we investigate the interaction
with LO phonons by calculating quantum-number-dependent
transverse relaxation times. A main feature of our analysis is
that these relaxation times are not taken as phenomenologi-
cal fit parameters but are calculated microscopically. It has
been found®* that the relaxation time is considerably
larger than that without applied fields. Our calculated relax-
ation times yield an explanation for the observed THz signals
on a picosecond time scale, Furthermore, the complex inter-
play of excitation and the various transverse relaxation times
could not be described by a simple classical model with a
constant damping term.

The paper is organized as follows: First we diagonalize
the one-particle Hamiltonian in the crossed fields and formu-

0163-1829/2000/62(8)/5003(7)/$15.00 PRB 62

late the optical excitation and the scattering due to LO
phonons in this representation. Then we derive the kinetic
equations on a reduced subset of quantities, sufficient to ex-
press the current connected with the THz radiation. Finally
we present numerical results and discuss them with respect
to experimental observations.

II. THE REPRESENTATION OF A SHIFTED OSCILLATOR

For a magnetic field in the z direction and an electric field
in the x direction, the Hamiltonian for an electron or hole

(i=e.h) is in the asymmetric Landau gauge fl=x35_w
where e, is a unit vector in the y direction, given by

1 itk e )P
=V—elexB

Ty
2\

—e'Ex

(2.1)
Because the potential energy depends only on the x coordi-
nate, one can use plane waves in the y and z directions:
pllhzt k)
\-"LZL_‘.

wlir)= B(x). (2.2)
The resulting Hamiltonian for ¢(x) is bilinear in x and can
be put into the form

Rk At 1 (e€)°
= — 4o me(x— X)X+ i
2m;  Zmdxt 270 Zm,-cuf
(2.3)
where the spatial shift of the oscillator origin is
B EEP
A=—Fi+—. (2.4)
e fiw)

The cyclotron frequency @’ and the magnetic length / are
given by

. eB 5 h _
= ‘f:EI (2.5)

w =—,
°omy

In these formulas the electron and hole charges are "= —¢
and e”=e, respectively. The eigenfunctions are given by
shifted oscillator eigenfunctions

5003 ©2000 The American Physical Society
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. EJ’[#,?*-#,._V]
Wir)=———¢,(x—X'), (2.6)
VLL,
where
d.(x)= L ety (xh
e vy w2 al 4 ’
, d" )
Hixi=(-1)"¢" —e™", (2.7)
dx”
and the spectrum is
; 242 o282
2o z ! Ly __ iyl
En = Tm +hw{nt+z)—e'XE+ Sl (2.8)

e

which is composed of the kinetic free-particle energy in the #
direction, the Landau energies, and two corrections due to
the electric field. Note that the effect of the electric field is
twofold: First the degeneracy of the energies with respect to
X is lifted and second the shift in the wave functions be-
comes mass dependent.

Using this shifted oscillator basis we now treat the cou-
pling to the light field. Because the optical wavelength is
typically larger than [, the interband polarization has 1o be
averaged spatially, Within the slowly varying envelope ap-
proximation, the averaged polarization is

d A
P(t)= TJ Fr(W 0P (rn0)+He, (29

where o is the matrix element between the Bloch states of the
conduction and the valence band close 1o the band edge. For
the optical (ransitions the momentum components are con-
served, ie.. k,=—k, . k,=— k. where the k, k" wave vec-
tors refer to the electron and hole, respectively. ""L.X.ki are
the annihilation operators for a particle i in the state n, Xk, .
Because the excitation is diagonal in k. the shift quantum
numbers X differ for electrons and holes due to the field
term,

- 2wl
n Xk it KK R L*_L“_Lx

3{

Xaf.r_,..,tl—n:_‘?qr.

with

dmh(fiw; o)*?

Cl=a
: (2m)'?

where
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. & ; &
X=—Fk~ lel —, Xy=— Pkt 1—e|—b
w

© c

(2.10)

Thus the field operators for the electron and the hole ‘«f‘,(;. t)
in the overlap integral are shifted differently. Expanding the
field operators into the eigenfunctions (2.6) one gets

d A i e
P()=7 2 OOy yeg i (Dapa(0)+He.

na' Xk,

(2.11)

with C(£) u = [ dx ¢, (x) by (x— &), where é=|el€Ffiw,
with V.= le'+ lw!=(m,+m,)/|e|B. Again the effect
of the electric field is twofold: Equation (2.11) shows that the
creation and annihilation of the electron-hole pair is nonlocal
(a hole is created at X+ £ while the electron is created at X).
This effect has been well examined in the purely electric case
(B=0), where it is known as optical rectification.’ More-
over, the selection rules known from the purely magnetic
case® (£=0) are destroyed: the optical matrix element may
be nondiagonal in the Landau-level quantum numbers. From
the overlap integral one sees that the orthogonality of the
shifted oscillator functions no longer applies, because the
shift of the wave functions is different for electrons and
holes. This point is crucial for our analysis: Only due to the
symmetry-breaking effect of the electrical field does it be-
come possible to excite wave packets with short pulses,
which would otherwise be forbidden by the selection rules.
As will be discussed later these wave packets and the corre-
sponding intersubband polarization give rise to THz signals.

At low densities, where the electron-electron interaction
can be neglected, the interaction with LO phonons is the
dominant scaltering mechanism. This interaction is usually
maodeled in the basis of plane waves by the Frohlich cou-
pling. To adapt this coupling to the Voigt geomeiry the
shifted oscillator functions are expanded in terms of plane
waves in order to calculate the matrix elements. Fermi's
golden rule yields the transition rates

;
€ X')‘c;_ f wip)

|2
‘j dxe% e (x) e (x—(X— X))
U X=X+ (k=K

(2.12)

et | m;

“‘:ﬂ_zﬁw“

“1 1)

|\ €= Ep)

is the dimensionless Frohlich polaron coupling constant and
m; the effective mass of the electrons and holes; N(fe; )
=1/(eP"®o—1) is the thermal phonon distribution. The
transition rates for the phonon absorption can be obtained
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through the “'detailed balance'" relation from the given rate
due to the phonon emission process.

These transition rates can now be used to write the full
collision terms for a Boltzmann scattering. Instead of treating
the full kinetics of the density matrix elements, we will take
only the dephasing of the off-diagonal elements by relax-
ation times into account. For this purpose we calculate the
probability (per time) to scatter from a given state into all
other states (neglecting the fact that this state may be occu-
pied already). Summing over all possible scattering channels
the result is a quanium-number-dependent inverse transverse
relaxation time

1
- =3 3w (2.13)
2 X'k

—~ nXJ‘c HL
q

TR
ru)('k Tk

Thus all scattering processes give rise to exponential decays.
The corresponding characteristic times are individually cal-
culated for any set of quantum numbers.

IIL. DERIVATION OF THE KINETICS ON A REDUCED
SUBSET

Postponing the scattering kinetics for a moment and put-
ting all quantum numbers 7, X, &, in one multi-index », the
Hamiltonian for the electron-hole system interacting with a
coherent light pulse is

H=§:, (efa” a’+e ama”)

df*n(f]e‘“"z C,a

v

:_,.a “+ H_c.], (3.1)
where E,_(1) is the amplitude of the femtosecond pulse and w
is the ceniral frequency. For the electron and Ilale subband
density matrix elements we define (" =(allal,y with i
=g h. One has to distinguish between pr)pu!anm‘ss (v=0")
and intersubband polarizations (»# ©') by the index combi-
nation. The interband polarization components are defined as
P,o=e “{ala’,}. In the rotating-wave approximation the
equations of motion are

(@ i
G RlETe) _55- Coupur( QB Pyre
~ Q8 Pl ). (3.2)
I d o h _i
{dr ﬁte — )';‘m, 5 E (e Puis
= Qb Py, (3.3)

[a i ¥ . i "
[—+ —fg,&ef,—wl] P;m"=5“ﬁ‘§r Coupr( B8y

gt h
Suufh ).
(3.4)

where £Q (1) = dEy(1) is the Rabi frequency. In these equa-
tions two consequences of the symmetry-breaking effect of

Orf
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the electric field are easily observed. While the equations for
the intraband matrix elementis of elecirons and holes are nor-
mally equal, they differ here by the coupling to the interband
polarization via the oplical field. Even more important is the
observation that the intersubband polarization components
.I"“, are excited at all.”* In the next paragraph it will be
shown that this intersubband polarization is closely related to
the THz signal. Thus it is the electric field in the Voigt ge-
ometry that allows the THz emission. In order to handle the
large number of density matrix elements caused by the ap-
pearance of the intersubband polarizations IJW. , an approxi-
mation scheme will be introduced, which is based on the
properties of the optical matrix element. We showed that
Cooor=Copr Sy x-¢ 6y, K Although there is no longer a
selection rule in the Landau levels, still the conservation of
momentum enforces & I and the shift in the guantum

number X to be fixed through 8y y_ .. Applying these rules
to the equations one ends with a closed subset of equations.
It has to be emphasized that this subset is closed as long as
only the coherent part (3.2) to (3.4) is considered and scat-
tering processes are neglected. On the other hand, the colli-
sion terms couple to quantities not initially induced by the
light field. In this approximation these quantities are consid-
ered to be of minor importance. Into this reduced set, we
insert finally in the g ber-dependent transverse
relaxation times.

With the definitions £ o =1 v Povi x—¢ 2
=Pyt x- g the equations become

i
(——w ] L Y % (ConftpPrnt x—4
.lr m‘(IRP:m X ﬁ)

(3.5)

Fr:u'?('k 4
a:

i i
" i
(E X ;pf-‘) 'frm'.,‘r- gk E % ( CrnnﬂRPu'm.X.k

o
= Coun & RP:MJ(J) + a‘ r::n’ Xir
call

(3.6)

la J" i
l‘r; +ivf )Pnn'Xk:EQi‘[ Corn™ z ( Cer“ﬁm‘.)f‘—éfZ.—t
| \ nr :

. \ @
+ (m’mmm.xvg-.'z,k)J +r?_f 'D(m'.’(n‘u
call

3.7)

d | i Frlrl’)(-a- [{-.-’ZJ}.
5 fwxsens T o (aEa), (338

| cott '-Tnk +7 .

d Py
| Paw=- 7,7 (3.9)

colf 5 b, T T
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Here v*, »", and v are defined as

vi=hwl(n—n'), i=eh (3.10)
O S
D8 hr =] = z L L 1
=el 4ol —w=—+—+ !
vi=e, te;,—w T Doy fwlin'+7)
i i 2 mi+ m"
+haelntg)- E 7 A, (3.11)

where A=w— £, is the detuning, i.e., the energy surplus of
the light field with respect to the unrenormalized band gap.
Note that there is no thermalization term in the equations
with the populations n=n'. Due 1o the electric field the
spectrum is not bounded from below if the spectrum is not
limited by imposing boundary conditions. Therefore the par-
ticles do not relax toward a Fermi function, Populations that
do not relax might seem to be a highly unphysical feature on
the picosecond time scale we are interested in, but this
matches our approximation scheme: The THz signal is gen-
erated by the intersubband polarization. With only transverse
relaxation times the equations of populations and intersub-
band polarizations are only coupled on the short time scale
of the pulse (on which thermalization is not very effective).
After the pulse they decouple and the damping of the inter-
subband polarization is {in the model) perfectly described by
the inverse lifetimes applied to these quantities. The longitu-
dinal relaxation time is of the same order (up to a factor of 2}
as the transverse relaxation time. Our calculations show that
the transverse relaxation times are in the picosecond range,
while the excitation pulses are taken to be 141 fs (full widths
at half maximum of the intensity). Because the longitudinal
relaxation time is much larger than the duration of the pulse,
the approximation is well justified. Izumida ef al ¥ did ex-
periments with chirped pulses varying the pulse duration.
While they observe differences for longer pulses between
positive and negative chirp, which suggests occupation ef-
fects, there are no discrepancies for pulses of the short dura-
tion that we used. This is a confirmation that our approxima-
tion without thermalization is well applicable.

IV. THz CURRENT OSCILLATIONS

Charge oscillations and thus current oscillations lead to
the emission of electromagnetic dipole radiation. For the in-
spected THz radiation only intraband contributions are taken
into account, i.e., the contributions from the interband polar-
ization are neglected. These contributions are governed by
frequencies related to the band gap and are therefore in the
optical range.

