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Cuvant preliminar

Scopul prezentului volum este introducerea in circuitul stiintific de limba
engleza si de limba roméana a tezei de doctorat a lui Serban Titeica, aparuta
in germana in anul 1935. Publicata intr-o perioada in care germana era inca
lingua franca a comunitatii fizicienilor, teza s-a bucurat de o circulatie larga,
in special in elita teoreticienilor solidigti. In Roménia, facsimilul tezei a fost
inclus 1n volumul editat in 2008, la aniversarea centenarului nasterii savantului
[1]. Intrucat lucririle stiintifice care nu sunt disponibile in engleza au sanse mici
de a fi citite de cercetatorii zilelor noastre, gi intrucat teza este inca citata, mai
ales de autori germani, am considerat oportuna punerea in circulatie a traducerii
sale in limba care domina, acum, la nivel planetar, comunicarea. Am considerat
totodata adecvat sa folosim aceasta actiune de internationalizare a tezei pentru
a prezenta si versiunea ei in limba romana.

Volumul cuprinde si principalul articol, semnat de Alexandru Aldea si Ladis-
lau Béanyai, care contine o prezentare moderna a tezei si mentioneaza cateva
dintre valorizarile sale.

imprejurérile realizarii tezei

...sunt descrise astfel in Cuvantul introductiv al volumului aniversar din 2008
[2]:

”Un moment decisiv In evolutia lui Serban Titeica a fost intalnirea lui cu
Enrico Fermi, care a tinut trei conferinte de fizicad atomica la Universitatea din
Bucuresti, in 1929. Afland de intentia proaspatului licentiat - in stiinte fizice
si chimice gi in gtiinte matematice - de a se initia In mecanica cuantica, recent
elaborata, Fermi i-a sugerat sa continue studiile cu unul dintre principalii ei
creatori, Werner Heisenberg: acesta era illo tempore tanar profesor la Departa-
mentul de matematica si stiintele naturii al Facultatii Filosofice a Universitatii
din Leipzig. Asa se face ca, incepand din noiembrie 1930, Serban Titeica frecven-
teazd cursuri de matematica si fizicd la Universitatea din Leipzig [3], necesare
pentru doctorat. In paralel cu studiile aprofundate de specializare (1930 - 1934),
a pregatit teza de doctorat rezolvand o dificila probleméa de fizica statistica a
starii solide propusa de Heisenberg. Importante in aceasta cercetare au fost nu-
meroasele discutii cu Werner Heisenberg si Felix Bloch. In iulie 1934, prezinti
disertatia Uber die Widerstandsinderung von Metallen im Magnetfeld, care este
apreciata cu nota II (gut, echivalent cu Cum laude) in referatele profesorilor
Werner Heisenberg si Friedrich Hund. La 31 iulie 1934 sustine examenul oral
de doctorat cu profesorii Werner Heisenberg (Fizicd), Bartel Leendert van der
Waerden (Matematicd) si Ludwig Weickmann (Geofizica): toti trei ii dau cel mai
inalt calificativ, anume I (ausgezeichnet= excelent, eminent). Sunt semnificative
aprecierile examinatorilor Heisenberg (Ausgezeichnete, volling klar verstandene
Kentnisse = cunostinte excelente, intelese cu deplind claritate) si van der Waer-
den (Sehr gute, vélling klar verstandene und geschickt angewandte Kentnisse
= cunostinte foarte bune, intelese cu deplina claritate gi abil aplicate). Dupa



acceptarea disertatiei la 15 decembrie 1934, ea a fost publicata integral in re-
vista Annalen der Physik (Leipzig), 5. Folge, 22, 129 - 161, 1935, iar Facultatea
Filosofica a Universitatii din Leipzig i-a conferit lui Serban Titeica, la 15 martie
1935, titlul de Doktor der Philosophie.”

Prezentare succinta a tezei

Intr-un memoriu de titluri i lucrari din 1937, Serban Titeica 1si rezuma teza
astfel:

”In aceastd lucrare mi ocup cu teoria electronici a variatiei rezistentei elec-
trice a unui metal supus unui cAmp magnetic. O atare variatie era de mult cunos-
cuta experimentatorilor, cari dovedisera ca, cel putin pentru campuri magnetice
slabe, ea e proportionala cu patratul campului. Teoriile cunoscute in literatura
explicau calitativ aceasta variatie. Experientele lui Kapitza din 1928, facute cu
campuri magnetice foarte intense, au aratat insa ca pentru astfel de campuri
variatia rezistentei e proportionald cu campul, si ca efectul longitudinal e de
acelagi ordin de marime cu cel transversal. Teoriile cunoscute neputand explica
aceste rezultate, am luat ca punct de plecare pentru lucrarea mea un efect negli-
jat in lucrarile mai vechi: quantificarea orbitelor electronice ale unui electron
supus unui camp magnetic. Am dovedit ca in acest mod se pot explica complet
rezultatele lui Kapitza.

Aparatul matematic intrebuintat in lucrare este cel obisnuit In mecanica
statistica quantica: integrarea ecuatiei lui Schréodinger prin metoda lui Dirac,
pentru a obtine probabilitatile de tranzitie intre diferitele stari quantice, apoi re-
zolvarea ecuatiei de continuitate a statisticei lui Fermi, pentru a obtine distributia
in regim stationar pe nivele de energie. Cand campul magnetic tinde catre zero,
spectrul discret tinde catre un spectru continuu, iar sumele extinse la intreg
spectrul discret tind catre integralele extinse asupra spectrului continuu. De-
osebirea dintre suma si integrala, data prin restul formulei sumatorii a lui Euler,
contine efectul quadratic mentionat mai sus. Céand campul magnetic devine
foarte mare, singur termenul intai din serie raméane important gi se obtine legea
lineara descoperita de Kapitza. De asemenea quantificarea nedepinzand de ori-
entarea campului magnetic fata de curent, teoria contine si explicatia celui de-al
doilea rezultat al lui Kapitza.”

”Personajele” tezei

”Personajele” tezei - autorii celor 14 titluri ale bibliografiei, precum si cei
carora Titeica le adreseaza multumiri - reprezinta nume sonore ale fizicii. Som-
merfeld, Frank si Peierls sunt cercetatori care propusesera teorii ale magne-
torezistivitatii metalelor, aflate, din pacate, in dezacord cu datele experimen-
tale. Bloch propusese o teorie corecta, care insa nu trata cazul general. Landau
si Teller - in doua articole separate - studiasera diamagnetismul gazului de elec-
troni, in cadrul mecanicii cuantice. Kapita si Griineisen furnizasera date exper-
imentale recente referitoare la magnetorezistivitate si fizica metalelor - primul,
ca savant sovietic invitat in laboratoarele lui Rutherford; al doilea, ca savant
german lucrand in laboratoare germane. Heisenberg, conducatorul stiintific al
tezei, era (si a rdmas) cel mai tanar laureat Nobel: primise premiul la doar 32
de ani. Titeica se afla la Leipzig in momentul decernarii. Bloch, caruia Titeica
ii multumeste pentru "nenumaérate discutii”, avea sd primeasca si el premiul



Nobel, ca gi Landau.

”Frumosii ani” ai mecanicii cuantice, cand cercetatori eminenti lucrau impre-
ung, indiferent de apartenenta etnica si de tara de origine, se apropiau de sfarsit.
Kapita si Landau nu mai pot parasi Uniunea Sovietica; totodata, nazismul
devine tot mai radical, iar savantii evrei, a caror contributie la dezvoltarea
mecanicii cuantice fusese decisiva, parasesc, aproape toti, Germania.

Stiinta mai reprezinta totusi un liant. Un exemplu, printre multe altele:
teza lui Titeica este citata in doud articole ale lui Sommerfeld (1935); in teoria
ionosferei a lui Majumdar (1937); de Hund, in contextul magnetorezistivitatii;
de Davidov si Pomeranciuc, pentru explicarea efectului Subnikov - de Haas
(1937).