In the literature on THz radiation without a magnetic field
the creation of nonlocal electron-hole pairs has been studied
as "'instantaneous polarization” and a distinction has been
made between displacement and transport
contribution. " All these low-frequency parts are in-
cluded in the present model, although the displacement cur-
rent is hardly visible in the range of the considered param-
eters.

Starting from the definition of the current density operator

PRB 62

1 -y 13 - -
L T G- _
J VJ dr—sz‘l",.{r,r)[jv ee!.xBj‘l“,(!.r}+H,L.
(4.1)

one gets by expanding the field operators in the shifted os-
cillator basis for the current components (again with 7
=g h):

i
= B Kbl “2)

m Vo,

; dEN |elhy2 J— )
== F Vv 2, VIRt
(4.3)

—e'fiy2Z —_—
mH\‘I’ n;k Vot 1 m f:"-‘*- l.u.)(_.n‘s,]' (4.4)

(L=

Obviously the current in the z direction vanishes, as the ef-
fect of the fields is confined to the x-y plane. The first term
in the y direction describes a net current proportional to the
population. It is mass independent and dependent on the sign
of the charges; in the case of charge neutrality (the optical
field creates as many electrons as holes) it vanishes. It is of
conceplual interest to see that in spite of the electrical field,
the coherent motion does not separate electrons and holes on
a macroscopic scale, Only the asymmetry in their scattering
behavior leads finally to a separation. The influence of this
scattering is weak and can be neglecied for very low densi-
ties. Therefore the electric field does not have to be calcu-
lated self-consistently. From Egs. (4.2) to (4.4) it is obvious
that all contributions to the current and to the radiated signal
stem from the intersubband polarization. More exactly, the
intersubband polarizations for which the Landau-level quan-
tum numbers differ by one are contributing. Reexamining the
equations with respect to these quantities, it is immediately
clear that they oscillate with nothing but the cyclotron fre-
quency after the femtosecond pulse.

V. NUMERICAL RESULTS AND DISCUSSION

The numerical evaluations are given for GaAs parameters
with an LO-phonon energy fiw; 5=36 meV. We consider
here the contribution of the light holes only, which have been
studied also in the corresponding experiments. As all
experiments®’ 2 were done at low temperatures, in our cal-
culations T=0 K is taken for the phonon bath, ie., only
phonon emission is considered. In all results the time integral
over the Rabi frequency is taken to be 0.017, and the full
widths at half maximum of the intensity (field squared) is
141 fs (Gaussian pulse shape). Figure 1 shows the inverse
lifetime for electrons for the lowest Landau levels as func-
tions of the kinetic energy (£,;,=#%k%/2m,) for a magnetic
field 5=6 T, where the electron and the light-hole cyclotron
energies are fiw’=10.5 meV and Aw!=8.5 meV. In the
lowest Landau subband with n=0 one sees a smeared-out
one-phonon threshold. For the scattering within this subband
the threshold becomes flatter with increasing electric field.
For the higher Landau subbands the damping increases al-
ready at lower kinetic energies because of the transitions to
lower subbands. For n=1 and E=6 kV/cm, one can see
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FIG. 1. Inverse of the transverse relaxation times r’,",_,}, for the
electrons in various Landau levels versus E,,-,,Zflzkg.l?m‘. for a
magnetic field B=6 T and an elecwric field E=4 kV/cm (upper
figure) and E=6 kV/cm (lower figure).

clearly first the contributions due to the intersubband scatter-
ing by phonon emission to n=0, followed by the coniribu-
tions due to the intrasubband scattering. Because the spectra
of the subbands are not bounded from below due to the term
—e'€X" intrasubband scattering is at least in principle also
possible even at very small kinetic energies ﬁzka'Zm,_.. But
due to the localization of the wave function in the magnetic
field, scattering over a distance, which is considerably larger
than a few magnetic lengths (details are dependent on the
shift due to the electric field and the quantum numbers of the
wave functions), becomes extremely weak. Because the dis-
tance in the scattering process is limited, the energy gained
by the nonlocal process in the electric field is restricted also.
For the parameters we studied (4 T<B<8 T, 4 kV/cm <&
<6 kV/cm) this energy is by far to small to provide the 36
meV necessary for the emission of a LO phonon. Thus for
intrasubband scattering the main contribution has to come
from the kinetic energy.

From the calculated relaxation times one expects an ap-
proximately undamped motion for excitations below the
threshold and damping on a picosecond time scale for above
threshold excitations. This result is in agreement with the
experimental observations®’ " of a few resolved cycles of
cyclotron radiation on a picosecond time scale.

In Fig. 2 the mean current in the x direction is shown as a
function of time and detuning. We limit ourselves to the x
component, for its contributions of electrons and holes add
up, while in the y direction they work against each other, so
that in a model with equal electron and hole masses the y
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dx = (arh. units)

B ‘?—‘3‘__4

A (meV)

FIG. 2. The time evolution of the x component of the current
versus detuning A for fixed felds: E=4 kViem, B=4 T.

component of the current would vanish. The two different
regimes below and above the threshold are easily recognized.
Below threshold there is little damping and so there is a
strong beating of electron and hole cyclotron frequencies, but
above threshold the situation is more subtle. There is not
only a strong damping, but due to the optical excitation of
different intersubband polarization components, which differ
in sign, partial cancellation occurs. Together with the
quantum-number dependence of the transverse relaxation
times, the damping of the resulting current is a rather com-
plex interplay of these two effects. One sees, e.g., a revival
phenomena: At a certain time total cancellation of all contri-
butions occurs; after the strongly damped parts have died
out, only the weakly damped contributions (which are below
the one-phonan threshold) survive. By these means the can-
cellation is lost, and therefore some current reoccurs. The
reason for these weakly damped contributions that still exist
even for large detunings is the lack of a selection rule in the
Landau levels for the optical excitation. For large detuning, a
particle (e.g., an electron) can be created high above the
threshold, while its counterpart (e.g.. a hole) is created in a
state below threshold, or vice versa. This explains also why
the damping effectively sets in already with a detuning of
about one-LO-phonon energy. A similar one-phonon thresh-
old behavior has been seen in the case of Bloch oscillations
as well.*

All these features are more clearly seen in the Fourier
representation of the current (see Fig. 3). The electron and
hole cyclotron frequencies appear as separate peaks for low
detuning. At about a detuning of an LO-phonon energy,

= (arb. units)

x

<J

FIG. 3. Spectra of the x component of the current versus detun-

ing A for fixed fields: F=4 kV/em, B=4 T.
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FIG. 4. Integrated square amplitude of the derivative of the cur-
rent as function of the detuning A for fixed fields: £=4 kV/em,
B=4T.

damping broadens the peaks, and the competition of different
interband polarization contributions causes a crossover from
a simple peak structure to a peak-valley-peak structure
around both cyclotron frequencies. This can be understood in
terms of a superposition of two differently broadened
Lorentzians with different signs. Only the additional satel-
lites have no physical meaning, but are numerical artifacts.
Although the parameters of our theoretical analysis do not
match those of the experiments of Ref. 28, in which only an
electric depletion field has been used qualitatively the same
features are observed: decay on a picosecond time scale and
oscillations with the cyclotron frequencies of electrons and
light holes. In Fig. 4 the integrated square amplitude of the
time derivative of the current, which is proportional to the
radiated signal, is shown. Again this result resembles that of
the experiment.”™ A peak for small detunings of about 25-30
meV is followed by a dip. This dip is due to the strong
increase of damping for excitations above the LO-phonon
energy. In the experimental results, however, the minimum
of the dip is reached for twice the LO-phonon energy. This
has been explained in terms of the magnetophonon reso-
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nance, with the argument that due to the magnetic selection
rules both electrons and holes had to be excited above
threshold. As shown before, it is a crucial point of our analy-
sis that the selection rules do not hold for £+ 0. Thus for a
magnetophonon resonance at 2fi ey ; one has to assume the
limit of small electric fields, but then the signals would be
very weak as well. Because the intrinsic depletion field in the
experiment of Ref. 28 has not been under control, further
experimental examinations of the field dependence are
needed.

VI. CONCLUSION

The mechanism of terahertz generation in a bulk semicon-
ductor in perpendicular electric and magnetic fields has been
studied in terms of Bloch equations. We emphasized the im-
portance of the electrical field in breaking the symmetry and
inducing the polarization components between various elec-
tron or hole Landau subbands. These inter-Landau-subband
polarization components are responsible for generating the
oscillating current and thus the terahertz signal. Furthermore,
the damping of these signals, respectively the current, is ana-
Iyzed in terms of LO-phonon scattering. As a characteristic
quantity, transverse gquantum-number-dependent inverse re-
laxation times have been calculated. A smeared-oul one-
phonon threshold is obtained, which leads to two different
damping regimes: below this threshold regime only a weak
damping exists, while above the threshold regime damping
on a picosecond time scale is calculated in qualitative agree-
ment with the few available experimental data in this geom-
etry,
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Bose-Einstein Condensation Quantum Kinetics for a Gas of Interacting Excitons
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A quantum kinetics of the Bose-Einstein condensation in the self-consistent (s.c.) Hartree-Fock-
Bogoliubov (HFB) model of the interacting Bose gas is formulated and numerically solved for the
example of excitons scattering with a thermal bath of acoustic phonons. The theory describes the con-
densation in real time starting from a nonequilibrium initial state towards the equilibrium HFB solution.
The s.c. changes of the spectrum are automatically incorporated in the scattering terms.

DOI: 10.1103/PhysRevLett.86.3839

A nonequilibrium many-body description of the con-
densation of atomic or excitonic bosons starting with
experimentally specified initial conditions and ending in
the stationary Bose-Einstein condensation (BEC) state is
an urgent problem since the experimental realizations in
atomic traps [1-3] and experimental indications in semi-
conductors [4—7] of such a phase transition appeared. In
such a phase transition, quantum coherence occurs spon-
taneously once critical conditions are reached. For the
description of such an effect, a helpful analogy is the laser
theory in which the spontaneous creation of a coherent
photon amplitude in a driven nonequilibrium many-body
system is treated [8]. As demonstrated for lasers, rate
equations are the simplest approach to treat the self-
organization of collective coherence in terms of a macro-
scopically populated laser mode. For a nonequilibrium
boson system, semiclassical Boltzmann kinetics has in-
deed been shown to be able to describe a transition into a
state with macroscopically populated condensate, provided
the thermodynamic limit is treated with care [9]. How-
ever, a spatially homogeneous interacting boson system
is known to change its spectrum from a quadratic one in
the normal phase to a nonquadratic one in the condensed
phase. Therefore, a semiclassical kinetics with scattering
between the free-particle states cannot reach the stationary
solution of the condensed state.

In recent years a quantum Kinetic theory has been de-
veloped on the basis of Keldysh nonequilibrium Green
functions and the equation of motion technique in which
such time-dependent renormalizations of the spectra are
contained [10,11]. Particularly for the description of fem-
tosecond semiconductor spectroscopy, a quantum kinetics
in terms of the single-time density matrix has been devel-
oped with non-Markovian scattering integrals. The scat-
tering integral kernels are determined by the spectral (i.e.,
retarded and advanced) nonequilibrium Green functions
which have to be calculated self-consistently together with
the density matrix. This theory has been successful in de-
scribing fine details of recent phase sensitive femtosecond
four-wave mixing experiments [10].

A first approach for the BEC kinetics in a dilute
atomic Bose gas was proposed using a Fokker-Planck
equation [12]. In an atomic trap Markovian rate equation

0031-9007/01/86(17)/3839(4)$15.00
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approaches were used [13] to simulate numerically the
occupation of the lowest levels without touching the
problem of spontaneous symmetry breaking. A more re-
cent formal treatment [14] starts from quantum kinetics
and includes anomalous averages, but finally a Markovian
approximation is made and the nature of the solutions is
not discussed.

We apply a purely quantum kinetic approach to the
nonequilibrium phase transition of a BEC of a weakly
interacting Bose gas within deterministic equations. While
in an atomic system the particle-particle interaction causes
the irreversibility, in a low-density exciton (x) system the
x-phonon scattering dominates the relaxation kinetics.
Therefore we treat weakly interacting x’s with x-phonon
scattering as a relatively simple and thus sufficiently
transparent model system for a BEC phase transition. For
the discussion of possible obstructions to a BEC, e.g., in
the form of nonideal boson commutator relation of x’s, the
polariton effect, too short lifetimes, or Auger processes
we refer to the literature [15,16].