Insi rdzboiul avea nu doar si-i izoleze pe fizicieni, ci sa-i arunce In tabere
adverse: pe Teller, in proiectul nuclear american; pe Kapita si Landau, in cel
sovietic; pe Heisenberg, in cel german. Dupa razboi, Teller va deveni ”parintele
bombei cu hidrogen” americane, iar Landau va primi premiul Stalin, in 1949 si
1953, pentru contributiile sale la realizarea armelor nucleare, in special pentru
calcularea foarte precisa a undei de goc produse de explozia bombei cu hidrogen
sovietice.

Doua dintre " personajele” tezei au o oarecare legatura biografica cu Romania.
Kapita era pe juméatate romén, tatal siu fiind basarabean - Céapita (si pe
jumatate polonez). Kapita vorbea roméneste, si l-a invitat roméneste si pe
fiul sdu, Serghei, un valoros fizician si popularizator al stiintei - lucru rar atat
in imperiul tarist, cat si In Uniunea Sovietica. Kapita si Titeica s-au intalnit
dupa razboi, in cadrul cooperarii gtiintifice romano-sovietice, iar Kapita a vizitat
Romania.

In fine, Teller, a carui bunica materna era originara din Banat, a petrecut
cateva luni la Lugoj, in 1919, cand situatia din Budapesta natala era dramatica
[5].

Valorizarea stiintifica a tezei

Teza continua sa acumuleze citari in articole si publicatii stiintifice de prim
rang. Lista citarilor inclusa in prezentul volum este alcatuita de domnul Prof.
Dr. Tudor A. Marian; ea cuprinde 211 lucrari, completand lista celor 178 de
citari colectate in [1].

Un interes special 1l prezinta articolul The transverse magnetoresistance in
high magnetic fields as a hopping conduction problem, de Alexandru Aldea si
Ladislau Banyai, care oferd o expunere moderna a teoriei magnetorezistivitatii
transversale dezvoltata in teza si legatura acesteia cu transportul de hopping,
aparutd initial in [6], si republicat acum, cu amabilul acord al autorilor.

Nota asupra editiei

Volumul contine traducerea din germana in roméana a tezei, realizata de Dr.
Maria Titeica, gi traducerea din roméand in engleza, realizatd de editor (VB).
Cum am mentionat deja, au fost incluse o expunere moderna a unei parti din
tezd si o listd de lucrari care citeaza teza. Tehnoredactarea in Latex a fost
realizata, cu competenta si disponibilitate, de catre Dr. Radu Dragomir.

S-a incercat ca traducerile sa reflecte, cat mai fidel, originalul. O chestiune
delicata a constituit-o faptul ca, in teza, atat rezistenta electrica, cat si rezis-



tivitatea sunt denumite la fel - "rezistenta”; in versiunea engleza, am mentinut
termenul ("resistence”); in cea roména, l-am inlocuit, cand sensul o cerea, cu
"rezistivitate”. Am corectat, de asemenea, o gresala de numerotare a formulelor:
notatiile (18a), (18b) apareau de doud ori in articolul original; de asemenea,
cateva gregeli de culegere (definirea "marginilor” referitoare la sumandul din
ecuatia anterioard relatiei (30); indicele primei functii I din relatia (37), asa
cum apare In Sectiunea 8; indicele ¢ din membrul drept al relatiei (29), aga cum
apare In Sectiunea 10) - aproape inerente in transcrierea unor formule atat de
complicate, cum sunt cele din teza, reduse apoi cvasi-miraculos la expresiile sim-
ple din Sectiunea 10. Numele unuia dintre ”personajele tezei” apare ”Kapita”
in textul scris in roméana actuala; ”Kapitza” in textul scris de Titeica in 1937 si
in traducerea engleza; si ”Kapitsa” in bibliografia initiala a tezei.

Trebuie mentionat in mod special sprijinul deosebit de generos gi compe-
tent primit de la domnul Prof. Dr. Ladislaus Bényai, care a facut numeroase
corecturi gi sugestii utile.

Editorul isi exprima totodata recunogtinta fata de persoanele care l-au spri-
jinit in diferite etape ale pregitirii volumului de fat8, anume (in ordine alfa-
betica): Prof. Dr. Tudor A. Marian, Prof. Dr. Vladimir A. Protopopescu, Dr.
Maria Somesan, Dr. Maria Titeica.

Last but not least, Editura Horia Hulubei este deosebit de indatorata doam-
nei T'6th Erzébet, pentru prezentarea grafica a lucrarii.

Referinte si note

[1] Serban Titeica: Articole stiintifice, volum apéarut in seria ”Restituiri” a
Editurii Academiei Roméne, editor: Tudor A. Marian, Bucuresti, 2008

[2] Tudor A. Marian: Cuvant introductiv, in [1], p. XIIIL.

[3] O imagine a Universitatii din Leipzig, aga cum ardta in timpul studiilor
doctorale ale lui Titeica, este reprodusa pe coperata prezentului volum, dupa o
carte postald de epoca (vezi de asemenea https://en.wikipedia.org/wiki/Leipzig_
University# /media/File:Leipzig_-_Universit %C3%A4t.jpg). In timpul rizboiului,
cladirea a fost bombardata de aviatia aliata si distrusa in proportie de 60% (iar
fondul de carte, in proportie de 70%); ulterior (1968) a fost demolatd. Vezi de
exemplu articolul ”Leipzig University” in Wikipedia.

[4] Serban Titeica: Memoriu de titluri si lucrari, Tipografia Bucovina, Bu-
curesti, 1937, republicat in [1], p. 90

[5] http://redesteptarea.ro/edward-teller-parintele-bombei-cu-hidrogen-a-co-
pilarit-pe-malul-timisului/

[6] Topics in theoretical physics: a volume dedicated to Serban Titeica at his
70th anniversary, Editor: Central Institute of Physics, March 1978, Magurele

Victor Barsan
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Asupra modificarii rezistentei metalelor
in cAmp magnetic

Teza de doctorat aprobata de Departamentul de Matematica si Stiintele
Naturii al Facultatii de Filosofie a Universitatii din Leipzig (1934)

Serban Titeica

1 Introducere

De multa vreme este cunoscut faptul urmator: cadmpul magnetic exercita o
influenta asupra rezistentei conductorilor metalici, iar modificarea rezistentei,
cel putin pentru valori mici ale cdmpului magnetic, depinde patratic de camp.
Acest efect poate fi explicat calitativ foarte simplu: cAmpul magnetic provoaca
o curbare a traiectoriei electronului i altfel o lungire a drumului pe care elec-
tronul trebuie sa-1 parcurga pentru a ajunge de la un punct anumit la un altul,
traversand reteaua. Dar o lungire a drumului parcurs Tnseamna o marire a nu-
marului de ciocniri cu reteaua, agadar o cregtere a rezistentei. Deoarece efectul
trebuie sa fie independent de sensul cAmpului magnetic, dezvoltarea dupa puteri
a intensitatii cAimpului magnetic contine numai puteri pare gi pentru cAmpuri
magnetice slabe, seria poate fi taiatd dupa termenul patratic.

Pentru aceasta aproximatie, aplicarea cantitativa a teoriei si calcularea coefici-
entilor nu sunt dificile. Problema a fost tratatd de Sommerfeld [1], cu luarea
in consideratie a degenerarii gazului de electroni. Daca insd comparam aceasta
teorie cu experimentul, teoria intra in mare dificultate, deoarece, in primul rand,
conform acestei teorii, un cAmp magnetic paralel cu curentul electric nu ar tre-
bui si aiba nici o influenta asupra rezistentei; dar experimental efectul cAmpului
longitudinal este, dimpotriva, nu numai prezent, dar de acelasi ordin de marime
cu cel al cAmpului transversal. In al doilea rand, coeficientul calculat este mult
mai mic decat cel masurat. Este Tnsa de subliniat ca acest coeficient experimen-
tal depinde puternic de prepararea prealabila a materialului, asa cum a aratat
Kapita [2]. In al treilea rand, cercetarile lui Kapita [2] au aritat ci pentru
campuri magnetice mai intense, in locul legii patratice este valabila o lege li-
neara. Panta dreptei ce reprezinta aceasta lege intr-o diagrama, in care este
reprezentata modificarea relativa a rezistentei in functie de cAmpul magnetic,
nu depinde de prepararea prealabila a materialului; in schimb, pozitia dreptei
este foarte dependenta de aceasta.