We consider x’s in a spatially homogeneous system as
ideal bosons with creation and annihilation operators in
momentum states ug ,a;. The nonequilibrium x system is
described approximately by the self-consistent (s.c.) time-
dependent Hartree-Fock-Bogoliubov (HFB) Hamiltonian
[17-19]

Hyrp(t) = Z(ek + wn)a;:ra,;
k

+ %Z[c(t)agaii‘ + H.c.]

k
= VIwlp@Pp@ad + Hel, (1)

where w is the x-x contact potential, n is the total density,
V is the volume, and ey is the kinetic energy. The s.c. pa-
rameter c(t) = %[% S F,(0) + p(t)*]is given by the pair
(or anomalous) function Fy and the coherent amplitude p,

Fu() = (aa_p (),  m) = (@i (Naz (),
| 0))

p@) = NG (ao(1)),
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with a;(t) = aj(t) — (aj(¢)). The order parameter in an  where s;(t1) = —/V w|p(t)|?0f; pi(¢) is the cubic Gross-
x system is also its polarization and therefore named p.  Pitaevskii term and

The total density is the sum of the noncondensate and the 0 ) N

condensate n = %Zk ni(t) + | p(¢)|?. This approxima- Hyeij(0) = (e + wn)o; + [e(t)oy; —Hel  (5)

tion does not lead to the gapless linear spectrum of the
much simpler Bogoliubov approximation. However, for a
proper definition of, e.g., superfluidity, not the single par-
ticle spectrum but the density response function has to be
gapless [20] and these are indeed well behaved in the HFB
approximation. : h +
We use a “spinor” notation for the boson opera-  through H, p, = v ch,z} g;lahéa;(b;, + bf,;)’ where
tors ap; = a; ar{d aj, = af/; with the commutator  g; = G,/@j is the long-wavelength deformation potential
[a;,,-,a,;,_j], = ia';}jﬁ,;ﬁ,,;,, where o-,-yj is a Pauli matrix. = coupling. The dissipative evolution due to the phonon
coupling is treated in the framework of quantum kinetics.
The hierarchy of equations of motion for the boson density
matrix is truncated on the second level by factorizing the
averages in the equations for the phonon-assisted density
matrices which contain also the HFB motion. After a for-
mal integration of these equations, one finds the following
non-Markovian quantum kinetic collision integrals:

is the k-dependent HFB Hamiltonian matrix, where ot =
(o* + ia”)/2.

Furthermore, the x’s are coupled to a thermal bath of
acoustic phonons with the boson operators bgj,bgr , the
linear spectrum w, = c|g|, and the inverse temperature 3

The condensate amplitude is given by p; = J%(ao,,),
the reduced density matrix for the noncondensate by
Paq,ij = {G-gq,idq,j), and the phonon expectation values by
Ngij = {b-q.ibq j)- ; ;

Splitting the time development & = = lcon + 1 lcoll
into a coherent part due to the HFB Hamiltonian and a
part due to the collisions with phonons we find

d i J !
— pi(Olcon = *izg'[o(,);j(l)m(t) - —=si(1), 3) — pi(®leon = — / dr’ Z gDy j(t,1)
at ; v at o
J .
Epk,ijlcoh = =i > [HyWprs; + Hupral, @ X o Tt )Ry (1), (6)
! |
F t gz '
Epk,ijlcoll = - Zgﬁfo dt' Dia(t,1) (0% () Teim(t,1) + (0 = D) R (t') — Z Vq,[o di' Dyu(t,1")
Lm g.l,m.n
X (5 Tieim(t, )T g 10 (1,1 S 1 3 (") + 05T sy im (6 ) T (1,1 S e ). @)

The functions R and S are combinations of the generalized initial and final state population factors. They are taken
at the earlier time ¢/, therefore demonstrating the quantum-kinetic memory structure of the equations, which is caused
by the elimination of higher correlations.

Riij() = oiiNji0)pi(t) + 05 (priz(Op1(1) + prin()p2(1)),
5*';:2_;*3 (1) = Nig (0501, () + 05:p1y,ij(0) + 0 (pry it (D) pioj2(t) + piyji (D)o, i2(1)) -

For all indices 77 # n is used. The memory kernel is deter-
mined by the phonon propagator Dy (t,1') = e~ *¢=") ' at least for weak phonon coupling. We indeed show nu-
and the particle propagator function T;(z,7'). The latter ~ merically in what sense this conjecture holds. Note that
describes the HFB evolution, generated by _’}-[ko(t), these equations do not break the gauge invariance of the
1.0.0) fundamental Hamiltonian with respect to a constant phase

0T (2,0) 0 . _ (particle number conservation). Therefore, if the anoma-
Y = H (O Tilr.0; TO.0=1. @ lgus quantities p and F are zero initially, they will be zero
for all times. However, a finite, but very small symme-

T.(t,1") replaces the usual free propagation factors  try breaking initial condensate population will blow up for

e(=1) in the scattering terms by the coherent HFB dy-  supercritical conditions (n > n.) but decays immediately
namics without any additional adiabatic approximations.  for subcritical conditions. This behavior has been demon-
So the important s.c. temporal evolution of the renor-  strated also in the framework of rate equations before [9].

malized particle energies is fully taken into account. For ~ However, it is unique to our model that the condensate am-
t > ¢/, the evolution matrix T (¢, ') is up to a phase there-  plitude | p(¢)|, the pair function |F(r)|, the total anomaly
tarded HFB Green function. The system of Eqgs. (3),(4).(8) |c()], and the noncondensate population n(f) converge

have to be numerically solved simultaneously. to stationary values given by the equilibrium theory of the
One expects that the solution approaches the grand- interacting HFB gas with the proper thermodynamic quasi-

canonical equilibrium averages of the equilibrium HFB,  particle spectrum.
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FIG. 1. Kinetics of the order parameter p. Curves 1 and 2:

| p(t)]? for w = wy and for w = wy, respectively. The dashed
lines el and e2 correspond to the solution of the HFB equilib-
rium theory and e0 to the equilibrium of the ideal Bose gas.

In order to illustrate these statements, the full set of
the kinetic equations Eqgs. (3),(4),(8) is solved numerically.
We take the material parameters of Cu,O, a phonon tem-
perature 7 = 1.5 K, and a supercritical density of n =
1.76 X 107 cm ™3, typical for related experiments [4]. In
order to speed up the numerics, the coupling constant to
the phonons is chosen to be twice the value reported in the
literature. The interaction strength w is varied around the
estimated x-x coupling.

In Cu,0 and the results for two coupling constants w; =
0.5 X 10° neV nm® and wy = 2w, = 10° uneV nm® and
are shown. The scattering length corresponding to w, is
an exciton Bohr radius. Furthermore, a small initial con-
densate seed of less than 1% of the density is introduced.
A Gaussian initial noncondensed x distribution is assumed
centered at ko = 0.2 nm™! (excess energy 0.5 meV) and
a width Ak = 0.1 nm™".

For the comparison of the asymptotics of the time-
dependent theory with the result of the equilibrium the-
ory, the s.c. equations for the HFB equilibrium parameters
are solved numerically, too. Figure 1 shows how the or-
der parameter | p| converges in the full kinetics towards
the value of the equilibrium theory for both interaction
constants wi and wy. The still existing differences stem
from the nonvanishing energy corrections due to the in-
teraction with phonons. For the actual x-phonon coupling
G in Cu,0 they are negligibly small. An additional small
phenomenological damping of the memory kernel T (z, ')
stabilizes the numerics on a finite grid of k points. Surpris-
ingly, the speed of the condensation is strongly affected by
the HFB corrections in the scattering terms. Future esti-
mates of condensation time scales should take into account
the buildup of the quasiparticle spectrum. A quasiclassi-
cal Boltzmann equation with phonon scattering does not
yield an accurate description of the x kinetics for typi-
cal high-density experiments in Cu,O. In Fig. 2 the time
dependence of the anomalous density [19] 2|c(t)|/w is
shown. The anomalous density approaches the equilibrium
asymptotes quite well. The resulting asymptotic distribu-

e(l)',,J,,l,,L,,L,,L,,L,

—_ ::____m

G120 @

= | ]

3]

Sosr 2 ]

b 1

2

=04 1

S

= L ]
0 4 8 12 16

t (ns)
FIG. 2. Kinetics of the anomalous density 2|c(¢)|/w. Curves 1
and 2: 2|c(t)]/w for w = w; and w = w,, respectively. The

dashed lines el and e2 are the HFB equilibrium solutions and
e0 is the equilibrium solution of the ideal Bose gas.

tions n and the pair function |Fy| are compared with the
equilibrium solution in Fig. 3. It can be seen that for Cu,O
parameters both results are nearly identical and far away
from the trivial condensation of an ideal Bose gas, which
predicts Fy = 0. For a truly quantitative calculation, one
should take for large k values the k dependence of inter-
action potential into account. However, already our con-
tact potential results demonstrate clearly the importance
of interaction effects for the resulting x distributions. In
particular, they show that experimentally determined dis-
tributions n; for condensed x’s in Cu,O cannot be fitted
with an ideal gas distribution with x4 = 0 as has been tried
quite often; see, e.g., [21,22].

The derived quantum-kinetic equations bring all real
quantities and absolute values to the grand-canonical
equilibrium state of the interacting Bose gas. However,
the equilibrium theory makes no prediction for the phase
of the complex quantities. In Fig. 4 the real parts of
the order parameter p and of the sum of the anomalous
function &Zk F are plotted versus the time. Note that
both oscillate with multiples of the chemical potential

0 0.1 0.2 0.3 0.4
k (1/nm)

FIG. 3. Asymptotic distribution functions n; (A) and [Fy| (<)
of the kinetics and the corresponding equilibrium solutions
(curves 1 and 2) for w = w,. Equilibrium solution of the ideal
Bose gas for n; (curve 0) (here Fy = 0).
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FIG. 4. Asymptotic time dependence of the real parts of the
polarization p (curve 1) and of the sum of all anomalous func-

. 1 .
tions 3 Zk Fi (curve 2) for w = wy.

wm = 76.531 ueV of the equilibrium theory. For the
evolution under Hypg(t) — wN, the equilibrium values
are stationary. For the real evolution the second term in
the grand-canonical Hamiltonian is missing, which gives
rise to oscillations for quantities which do not commute
with N.

Our quantum kinetic results can be summarized by the
following asymptotic statement for p(z):

p(t) = %e*iuNre—B(H;"FB—uN)emNr, ©)

where Z is the partition function. Observables which com-
mute with N relax to their equilibrium value, while the
noncommuting ones oscillate with multiples of u but have
absolute values given by the equilibrium theory. A quasi-
adiabatic approach would not be sufficient for our problem,
because Hypp(f) rotates very fast even asymptotically.
Therefore, quantum kinetics with integral kernels deter-
mined by the HFB evolution is the appropriate way to treat
the buildup of the quasiparticle and thermodynamic prop-
erties. Equation (9) is not an artifact of the HFB approxi-
mation but a special case of a more general statement. In
Eq. (9) the essential point is that H;IqFB does not com-
mute with N. The situation is common in systems with
spontaneous particle number symmetry breaking. In the
Van Hove limit of weak coupling to the bath, the “ro-
tated” density matrix (1) = e'*V p(t)e "N relaxes to
a macrocanonical distribution. With infinitesimal symme-
try breaking initial conditions one reaches (as in Ref. [9])
a Bogoliubov quasiaveraging macrocanonical density ma-
trix which also does not commute with N, as in Eq. (9).
In conclusion, a quantum-kinetic theory for the BEC
of an interacting Bose gas has been developed with far-
ranging possible extensions also to atomic systems. It
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has been applied successfully to x’s scattering with a ther-
mal phonon bath. A better insight in the kinetics of a
x-BEC in semiconductors has been obtained. This example
also shows that quantum kinetics with its time-dependent
memory kernels is the appropriate formalism to treat sys-
tems, where a quasiparticle spectrum builds up in time as
in a BEC.
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Abstract

The relaxation of nonequilibrium heavy-hole distributions in highly polar CdTe is studied via femtosecond
transmission spectroscopy and compared to more covalent GaAs. Heavy holes in CdTe show ultrafast energy
redistribution via the Frohlich mechanism even if photoexcited below the LO phonon energy. This sub-threshold
dynamics is a genuine quantum kinetic effect relevant whenever the polaron self-energy is comparable to the LO

phonon energy. © 2002 Elsevier Science B.V. All rights reserved.

PACS: 71.38.+1; 72.10.Di; 78.47.+p

Keywords: Quantum kinetics; Polarons; Femtosecond spectroscopy

1. Introduction

In recent years, materials such as I1I-V nitrides
and semimagnetic II-VI semiconductors have
obtained special attention for applications in
optoelectronics and future spintronics [1,2]. A
common feature of these materials is their
relatively high degree of ionicity as compared to
the well established AlGaAs/InP family. Accord-
ingly, the polar-optical Frohlich interaction of
charge carriers with longitudinal-optical (LO)
phonons is significantly stronger in the nitrides
and I1I-VI compounds. This scattering mechanism
is of central importance for the transport and

*Corresponding author. Tel.: +49-89-289-12861; fax: +49-
89-289-12842.
E-mail address: mbetz@ph.tum.de (M. Betz).

optical properties of direct-gap semiconductors.
The coupling strength of LO phonon scattering for
a carrier with effective mass m" may be character-
ized by the dimensionless polaron coupling con-
stant

A 1 m* 172
T <s% - %) <2tho> ’

which determines the ratio between the polaron
self-energy and the LO phonon energy hwio.
Electrons in the I'-valley of GaAs represent a
typical example for weak Frohlich interaction with
o< 1. In contrast, charge carriers in CdTe fall into
the so-called intermediate coupling regime where o
is in the order of unity.

The most direct access to electron—phonon
interaction is provided by ultrafast optical spectro-

0921-4526/02/$ - see front matter © 2002 Elsevier Science B.V. All rights reserved.
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scopy. Situations have been found, where the
semiclassical Boltzmann picture with instanta-
neous scattering events is insufficient for the
treatment of femtosecond kinetics. As an example,
LO phonon quantum beats in the decay of the
excitonic interband polarization [3-6] call for a
quantum kinetic description. Information on the
time dependence of the energy distribution of
nonequilibrium carriers interacting with phonons
is gained analyzing femtosecond transmission
measurements [7]. In GaAs, scattering events
without energy conservation and with memory
effects have been observed for highly energetic
electrons which emit LO phonons [8]. Quantum
kinetic calculations agree with the experiment
[9-11].

In this article, we demonstrate that the dynamics
of nonequilibrium carriers for intermediate elec-
tron—phonon coupling exhibits qualitatively new
and important features which are completely
unexpected in semiclassical physics and may be
understood only on the most sophisticated level of
quantum kinetic theories. The most striking result
is that carriers injected below the one-LO-phonon
threshold, still experience significant relaxation if
the Frohlich coupling is strong enough [12].

2. The experiment

We choose the direct 1I-VI material CdTe as a
model substance for intermediate Frohlich inter-
action: electrons at the minimum of the conduc-
tion band (m. = 0.09m) exhibit a polaron
coupling constant of «, =0.33. Due to their larger
effective mass (as in GaAs, mj, /m; ~10 in CdTe),
the heavy holes are even more strongly coupled
with oy~ 1. The band gap energy of CdTe is
E, =1.60eV at low temperatures and hwro =
21 meV. The results are directly compared to

analogous investigations in GaAs where
E,=1.52eV, m,=0067my, o =006 and
Ohh 0.15.

In the experiments, we create unbound electron—
hole pairs with Gaussian light pulses of a duration
of 80 fs and a central photon energy above E,. The
samples are epitaxial layers of high-purity CdTe
and GaAs of a thickness of d = 370 and 500 nm,

respectively. They are anti-reflection coated on
both sides, glued to transparent substrates and
mounted inside a He cryostate. In order to gain
insight into the dynamics of the photoexcited
carrier distributions, we measure the pump in-
duced transmission changes with a time delayed
probe pulse of a duration of 15fs and a bandwidth
of 100meV. Perfectly synchronized pulses for
excitation and probing are provided by a special
two-color femtosecond Ti:sapphire laser system
[13]. The test pulse is spectrally dispersed with a
double monochromator (spectral resolution set to
4 meV) after transmission through the sample.

3. Theoretical simulations

In the theoretical treatment, we consider a
quantum kinetic approach based on the Keldysh
Green functions with two-time arguments. The
photoexcited electrons and holes interact with LO
phonons. Coulomb collisions between carriers are
neglected in the low density regime of the
experiment, but the exciton and excitonic enhance-
ment are included through the Hartree-Fock
approximation. The phonons are taken to be in
equilibrium.

In a previous publication [14], we have devel-
oped a straightforward procedure to directly solve
the Dyson equation for the nonequilibrium charge
carriers numerically. Our solution for the inter-
mediate coupling regime (0.1<a<1) predicted
important deviations from the earlier one-time
approximations.

Numerical simulations are performed for the
material parameters of CdTe and GaAs taking
into account time delayed optical probe and pump
pulses of the experiment.

4. Results and discussion

Differential transmission spectra for various
delay times rp are measured at a photoexcited
electron—hole density of 4 x 10'*cm ™ with cross-
linearly polarized pump and probe beams in GaAs
(left column of Fig. 1) and CdTe (right column of
Fig. 1) [12]. The excitation density is maintained
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Fig. 1. Spectrally resolved transmission changes AT/T in
GaAs (left column) and CdTe (right column) for various delay
times 7p at a carrier density of 4 x 10em ™ and T, = 4.5K.
The excitation spectra are shown as dashed lines.

extremely low to suppress carrier—carrier scatter-
ing [15]. A lattice temperature of 4.5K ensures
very slow scattering of carriers with acoustic
phonons on a time scale of 10ps. Consequently,
the polar-optical interaction with LO phonons is
by far the dominant relaxation mechanism in the
sub-picosecond regime.

Exciting GaAs with an 80 fs pulse at 1.65eV (see
dashed line) results in a heavy-hole (hh) distribu-
tion centered at a kinetic energy of 18 meV which
is smaller than hwio, i.e. no scattering with LO
phonons is expected. In contrast, the electrons are
created with an excess energy of 112meV and
allowed to transfer energy to the crystal lattice via
rapid emission of LO phonons [7,8]. At tp = 50fs
in GaAs, a signature of the nonthermal carrier
distribution appears near the excitation energy.
For a delay of rp = 500fs, i.e. after twice the
electron—-LO phonon emission time of approxi-
mately 240 fs in GaAs [7,15], most of the electrons
have relaxed towards the minimum of the I"-valley,
inducing a transmission increase below a probe
photon energy of 1.55eV. A well resolved bleach-
ing peak due to the generated heavy holes remains
at 1.63eV (indicated by hh in Fig. 1). As late as
700 fs after excitation, the increased transmission

associated with the hh distribution is still clearly
visible in GaAs.

In strong contrast to GaAs, no analogous
signature of a hh distribution is found in CdTe
(right column of Fig. 1): excitation with an 80 fs
pulse centered at 1.71eV (see dashed line) gen-
erates heavy holes with an average kinetic energy
of 12meV. In the semiclassical picture of carrier
relaxation, the hh distribution should, therefore,
behave similarly as in GaAs. However, at a delay
time of fp = 150fs, approximately twice the
electron—-LO phonon emission time of 70fs in
CdTe [15], no bleaching peak is observed close to
the excitation energy. Apparently, the distribution
of heavy holes in CdTe relaxes on a time scale
comparable to the electrons even though real
emission of LO phonons should be energetically
impossible. This surprisingly fast dynamics can
only be related to the increased polaron coupling
in CdTe since all other parameters are very similar
in GaAs.

To elucidate the physical origin of the missing
bleaching peak in more polar CdTe, we have
performed extensive theoretical studies [12]. The
hh energy distributions computed with the two-
time quantum kinetics (thick lines) and the
semiclassical Boltzmann kinetics (thin lines) are
depicted in Fig.2 for GaAs (left column) and
CdTe (right column). In GaAs, both models result
in rather similar hh populations. A strongly
peaked distribution is conserved on a sub-picose-
cond time scale. In contrast, the populations
obtained with the Dyson equation for CdTe show
a significant femtosecond relaxation of the holes.
A very broad continuous background resembling a
quasi-thermal distribution has formed already
after a delay time 7p as short as 60fs. Even at a
delay time of tp = 200 fs, the background compo-
nent experiences further relaxation indicating that
the phenomenon is not linked exclusively to the
energy uncertainty during the ultrafast carrier
generation process. This effect is purely quantum
kinetic in nature: if the sub-threshold hole
dynamics in CdTe is simulated semiclassically
(thin lines in Fig.2), the distribution functions
undergo no relaxation. Upon closer inspection
the background component is discernible also in
the quantum kinetic simulation of GaAs, but the

m Ladislaus Banyai: Profile in Motion



M. Betz et al. | Physica B 314 (2002) 76-80 79

GaAs CdTe
t,=0fs 'tD=of5
0.001 1t 1
0.000 —t——— = T t
. t, =60 fs t,=60fs
g 0.001 1t 1
€ L
3
c
S 0.000 —t—t—— — f t
= t, =120 fs t, =120 fs
2 0.001} 1t 1
(%]
Q
8 |
0.000 —t—t——r — ¥ t
t, =200 fs t, =200 fs
0.001 1r 1
0.000 L L

0 510152025 0 5 10 15 20

heavy hole energy (meV)

Fig. 2. Heavy-hole energy distributions in GaAs (left column)
and CdTe (right column), as calculated in the two-time
quantum kinetic simulation based on the Dyson equation
(thick lines) and with the semiconductor Bloch equations
including Boltzmann scattering terms (thin lines) for various
delay times fp.

effects are much smaller than in CdTe. In the
experimental result for CdTe, the relaxation of
the heavy holes is even more pronounced than
expected from the calculated hole distribution.
This finding suggests an additional broadening of
the bleaching signal due to valence band warping
that is not included in the simulation.

To understand the unexpected dynamics of the
heavy holes, one has to take into account the fact
that within the two-time quantum kinetics with a
stronger coupling constant the energy of the free
particles is no longer conserved. The interaction
energy plays an important role and allows transi-
tions that are forbidden in the Boltzmann picture.

The dynamics of the hole distribution is a result
of a dynamical polaron formation: the laser pulse
creates bare electrons and holes. These quasi-
particles get dressed via deformation of the

surrounding polar crystal lattice. The buildup of
this virtual LO phonon wave packet leads to a new
class of carrier dynamics. Such phenomena are
relevant whenever the polaron renormalization
energy is comparable to the LO phonon energy.
The approximate time scale for the polaron
formation is linked to the duration of the LO
phonon oscillation period which is ol = 200fs
for the case of CdTe.

5. Conclusion

In conclusion, we have found an ultrafast
dynamics of low-energy heavy holes interacting
with unoccupied polar-optical modes in CdTe. A
theoretical description of the sub-threshold scat-
tering calls for a sophisticated quantum kinetic
treatment beyond the Kadanoff-Baym ansatz.
This phenomenon represents a typical many-body
effect: the free-particle energy ceases to be a
constant of motion in systems where the coupling
between electronic and lattice degrees of freedom
can no longer be regarded as a weak perturbation.
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We show that Bose condensation in real time occurs in a finite system not only as an accumulation
of the bosons in the ground state below a critical temperature, but also as a rapid enhancement of an
arbitrary small symmetry breaking, followed by a very slow decay of the symmetry breaking order
parameter from the almost ideal value to the vanishing equilibrium value. We show this analytically on
an exactly soluble model and numerically on a model of noninteracting bosons in an oscillator potential.

DOI: 10.1103/PhysRevLett.88.210404

Extraordinary experimental achievements have recently
proven Bose-Einstein condensation (BEC) of atoms in
magnetic traps [1,2]. While the original idea about BEC
was formulated only in the thermodynamic limit of a free
Bose gas, one may easily conceive that, with a finite num-
ber of atoms in a finite volume, below a certain temperature
the number of bosons in the ground state will increase pro-
portionally to their total number (or volume). A more unex-
pected aspect for a theorist is the observation of the order
parameter (interference) implying a spontaneous symme-
try breaking (of phase transformations corresponding to
the particle number conservation) in a finite system. We
show in this paper, by a study of the evolution in real time,
that even with a finite number of bosons in a finite volume
below a “critical temperature” one gets, besides the accu-
mulation of the bosons in the ground state, also a strong
and rapid enhancement of the order parameter, which later
decays very slowly. The more particles one has, the slower
this decay will be, and of course in the thermodynamic
limit it will not decay at all. In other words, what is for-
bidden in equilibrium in a finite volume (a nonzero order
parameter) is allowed and therefore experimentally acces-
sible in the kinetics, for a certain time interval which grows
with the number of particles.

The treatment is based on the Markovian equations for
the particle occupation numbers and the order parameter
as they may be derived through the equation of motion
techniques for a system of noninteracting bosons in con-
tact with a thermostat. A treatment of interacting bosons
already would require going beyond the Markov approxi-
mation [3]. The Markovian equations were derived and
used in earlier publications [4,5] in the context of Bose
condensation, however, without calculation of the order
parameter in finite systems. For completeness these equa-
tions are first discussed. Then, an exactly soluble model
is discussed [4], to prove analytically our statements about
BEC. On the other hand, in order to be closer to experi-
ments, we consider also bosons in an oscillator potential.
We make the assumption of very simple degenerate transi-
tion rates due to a thermostat and get numerical solutions.
The behavior obtained in this numerical study is in per-
fect agreement with the conclusions of the soluble model.
Already with 100 bosons one gets, at (;B—‘UTO = 0.5), very

210404-1 0031-9007/02/88(21)/210404(4)$20.00

PACS numbers: 03.75.Fi, 05.20.Dd

rapidly all the atoms in the ground state, and the order
parameter almost achieves its ideal thermodynamic value
before its very slow asymptotic decay.

Let us consider the interaction between bosons
and a thermal bath (phonons) described by the
Hamiltonian H=>,e.ala, + Zq hwqb;bq +
Daq(@qaaay awby + He.). Starting from the
Heisenberg equations for the creation and annihilation
operators of the bosons a; , dq, taking averages with the
bath being in thermal equilibrium, decoupling the higher
correlations and taking the long-time Markovian limit,
one gets the equations describing the time evolution of
the average boson occupation numbers {a; a,) and of the
(square modulus) of the average ground state annihilation
operator {ap) (anomalous average related to the order
parameter):

J
E<a;aa>t = Z{Wa’a<a;r'aa’>r(l + <a;raa>t)
@

- (a=a')},

= Kaoh P = Kaohl? 3 a7 aa) Weo
1+ (@ an)Wod].

The transition rates due to the interaction with the
thermal bath W, . satisfy the detailed balance relation
Weaa = WeargePla=e)  The explicit expression of the
transition rates is given by the golden rule, but it is not
relevant for our further discussion.

It is important to remark that the equation for [{ao);|?
resembles very much the equation of (ao+ a);, but they are
not identical and, as we shall see, this fact has far reaching
consequences. The stationary solution of these equations is
the Bose distribution for the occupation numbers and a van-
ishing anomalous average. However, if one starts with an
arbitrarily small (but extensive) symmetry breaking initial
condition (an+ ap)—o # 0, one may show [4] that, below a
critical temperature, in the thermodynamic limit the sym-
metry breaking survives as a spontaneous symmetry break-
ing as it is given by Bogolyubov’s quasiaverages theory.

The equation for the phase ¢ of {(ao), however, is not
governed by the transition rates,

© 2002 The American Physical Society 210404-1
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The phase behaves asymptotically as ¢ (1) — —(ep +
Aeg)t, where Ae is the lowest order correction to the
ground state energy due to the interaction with the thermo-
stat. A derivation of these equations is given in Ref. [4] for
free massive bosons interacting with acoustical phonons in
thermal equilibrium, but it does not depend on these spe-
cific details. In what follows, we shall discuss only the first
two equations considering different models for the energies
and transition rates.

All the essential features of the BEC are contained also
in an exactly soluble boson model consisting of a ground
state (particle energy €)) and an excited state (particle en-
ergy €;). The lowest state is taken nondegenerate, while

eflios — 1

:|+ 1 |: 7<a2aa>+1:”
eq —eg + Rwg LeP@ — 1 e Bhes — 1 ||°
the higher state is taken to be macroscopically degener-
ate (i.e., the degeneracy is Vn,, proportional to the vol-
ume V). It simulates a continuum. The transition rate
between the two states is Wy = %we’ﬁf" , respectively
Wor = %we’ﬁf', and obeys the detailed balance. This
volume dependence is typical for transition rates between
a bound state and a state in the part of the spectrum; that
in the infinite volume limit goes to a continuous one [5].
Within this model, the real-time evolution can be studied
analytically.
We are looking for degenerate solutions having identical
occupation of the degenerate states. The rate equations for
Ffa(t) =(alan); (@ = 0,1) are then

J
Efl(t):

9 . _
afo(f) =

and the equation for the square modulus of the order pa-

rameter p(t) = (1/+/V){ao); is

Z1pOF = p@Fniwl fie P = [+ Fi(0le P4},

These equations conserve the average particle density
Nt = nyf1 + %fo. Since the chemical potential in
equilibrium has an upper bound, u = €y, the particle
occupation in the state 1 is bounded by 1/(ef(co=e)=1),
Therefore, above a critical density at fixed temperature (or
below a critical temperature at fixed n), the equilibrium
occupation of the state (0) has to increase with the volume.
The critical density is given by n, = nj/(ef€~€) — 1),
These equations are exactly soluble for any set of parame-
ters. For the sake of simplicity, we take ¢y = 0, w = 1
(which amounts to choosing the time unit %), and denote
e Bla—a) = ¢ < 1. Then n. = nlﬁ. We eliminate
f1 in favor of f through the conservation equation and
get a closed equation for fo:

2t = -1 E o

+ (- &) ( — 7

+ Rt -

)

The discriminant of the polynomial in fj, on the right side
is positive, the roots (x,x,) are real with opposite signs,
and we choose x; as the positive one. Then the solution of
the differential equation [with f((0) = 0] is

1) s,
N+ xapmege

1+

N = .
fol®) ;.(—O_)fnf) o—alai—x)t
0(0)—x2

210404-2

VO + A@]e P9 = RO+ fon]e P9},

mw{ f1i(O)[1 + fo()]le P — fo([1 + f1()]e P},

with a = % Now, as it is easy to see, the roots behave

for large volumes as V (nioy — n.) + n./[(1 = &) (nor —

ne)] and —n./[(1 — €) (mot — ne)], respectively. Then

since limy—ofo(f) = x; = 0, one gets the following for

i

no(t) = 7 fo(0): ; -
Jim limno(r) = { o Mot = e
00 [—%

Nt — Mo for nygy = ne.

Thus, BEC for the population occurs above the critical
density. By taking the opposite order of the limits, one
has to be careful regarding the initial condition. Let us
now consider the infinite volume limit of the condensate
particle density. For ny < n. (subcritical density),
no(0) (n. — ”101)57(11:)(""7"““)[
ne = o + mo(0) (1 = ¢~ (-80=mar)
for nyy > n. (supercritical density),
no(0) (nior — 1)
10(0) + [nor = ne = n(0)Je (=) tra=nels ?
and for ny = n. one gets a “critical slowing down,” i.e.,
powers of ¢ instead of exponentials:
1(0)
1+ no(0) (1 — €)1
Therefore, if no condensate is present at the initial time
[(n0(0) = 0], then there is no evolution of the condensate
at all, while for any finite initial condensate [(n0(0) > 0]
one gets condensation at 1 — % above the critical density,
while the condensate disappears below the critical density.
One gets the square modulus of the order parameter by
simple integration using the previous solution:

no(t) =

no(t) =

no(t) =

) x1—fo(0)
lp®F _ L* 70 e =O @/V=mutnor
PO 1+ j%«*g)e—mm—mn
0 —X2
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FIG. 1. Evolution of the average occupation of the lowest level
in the soluble model for the volumes V = 20 and 400.

The last exponential behaves for V — o as
e~W/Vlne/ma=nlt jn the supercritical regime, and as
e~ =8 (n=mu)t ip the subcritical one. It is clear that one
encounters here two time scales: a fast or “microscopic”
one, i.e., weakly affected by the volume, and a slow
or “macroscopic” one, describing evolutions which get
slower as the volume increases. The relaxation of the
population to the equilibrium BE distribution is in this
sense fast, as is the decay of the order parameter to zero
under subcritical conditions. On the contrary, in the
supercritical regime the order parameter decays slowly.
A further consequence of this is the observation that the
time constant of this slow decay can be readily obtained
directly from the equation of |p(r)|>. Indeed, the popu-
lations are quickly thermalized and therefore one may
replace f1(r) with f;(). Using the properties of the BE
functions, together with the detailed balance, one gets the
following for large volumes:

In(t)|2 at lp( I~

in agreement with the discussion above.

It is clear that for any large but finite volume at t — %
the order parameter disappears. However, if the infinite
volume limit is performed first, then the order parameter
reaches the stationary value,

lp)*

_ no(®)
PO  no(0)°
and the Bose condensation is perfect also in the sense of
the order parameter if it was different from 0 at t = 0. If
in the initial state one had | p(0)|> = n¢(0), then also in the
final state |p(e)|> = ng(c). In a finite but sufficiently big
volume, under supercritical conditions, the order parameter
will be first enhanced from any small initial value and then
disappears very slowly Flgures 1 and 2 illustrate the time

1 ne
ne(l = P = = T
tot c

evolution of ny and W above the critical density for
finite volumes V = 20 and 400. [We took here n, =
20;n. = 10;n0(0) = 0.01; ¢ = 0.001.]

The features shown above are actually rather general and
not pertinent only to this soluble model. The same kind
210404-3

t

FIG. 2. Evolution of the square of the order parameter in the
soluble model for the volumes V = 20 and 400.

of scenario for the order parameter can be shown through
numerical simulation to occur also in a more complicated
model of noninteracting bosons in a finite volume in con-
tact with a thermal bath of acoustical phonons, but we give
here no numerical details of it. Instead we shall analyze
a quite different model with discrete spectrum, where no
useful concept of a volume may be defined, but the spec-
trum is discrete.

We consider a three-dimensional isotropic oscillator
whose states may be characterized by three integers
ni,n;,n3y =0,1,2,..., but its spectrum is deter-
mined only by n = n| + ny + n3, €, = howoln + %);
n=20,1,... and therefore each energy level has the
degeneracy %(n + 1)+ 2).

This model has an appropriate thermodynamic limit (see
Ref. [6]) by letting the distance between the levels go to
zero (Fwp — 0) and at the same time the average num-
ber of particles (N) go to infinity in such a way that
v = (N) (iwy)? remains constant. In this limit, Bose con-
densation with a critical temperature defined by kg7, =
}iwo(%)l/3 occurs, with £(3) = 1.20206 the Riemann
/(n) function for n = 3.

A
-
B
F

09
08
07
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04
03
02
0.1

FEEEEA e F =L
I

?

5 10 15 20 25
t

w
S

FIG. 3. Time evolution of the relative occupation of the lowest
level [{ao)|*/{N) (dashed line) and the square of the order param-

eter |P|? (solid line) in the oscillator model. ((N) = 100, ’;’;c =
0.5, Kao)7=0 = {ag ao)=o = 1.)
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We will treat now the kinetics of a finite average number
(N) of bosons in the oscillator potential with a finite dis-
tance (fi&o) between the levels. We consider very simple
transition rates depending only on the energies of the ini-

tial and the final states: W, ., nooninyny = Waw, and

d < |1
—fn= Z 7(”’ + 1)(”’ + 2) {Wun fur(1
ot =2

a < |

SIPE = [PEY. S+ 10+ 2 {Waof

n=1

We suppose again that the transition rates satisfy
the detailed balance relation: Wy = Wy, ePioodn=n),
These equations conserve the total number of bosons:
> o %(n + 1)(n + 2)f, =(N) and the station-
ary (equilibrium) solution is the Bose distribution
for the populations and a vanishing order parame-
ter:  fO = 1/(ePlieont3/2-n] — 1), pO =, We
shall illustrate the kinetics of evolution to equilib-
rium for finite numbers of bosons below the formerly
discussed critical temperature by numerical calcu-
lations with transition rates only to nearest states
W = w(eV/2PRo0s, iy + e (1/DBRog,, 1),

For the numerics, we choose the temperature as
Bliwy = 2.0 far below the “critical” one. (Of course, in
the discrete spectrum one has no true critical temperature,
and we borrow the value given above in the specific ther-
modynamic limit.) We choose initial conditions satisfying
Kao)?—y = (ag ao) at (+ = 0) and put very few particles
in the lowest state as a “seed” for |P|? and the rest in a
high lying excited state (20th level).

Surprisingly enough (see Fig. 3), one gets practically
the complete enhancement scenario of the order parameter
as described before within the soluble model at a finite
volume already at (N) = 100. The dotted curve in Fig. 3
shows the population condensation ((ag ao)/(N)), and one
may see that the square of the order parameter reaches
very rapidly almost half of the ideal value and thereafter
slowly decays. The maximally enhanced value of the order

L L
80 100 120 140

FIG. 4. Long-time behavior of the order parameter |P|? for
(N) = 100 and (N) = 1000. The rest of the parameters are as
in Fig. 3.

210404-4

+ fn) - Wnn’fn(l + fn’)};

we look only for degenerate solutions {a, .. ,.dn,nyn,) =
Snimamy = fa(n = ny + ny + n3). Therefore the equa-
tions for the populations f, and the square modulus of
the “order parameter” P = (ag,0)/+/(N) are

(n=0,12,...),

- WOn(l + fn)}-

parameter is still strongly dependent on the initial con-
dition. For an initial condition with an initial conden-
sate of 0.1 instead of 1, one gets a 4 times smaller order
parameter.

The slow decay of the order parameter after its enhance-
ment may be understood along the same lines as in the
soluble model. By introducing in the right-hand side of
the equation for the order parameter the equilibrium popu-
lation given by the Bose function, and using again the de-
tailed balance, one gets a decay constant proportional to
%hmn — p. As(N) — o, u — %ﬁwo and the decay con-
stant goes to zero.

Indeed, as is shown in Fig. 4, where the time evolution
of the order parameter is shown on a longer time scale for
(N) = 100 and (N) = 1000 with the same initial condition
as before, the decay slope changes drastically with the
increase of the average number of bosons. In the same
time, the maximal value of the order parameter increases
slowly with (N). On the same figure one may see also
explicitly the exponential character of the decay (at least
for (N) = 100).

In conclusion, we have shown, in a Markovian approach
within a soluble model, how in a finite system the full
scenario of the BEC develops in real time with a strong
enhancement of any small initial symmetry breaking.
However, asymptotically the symmetry breaking order
parameter very slowly disappears. We obtained an analo-
gous numerical result also for bosons in an oscillator
potential with as few as 100 atoms. The more atoms one
has, the more slowly the order parameter disappears.

*Present address: Institut fiir Theoretische Physik, Univer-
sitdt Bremen, Bremen, Germany.
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We show on a solvable model in equilibrium and non-equilibrium, that in the thermodynamic limit
the c-number approximation of the macroscopically occupied lowest state is exact for all averages
of products of these operators.

Introduction One of the basic ideas of the theory of condensation of weakly interact-
ing bosons is the replacement of the creation and annihilation operators of the conden-
sate states by their averages (c-numbers) in the many-body Hamilton operator. The
argumentation goes over the macroscopic occupation of these lowest states. This step
has allowed the developement of a specific diagramm technique [1]. Although very
successful, this theory is mathematically still not very well understood (see Ref. [2]).
Among others, it is not clear whether this is a self-consistent approximation, or in some
limiting sense equivalent to the exact theory. In this paper we describe a simple solva-
ble model, in which the infinite volume limit of the averages of the exact theory coin-
cides with the predictions of the c-number version. We describe first a non-equilibrium
version in which the symmetry breaking and the macroscopic occupation result from
the coupling to an external field. This model emerges from solid state theoretical mod-
els for excitons interacting with optical fields. Then we describe the equilibrium conden-
sation, in which the symmetry breaking in the Hamiltonian remains infinitesimal and
one gets spontaneous symmetry breaking in the sense of Bogolyubov’s quasi-averages.

Non-Equilibrium Model in an External Field Let us consider the time-dependent Ha-
miltonian for a single boson mode interacting with itself and with an external field £()

H(t) = ca’a+, aa +VV E0) (a+a"). (1)
Here V is the volume and the creation and annihilation operators satisfy
0, a*) = 1. @)

The field term is typical for bosonic models of excitons in a semiconductor interacting
with an optical field. We may omit the one-particle energy term ca*a, since it can be
eliminated from the Heisenberg equations by a simple phase transformation of the op-
erators a — a e,

1) e-mail: banyai@itp.uni-frankfurt.de
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‘We shall make use of the commutation relations

[a™a”, aP?a’] =2(m —n) a™a™ + (m(m — 1) —n(n — 1) a"a™

+n m

[at"a™, a] = —na™"'a™

[(,frnam7 a+} _ ma+nam—1

to obtain the Heisenberg equation of motion for the operators B, , defined as

Bym=a™d" (n,m=0,1,...), 3)
and we get
0 w
Wh 5 Bum = v (2(m —n) Bpsim + (m(m —1) — (n—1)) By m)

+ \/V 5(0 (mBnmfl - an—Lm) .

Obviously the undefined symbols with n = —1 or m = —1 have vanishing coefficients
and therefore do not appear.

Now let us define the infinite volume limits (in the thermodynamical sense) of the
averages

. 1
bpm = lim —— (B, ) < 00. 4)
V—oo V2

We anticipated here, that the so defined objects have a finite thermodynamic limit.
For these limiting objects one gets

h g bum =2w(m —n) by me + E(t) (Mbym_1 — nbp_1,m) . 5)
The obvious solution is

bpm = b obgy (6)
with

h g bo1 = 2wbyobg, + (1) ; bio=bj1. (7)
This shows, that in the thermodynamic limit the weighted averages all factorize in pro-
ducts of averages of N (a)) and its conjugate.

Equilibrium Model for Bose Condensation Now let us consider the Hamiltonian

W o2 K NG +
H:Va0 “0+1§)%ak“k+ V n(ao +ag) (8)

describing bosons of wave-vectors k. The k = 0 mode interacts with itself and an infinitesi-
mal symmetry breaking parameter # was introduced, according to the definition of the
quasi-averages of Bogolyubov and it will vanish after performing the infinite volume limit
(in the thermodynamic sense) of the averages over the macro-canonical density matrix

(..)=Tr <% e PUH-uN) ) . 9)
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16 L. BANYAL: About the c-Number Approximation of the Macroscopical Boson Degrees
The degrees k = 0 and k # 0 are coupled only through the average particle number
1
v zk: (afax) =n. (10)

Let us define as usual for any operator A
A(r) = etH=uN) g g=t(H-uN). (r<p). (11)

d
Of course a (A(t)) = 0, however, we get along the same scheme the factorization of

the averages at V — oo,

1 1 *n 1 "
lim ———— (a/"a :(hm — (a ) (lim —— {a ) . 12
Jim, g (ag"ag) = { lim T {ao) Jim {ao) (12)
1
With the notation P = lim —— (ay) we obtain the relation:
an @)
—uP+2w|PF P+ =0. (13)

Now one can go over to the limit # — 0 and get besides the “normal” solution P =0
also the symmetry-breaking one

w="2wlPP. (14)

Above the critical temperature of the free Bose gas one gets the normal solution,
while below it one gets the symmetry breaking one. In both cases we recovered the
results of the c-number approximation to be exact for the averages of products of op-
erators in the thermodynamic limit.

Unfortunately, we cannot generalize our proofs to the case of a true coupling be-
tween the kK =0 and k # 0 modes, therefore we cannot proof the Bogolyubov model
itself, which includes as an important feature also a modified quasiparticle spectrum.
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Quasiclassical approach to Bose condensation in a finite potential well
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We treat the problem of self-c I

interacting bosons in the presence of a finite (but macroscopic)

potential well within a quasiclassical approximation for the normal component and the order parameter, We
solve the equilibrium problem and show that condensation actually occurs in two steps: one already at low
densities with Bose condensation only in the well. and another one corresponding to the usual condensation in
bulk. The peak and width of the distribution of trapped particles in the well display a distinct signature of the
local condensation. A possible connection to recent experiments with excitons is discussed,

DO 10.1103/PhysRevB.70.045201

I. INTRODUCTION

Since Bose-Einstein condensation (BEC) of trapped at-
oms was experimentally put into evidence,"? much theoreti-
cal work was devoted to the discussion of the various aspects
of BEC (see Refs. 3-5 for recent reviews). The theoretical
description of the real-time evolution of Bose condensing
systems has also received much attention in the last few
years."?! While condensation and spontaneous symmetry
breaking in real time may be well understood for a homoge-
neous system of noninteracting bosons coupled to a thermal
reservoir in the frame of the rate equation formalism'® as an
amplification of the however small initial condensate, the
problem of weakly interacting bosons remains a problem of
high complexity. The fact that the quasiparticle spectrum
outside equilibrium is itself time dependent necessitates a
quantum kinetic approach. This leads, however (even after
various approximations), to very complicated systems of
nonlinear integro-differential equations which cannot be ana-
lyzed with the usual methods of nonlinear dynamics. Never-
theless, numerical solutions illustrating BEC in real time are
available.'® Additional complications arise in inhomoge-
neous situations like in an external trap due to the fact that,
strictly speaking, one cannot expect a true phase transition in
a discreet spectrum.

In order to describe Bose-Einstein condensation of par-
ticles in a potential well which contains many closely spaced
energy levels, a quasiclassical approach may be appropriate,
because the detailed knowledge of the population of higher
lying energy levels is not of much interest and may cause an
enormous numerical effort for its determination. Our atten-
tion is devoted here mainly to finite potential wells, for
which the trapping in the well is controlled by the bulk popu-
lation,

(Juasiclassical approximations have been used already in
the literature either for the description of the equilibrium? or
of nonequilibrium.'%'? In both cases this approach was used
only for the noncondensate. On the other hand, the quasiclas-
sical equilibrium distribution is not the stable solution of the
quasiclassical kinetic equation, which is not quite satisfac-
tory. In this paper we develop a consistent quasiclassical ap-
proach for the description of weakly interacting bosons with
condensate and noncondensate in equilibrium and nonequi-
librium in an external potential. The clue of our approach is

0163-1829/2004/7(0(4)/045201(8)/$22.50

70 045201-1
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to apply overall the quasiclassical limit. We consider the
bosans as coupled to a thermostat by Markovian collision
terms. This is a situation typical for excitons in solids. Within
this frame one obtains a very simple and intuitive system of
local equations (without memaory effects) describing interact-
ing bosons via a self-consistent (Hartree) potential. These
equations conserve the average number of bosons and under
critical conditions have a unique stable equilibrium solution
with condensation and a quasiclassically distributed noncon-
densate. Of course this description, although mathematically
consistent, is far from being satisfactory for all purposes,
since pure quantum-mechanical effects beyond the quasiclas-
sics such as the Fock terms were neglected.

In a previous publication® the evolution of a noninteract-
ing Bose gas coupled to a thermal reservoir towards equilib-
rium in the presence of a finite potential well with many
energy levels was discussed. It was shown that above a criti-
cal density the lowest state will be macroscopically popu-
lated, i.e., the local density will go to infinity, In this paper
we take into account the repulsion between the bosons which
eliminates this unphysical behavior. We develop this theory
within a quasiclassical approach and a self-consistent treat-
ment of the repulsion. We discuss in detail the exact equilib-
rium solution of these equations on a finite potential trap.
The resulting scenario is a Bose condensation in two stages:
At a first (rather low) eritical overall density a locally con-
fined condensate appears in the well; its distribution broad-
ens with increasing overall particle density and at a second
(higher ) critical density one gets the usual bulk condensate.
The spatial distribution of the trapped particles changes
abruptly as the local condensation in the well occurs. The
width of the distribution displays as a function of the overall
particle density a minimum in the form of a cusp, while the
slope of the peak changes discontinuously.

The described scenario may have a connection to recent
experiments®! on excitons in a Cu,O semiconductor under
mechanical stress, where a strong, narrow luminescence
from the center of the well was observed.

I1. QUASI-CLASSICAL DESCRIPTION
OF A BOSE SYSTEM

The Wigner function depending on the momentum g and
the coordinate ¥ is defined as

©2004 The American Physical Society
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150 [ P i)

where i(x, ¢} is the second quantized wave function and (...}
means averaging over a given ensemble, This implies the
normalization

3 dp -
J-dxf m fip.x.)=1{N). (2)

All the averages of operators which are a sum of two
operators %, f1/1V)= K'I()?HBU;/JV} depending on coor-
dinate and momentum, respectively, may be expressed as
integrals (O(%,#/1V )= [dx[ dp/(27h)* A5, %, 00X, p). In
the quasiclassical limit fij, %) is real and positive. For the
case of an interaction with a thermal bath and slowly varying
potentials®*#® the following bosonic kinetic equation holds:

# T 5 i
(E + ;pv.\-.— 'F;U[X,!WJ;) fp.x0

dp’ b o o g o
=—j*£—{ Wp, p' ) g X001+ Ap' %00 - (p—p)),
(3)

where the left-right arrow indicates an analogous term with p
exchanged with p' and the positive transition rates Wi p, p')
satisfy the detailed balance relation

W.p) = mﬁr""ﬁplwmb[pz—p'zll (4)

and [Ui¥,1) is a given potential. Generally speaking, one has
an external potential Lfy(x), which we choose to be time in-
dependent (the given potential well) and an internal one, due
to the interaction between the bosons through a potential
(%) (where ¥ is the relative coordinate of the two particles)
related to the particle density a(x) (Hartree self-energy)

Ux 0 = Uplx) + j dx'v(x- ¥ )n(¥")

= Uplx) + fﬂ‘x vlx— )t’]J- fip.x'1), (5)

(2at)?

The Fock term, which in the case of a contact interaction®
cannot be distinguished from the Hartree one has no classical
counterpart and will be ignored in our treatment. The kinetic
equation Eq.(3) has a single stable solution, corresponding to
equilibrium

1
eﬂ[ma.'ZmH LUSTE S 1 3

fy(p i) = ()

where u is the chemical potential and [/,,() is determined
by the self-consistency equation

PHYSICAL REVIEW B 70, 045201 (2004)

U () = Up(3) + f d¥u(Z- ¥)n(F)

dp
(27hi)*

4:(ﬂ+fd§'v(i— X') fdp.X').

(7

The above-described equations are valid only in the ab-
sence of a condensation. As it is easy to understand, above a
critical overall density (A}/V the Bose distribution in 3D
cannot provide a description of the whole particle density,
and this is in conflict with the conservation of the particle
number. It can be shown rigorously'? that for supercritical
conditions, where a condensation occurs, Eq.(3) has no solu-
tions with ordinary functions but only with distributions.

An appropriate approach to avoid this problem is to con-
sider a two-component treatment where A, X, ¢) describes
only the noncondensate and a condensate is taken into ac-
count explicitly.

The existence of such a phase transition with spontaneous
symmetry breaking in the presence of a potential is of course
an idealization, which admits that the distance between the
energy levels is negligible. This admition is implicitly made
by the quasiclassical approximation. A discussion of the
meaning of BEC in systems with discrete spectrum is given
in Ref, 22.

In the presence of a condensate the self-consistent poten-
tial is then given by the total density (noncondensate and
condensate)

. 1o . .
ni 1) = f E(;%T 15,50 + (& )2, 8)

where ({x,1)) is the condensate amplitude (average of the
second quantized wave function) and thus the two compo-
nents are coupled. A further coupling will result from irre-
versible transitions from and to the condensate.

In order to include the condensate one needs an equation
for its amplitude. For the mathematical consistency of the
whole model, however, the quasiclassical approximation for
the condensate also has to be formulated. One may start from
the average of the exact equation of motion for i x)

z
rﬁaiwx,n>=(—ﬁ—v2+ u](x})m(x. D)+ f dole=¥)
t 2m
K)ol )l x, £

and again retaining only the Hartree term we get in terms of
the self-consistent (s.c.) potential L4, () the equation for the
condensate ampitude

mai{w(f.nw(——vhmin)w.m. ©

Neglecting the contribution of the noncondensate to the s.c.
potential, this equation coincides with the Gross-Pitaevskii
equation, but we do not neglect this contribution.

045201-2
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QUASICLASSICAL APPROACH TO BOSE. ..

One has to recall here that the quasiclassical limit means
fi—0, and therefore in this limit the kinetic energy term
disappears (but as usual, the #i from the time derivation sur-
vives) and we get

rﬁi(qﬂ}. 0) = UGG, 005, 0). (10)

Next, as already mentioned, we have to include the tran-
sitions between the normal component and condensate due to
the irreversible interaction with the thermostat in the Eqs.(3)
and (10).

In the kinetic equation Eq. (3) we have to add the scatter-
ing rate due to the transitions from the state p to the p=0
condensate

- Wp.0) A p. % 0l % )] (11)

The initial state has to be populated, hence the factor
fip, % 0. The final state factor contains the term due to
stimulated transitions «/(¢( ¥, 1)}|?, because the term describ-
ing spontaneous transition is lost in the thermodynamic limit
(see also Ref. 14). Similarly, the scattering rate due to tran-
sitions from the condensate to a state p is given by

WO, A1+ Ap R | & ) (12)

Formally, these terms result by adding to the distribution
function Ap', x.¢) in the collision term of Eq. (3) a conden-
sate term (27h) 805" )|(d , )],

The gain and loss rates for the order parameter amplitude
have to be calculated by taking the initial and final state
factors for the condensate to be 1

M, s dp i e
E<MX' 0 f [Z—W(MP.U}RP‘KO
- W0, p)(1 + Ap.E)). (13)
Such collision terms have been obtained'” in the frame of the
equation of motion method for a system of bosons weakly
interacting only with a thermostat, decoupling higher order
correlations and taking the long-time Markovian limit (see
also Ref. 22).
The resulting system of coupled kinetic equations de-

scribes the quasiclassical evolution of interacting Bosons
within the self-consistent approximation as

d 1 = -
(_ + _}W;" V;U(X.I)V'ﬁ) fipx1)
dt m

jrzﬁ}j(mP<P)ﬂp.xr)(l+ﬂp X.0)

(e p' )= (M p.0) AP X 0 - W0, 501 + A% 0))
X[ %07, (14)

together with
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d i 2 5
ih ;(l.ﬁ(x,r))= LK (X, 0))

B Tl conan coe
+ 2<'+"(A-‘J)f{zﬂ_m;;(mp,”}ﬂp,xrﬂ
- W0, p) (1 + Ap,%.0)), (15)

and of course with the self-consistency condition
U(Ef,:}=Ua(ﬂ+fdf'u(f—f')(j 2t }Jf{* ¥

+ Im:?,rnlz). (16)

The equation for the condensate density |(i(X, ))| emerges as

—wa(x O = [{ % 0 f 2 m‘(m,omnpxr}

— MO, @)1+ Ap, X 0)). (17)

One sees that the equations conserve the total average num-
ber of bosons

T o dp —
fdﬁmx.mlh f dxj ﬁ Apin=(N. (18)

These equations describe an irreversible evolution. Above a
certain overall particle density (at a given thermostat tem-
perature) any arbitrarily small, but nonvanishing initial con-
densate in all points ¥ will evolve to its finite stable equilib-
rium (nonhomogeneous) value, while below this density it
will disappear,

Because the fi—0 limit for the Schrédinger equation is
equivalent to the infinite mass limit, in this guasiclassical
approximation the condensate does not propagate, but will be
created or destroyed locally,

A theory, in which the guasiclassical approximation is
used only for the noncondensate, runs into mathematical in-
consistencies. Other inconsistencies would arrise if one
would try to develop a quasiclassical theory starting from the
s.c. Bogolyubov-Popov theory? with a contact interaction
and retaining automatically also the Fock terms. Although in
this last frame one may introduce an “effective potential,”
this one is not the same for the noncondensate and conden-
sate.

The theory we described takes into account the effect of
the particle repulsion for the spatial distribution only.
Anomalous pair correlations giving rise to a modified quasi-
particle (Bogolyubov-) spectrum were ignored. This is also
the price to be paid in order to get a local Markovian descrip-
tion. Since the quasiparticle spectrum in nonequilibrium is
time dependent, only a quantum kinetic approach with
memory effects would be adequate for its incorporation.

As for any quasiclassical approach, we expect the validity
of the above-described theory for slowly varying potentials
where the distance between the energy levels is very small. A
detailed discussion of these conditions is given in the last
section, where the theory is tentatively applied to interpreta-
tion of experimental data.

045201-3

m Ladislaus Banyai: Profile in Motion



BANYAIL BUNDARU, AND HAUG
For a local interaction v(x)=wd(x) the self-consistency
equation also becomes local
"
(2mh)®

fp.x r))‘
(19)

which facilitates its treatment. In what follows we shall re-
strict the discussion to the equilibrium problem with such a
local interaction.

Uiz t) = LUy(x) + w(|(z,a{§,r})|2 + J‘

II1. BOSE CONDENSATION

We discuss here the equilibrium solution of Egs.
(14)-(16) considering a local interaction with w>0 (repul-
sion) at a given temperature for various overall densities 1
= (N)/ V. Here, the thermodynamic limit is implicitly under-
stood.

In the absence of an equilibrium condensate |(i!arf_x‘})t.qr
=0, the equilibrium solution for the normal component is the
Bose distribution, Eq.(6). Above a certain overall density i
[see Eq.(18) divided by the volume V] a local condensate
appears. The normal component should be further distributed
according to the Bose distribution, which is a stationary so-
lution of the left-hand side of the kinetic equation, Eq.(14),
and of the part of the collision term which does not involve
the condensate. The equilibrium condensate must be such as
to cancel the additional collision term

|2

< dp ” ik 3 -
[ 2, 02 f ﬁr Wip,0) A% 0 — WO0.p)(1+ A5, 5 0)),

(20)

of both Eq. (14) and Eq. (17). Inserting the Bose function,
the equilibrium condensate density my(%), together with the
detailed balance relation Eq. (4). this term becomes

dp 5 g ' A=
11( %) f mMp.UJ&}[P,i’)U — MUl ®-1) - (21)

As a result, the equilibrium condensate density nglx) may be
different from zero only where U, (x)—u=0. Due (o the
positivity of f,(p.x), the chemical potential always must lie
below the minimum of the potential g = min (/. Therefore,
the condensate can exist only in the minimum of the equilib-
rium self-consistent potential. This again corresponds to the
behavior of particles with infinite mass.

The order parameter itself cannot be constant in time, but
according to Eq.(15) oscillates as {g{ ¥, 0)),,,=e *"\ny(x) and
is actually determined only up to an arbitrary coordinate-
dependent phase factor, which is determined from the initial
condition. In general, the order parameter in equilibrium al-
ways oscillates with the chemical potential because the par-
ticle number operator does not commute with the macro-
canonical density matrix in the case of the spontaneous
symmetry breaking (see Ref. 18).

Without repulsion, the chemical potential can increase
with the overall density up to the minimum of the potential
Uplx). Further increase of the overall density 4 is possible
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only if the local condensate density ng(¥) itself increases as
the volume. This means that the assumed slow spatial varia-
tion which was required in the derivation of the quasiclassi-
cal description breaks down. However, we shall see that the
situation changes substantially by the existence of a repul-
sion between the bosons, allowing a quasiclassical descrip-
tion of BEC.

Let us discuss what happens in the presence of a repulsion
when one increases the chemical potential starting form be-
low the minimum of the external potential, [fy(x). This is of
course equivalent to increasing the overall density 7.

The self-consistency condition for equilibrium with a lo-
cal interaction is

s - dp =
U,.q,[f] = L%+ w(no(/\'] +f m frq{p.ﬂ), (22)

This equation has been extensively used in the equilibrium
theory of Bose-Einstein condensation of atoms trapped in an
oscillator potential (see Ref. 3 and references therein), where
similar considerations apply, although the nature of the trap-
ping kinetics is different.

We choose an atrractive external potential Up(x)=0
which vanishes outside a finite domain around x=0, and has
a minimum in ¥=0. One may expect that the potential U, (x)
also will have a point of minimum or a minimum surface and
will be constant outside the range of L. Generally speaking,
min U,,=min L, since the repulsion opposes the atiractive
external potential.

For a repulsive interaction the increasing density in-
creases also the minimum of L/ (x} and eventually flattens
the bottom of the potential. The number of locally condensed
particles will still remain finite and therefore does not con-
tribute to the overall density. Only for an overall density
greater than the critical density

dp 1

M= | @ty pm " (23)

an overall condensate appears.
Because outside the range of Uy(x) both the local density
and the self-consistent potential are constant, we have for 7
=p, the following equation for the determination of the
chemical potential:
dp 1
(2ah)? eﬁ{[,ﬁzmu..w;—;»] ~1

=1 (24)

This equation has a solution only for w= wn,. Above this
value an overall condensate has to appear.

For simplicity, let us consider a spherically symmetric
situation [Up(r} with Uylr)=0 for r= R and a negative mini-
mum in r=0]. We consider the case where g is above the
minimum of L, but below wan,. Let us look at the shape of
UL (r) coming from large r. Here, one has a spatially con-
stant self-consistent potential

Upr) = wi, (r=R). (25)

For r< R one gets a radius-dependent density and the self-
consistency equation
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dp
Umj,(r] =L(r) + wj 2t

1
% eS[ipa.fz.luJ+L-'m,ir?—n] =1 Hase<h @9

for U,(¥)- >0 giving rise to a negative U, (r) varying
monotonously. At a certain r=rjy one may get U, (rp)=p and
the integral achieves its maximal value n. Due to the condi-
tion U, (¥)—p=0 all the points r<"r; must belong to the
minimum of a monotonous Uﬂq(;'} and a condensate 1glr)
must emerge

(27)
in order to ensure that U,,(r) remains constant for r<ry, i.e.,

(28)

Uny(r) = Uglr) + win.+ mylr)); (r<ry).

Upgfr) = Upglry + 0) = palr < 1),
implying

nylr) = &,{U;;(;‘u) = Uyl D)r< ). 29)
When the overall density A reaches the critical value n,, ie.,
p=wn,, the self-consistent potential is completely flat,
approaches R, while the local condensate density approaches
(1w Ll ).

For overall densities above the critical one, one gets an
overall condensate, while the local condensate density is
-1~ (1/w) Uy(r).

This scenario is complete and self-consistent!

However, local condensation shows nonanalyticities only
of local entities, but does not affect the analyticity of the total
thermodynamic entities. Therefore, according to the usual
terminology it does not define a phase transition.

We expect the following scenario in a self-consistent but
quantum-mechanical picture: In the presence of a repulsive
interaction between the particles the chemical potential ap-
proaches the lowest s.c. level and pushes it up without actu-
ally touching it until the bound states disappear completely
and the true bulk phase transition occurs. In this way a finite
local density appears first, which can be higher than the criti-
cal density of the bulk.

IV. NUMERICAL ILLUSTRATION

For the following, we choose a spherically symmetric,
attractive (v < 0) external potential

an--(5)

For further discussions it is convenient to measure densities
in units of the critical density n, the energies in units of kg7
(U= pU,, Uy=Blj, M= Bu, V= PFv), the radius in unils
of R{p=r/R), and use the dimensionless interaction constant
W= gBwn,.

Then

(30)

Uplp) = V(1= phV =), (31)

and one has to solve the equation
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FIG. 1. External potential Iy(p) (dashed line) and self-
consistent potential 24(p) (full line) for a subcritical condition A
=~5.2{A=0.0021n.) with a potential depth ¥=-5, and an interac-
tion constant W=0.05.

1 - Vs
U(p) =1, - ds .
(p) =Up(p) + W— "y L P

o T

(32)

in every point py<p<21 in order to reconstruct the conden-
sate density as described above. Obviously the radius py
=1/ R for which the self-consistent potential touches the
chemical potential is defined by the solution of the equation
M=V(1-ph)+W, (33)
which exists in the interval 0= py <"1 only for M= V+ W,

Since the transcendental equation Eq. (32) is local, for a
numerical solution it is convenient to solve it in favor of L4,
at a given I{, thus performing a simple integration. The as-
sociation with a certain radius is given by the explicit defi-
nition of Ldy(p).

We illustrate the above-described scenario with some nu-
merical examples. We choose V=-5 and W=0.05, and dis-
cuss later what happens for stronger coupling interaction po-
tentials.

In Fig. 1, the potentials Uy(p) (dotted line) and L4(p) (full
line) are shown for a chemical potential M =-5.2 just below
the minimum V of the external potential, i.e., slightly below
the onset of the local condensation. One sees that the self-
consistent potential ({(p) is pushed up. For the chemical po-
tential of M =-4.8 (corresponding to a supercritical density)
just above the minimum V' of the external potential, Fig. 2
shows that the self-consistent potential obtains a flat bottom
at the chemical potential. This is a typical signature for the
appearance of a condensate here in the range 0<p<(0.2.
Figure 3 shows the resulting peak in the density. It is remark-
able that the overall densities for the two cases 7=0.0021n,
and n=0.0031n, do not differ very much, both being much
lower than the critical one, while the condensate density in
the second case exceeds the critical density by a factor of 4.

A further increase of the chemical potential M (or
equivalently of the overall density i) will lift the bottom of
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FIG. 2. External potential idy(p) (dashed line) and self-
consistent potential H(p) (full line) for a supercritical condition
M=-48(n=0.0031n,) with a potential depth V=-5, and an inter-
action constant W=(0.05.

the sell-consistent potential further as it may be seen in Fig.
4, while the corresponding condensate density in the mini-
mum of the self-consistent potential reaches very high values
and the spatial density distribution (shown in Fig. 5) widens
out. Actually, it is already very close to —(1/ Wiy, which
will be its value at 7=n_

The general feature of the condensation scenario is seen
most clearly in Fig. 6, where we represented the density peak
of the trapped particles and its half-width as functions of the
overall density 1 (here, with the choice W=0.05 and V=-35).
The height of the density peak increases with the overall
density, but its slope increases abruptly at the overall density
of 0.0027n.. The half-width of the local distribution at the
same overall density has a minimum resembling a cusp.

For a stronger interaction, corresponding to W=0.5, the
role of the local condensate is not so striking. It can enhance
the density in the well maximally by a factor of 10, resulting
in a less pronounced peak. Nevertheless, the density inside
the well may reach very high values compared to the overall
density. This is illustrated in Fig. 7 for two positions of the
chemical potential M =-4.7 and M =-4.3, corresponding to
situations without and with condensate. In both cases the

45 r T T :
350 B
3L =
o 25F after cond i B
2 4L E
= 2
151 X 8
Before condensation
Ik 4
DSF=— — b
0 .
[ 0z 04 06 0.8 1

FIG. 3. The local density n(p)/n, for the sub- and supercritical
overall densities A=0.0021n, (dashed line} and A=0.0031n, (full
line), respectively with a potential depth V=<5, and an interaction
constant W=0.05,
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FIG. 4. The external potential Iy(p) (dashed line) and the renor-
malized potentlal I4(p) (full line) for the normalized chemical po-
tential M =-0.1, and the corresponding density ( 1=0.584n, ) with
a potential depth V=-35, and an interaction constant W=(1.05.

overall density is much lower than the critical one (n
=0.0035n, and 0.0052,).

The densities described above, with condensate only in
the local potential well, are all below the critical density of
the bulk. In terms of the temperature it corresponds to being
much higher than the critical temperature of the bulk
kBT?“lk=6.023 85(R%/ m)*?, however below the critical tem-
perature  of the ideal oscillator potential knf‘c"""
=0.831 907hwyN'? (in terms of the energy distance fiay be-
tween the oscillator levels and the number of particles (N} in
the well).* At the same time, for the validity of the quasiclas-
sical approach, the temperature must be much higher than
the distance between the levels. It is, however, possible that
just around the critical temperature of the well 7" our ap-
proximations lose their validity due to critical fluctuations.

V. EXCITONS IN A LOCAL POTENTIAL

In recent experiments®’ Naka and Nagasawa have ob-
served after uniform illumination a strong luminescence in
the center of a strain-induced potential well in a Cu,O
sample at T=2 K. This luminescence may be due to the con-

niplfn
E

% 02 04 06 038 1

P

FIG. 5. The local density mip)/n,. for the chemical potential
M==0.1 (corresponding density /7=0.584n,) with a potential depth
V=-3, and an interaction constant W=0.05.
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FIG. 6. The dependence of the
height (thick line) and half width
(thin line) of the density distribu-
tion of the trapped particles on the
overall density in the vicinity of
the condensation point.
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densation of para-excitons (having a Bohr radius a,,
=0.710"7 cm). The luminescence peak was concentrated in a
small vicinity around the potential well minimum. The strain
induced potential in their experiment is asymmetric, but may
be approximated qualitatively by a parabolic potential well
like the one we choose having a depth of v =-1 meV and a
radius of 1= 10"% ¢m. This would correspond in our dimen-
sionless parameters to V=-35. In an ideal oscillator potential
with the same curvature one gets an energy spacing of the
quantum-mechanical levels of fiw=10"" meV and a very
small radial extension of the ground-state oscillator wave
function of 5107 em for the CuyO exciton mass of m
=2.Tmy. Since v/fhw=1 many energy levels are contained in
the potential well and one may expect the validity of the
guasiclassical description. At this temperature one has in
Cuy0 a critical density of .= 10"7 em™. The density of the
excitons created by laser illumination has not been measured
directly.

On the other hand, the interaction constant w is not di-
rectly experi lly accessible. Tentatively one may con-
sider the well-known potential between hydrogen atoms ob-
tained by the Heitler-London theory of the hydrogen

e afier condensation A
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FIG. 7. The local density n{p)/mn, for the sub- and supercritical
overall densities at 7=0.0035n,. (dashed line) and 7=0.0052n,. (full
line) for the strong interaction case with a potential depth V=-35,
and an interaction constant W=0.5.

0.003 Dol

molecule® and replace the Rydberg energy and the electron
mass, with the corresponding entities of the exciton (exciton
Rydberg Ej and exciton Bohr radius ag

e 5(57";; j & f dfz({qﬁffi}‘ﬂ);z)(ﬁ( o+ BB

x( 1 P )
i-p+d A [f+A |j’z-ﬂ
X¢(_F|J¢(ﬁg)). (34)

where the normalization factor is

Stflz =1 J- d}l f dﬁzﬁ}ﬁ]'ﬂ'f}?t + F)!ﬁ(,;'z)fﬁ[f’z— .

(35)
The 1s wave functions ¢b{x) are
1 =
HBD = e, (36)
Vay

Actually, Sugiura®® evaluated analytically all the involved
integrals. The positive sign corresponds to the symmetrical
state, while the negative one corresponds to the antisym-
metrical state in the coordinates. There are also more sophis-
ticated variational calculations for the bound molecular state
(symmetrical state), however not for the repulsive (anti-
symmetrical) case, where a variational approach is not justi-
fied.

The para-excitons (singlet spin state) in Cu;0 are the low-
est exciton state, Then, antisymmetric wave functions in the
coordinates for the identical particles should be constructed
and the resulting force between the excitons will be repulsive
as shown in Fig. 8. The Heitler-London potential decreases
with the distance between the excitons exponentially as
&3 and the local approximation should hold. The calcu-
lated value of the interaction constant w is 4926&:5% re-
spectively. For CuyO this value leads to W= 1, This means
that in Cuy0 the strong coupling case is realized.

045201-7

m Ladislaus Banyai: Profile in Motion



BANYAL BUNDARU, AND HAUG

4 5
riag

FIG. 8. The Heitler-London potential for the symmetrical and
antisymmetrical configurations (lower, respectively, upper curve).

Because we had to identify excitons with point-like
bosons, it is questionable to consider a Heitler-London po-
tential between the excitons at distances smaller than 2ap.
Actually, one should consider such quantitative estimates
with some reservations. Therefore, one cannot make a reli-
able quantitative prediction for the trapping wells in Cu;0.
However, the photoluminescence of the trapped excitons
should display the characteristics of Fig. 6 if a local Bose
condensation occurs,

Finally, we want to draw attention to similar
observations®® with excitons confined to an indirect
Gahs/ AlGaAl quantum well layer. Here also a strong local-
ized luminescence has been observed due to trapping, but the
system is rather two-dimensional.

PHYSICAL REVIEW B 70, 045201 (2004)

Actually, all the considerations relating to Bose-Einstein
condensation of excitons are subject to the condition, that the
electron-hole pairs are mainly bound into excitons, which
under experimental conditions may be too restrictive.

In conclusion, we have formulated a quasiclassical con-
densation kinetics of interacting bosons which are in contact
with a thermostat and trapped in a finite macroscopic poten-
tial well. The theory is based on the coupled equations Egs,
(14)—(16) for the noncondensate and condensate. The equi-
librium solution has been discussed in detail. Due to the
repulsive interaction, the trapping potential becomes renor-
malized after the condensation has occurred, allowing the
chemical potential to increase over the minimum of the well
for an increasing overall particle density. In particular, it has
been shown that the spatial distribution of the trapped par-
ticles shows distinct changes as a local Bose Einstein con-
densation occurs. The possible relation of these results to
recent experiments with trapped excitons has been discussed.
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