Pentru a pune teoria in acord cu experimentul, Frank [3] a aplicat teoria lui
Sommerfeld, ludnd in considerare riguros cimpul magnetic. Primele doua dintre
dificultatile enuntate mai sus persista si aici, dar in ceea ce priveste dependenta
de campul magnetic, Frank obtine o lege complicata, care pentru cAmpuri mici
conduce la legea patratica, iar pentru campuri mari corespunde unei saturatii.
In apropierea punctului de inflexiune, curba se comporti aproximativ linear
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si cu aceasta a crezut Frank ca poate explica rezultatele experimentale ale lui
Kapita.

Pentru a rezolva prima dificultate, Bloch [4] a incercat s ia In considerare
actiunea caAmpului asupra spinului. In cAmp magnetic, pozitia spinului paralel
cu cAmpul este privilegiata; conform principiului lui Pauli, aceasta orientare a
spinului influenteaza distributia vitezelor electronilor, ceea ce se reflecta intr-o
modificare a rezistentei. Este clar cd aceasta modificare este independenta de
sensul campului magnetic. Calculul complet conduce la o dependenta patratica,
dar tot cu un coeficient prea mic.

Problema este tratatd si intr-o lucrare a lui Peierls [5]. Peierls imbunata-
teste modelul lui Sommerfeld prin luarea in considerare a fortelor din retea. Este
cunoscut faptul ca functia de unda a unui electron in retea (Bloch [6]) este o
unda plana modulata, dar energia este o functie mai complicatda de numerele de
undé decit cea a unui electron liber. Dependenta timpului de ciocnire (timpul
dintre ciocnirile electronului cu reteaua) de sensul cAmpului este esentialad pen-
tru modul lui Peierls de a explica modificarea rezistentei electrice. Din aceasta
anizotropie rezulta asemanarea dintre efectul in camp logitudinal si efectul in
camp transversal. Deoarece despre aceasta anizotropie nu sunt cunoscute detalii
mai exacte, din teoria lui Peierls nu pot fi trase concluzii cantitative. Pentru
a obtine ordinul de marime corect al modificarii rezistentei, este obligatoriu sa
fie postulata o anizotropie neasteptat de mare. Dependenta de ciAmp poate fi
obtinuta, dar numai calitativ: pentru campuri mici se regasegte legea patra-
tica, aga cum este de agteptat, iar pentru campuri mari se obtine o saturatie.
Experimental insa s-a gasit o saturatie numai la semiconductori; legea lineara
gasita experimental pentru conductorii obignuiti nu rezulta agadar din teoria lui
Peierls.

Mai exista o actiune a campului magnetic ce nu a fost luata in conside-
rare pana acum pentru a explica modificarea rezistentei, si anume cuantificarea
traiectoriilor electronilor in cAmp magnetic. Aceastd cuantificare joacd un rol
important in teoria diamagnetismului (Landau [7], Teller [8]) deoarece, conform
teoriei cuantice, spre deosebire de teoria clasica, susceptibilitatea gazului elec-
tronic este diferita de zero. De aceea este de presupus ca aceastd cuantificare
are o influenta gi asupra rezistentei, iar scopul lucrarii de fatd este de a cerceta
aceasta influenta.

Actiunea unui cAmp magnetic asupra electronilor legati in retea este foarte
dificil de tratat, insd Peierls [9] a ardtat ci legitura poate fi aproximata gro-
sier, la fel ca in cazul absentei cAmpului, prin introducerea unei mase efective a
electronului. Pentru calculele noastre ne vom multumi cu aceasta aproximatie;
termenul spectral gi functiile proprii vor fi introduse ca fiind identice cu cele ale
elctronilor liberi avAnd aceastd masa efectiva. Aceasta simplificare a functiilor
proprii este considerabila, dar din pacate nu este ugor de evitat. Pentru a cal-
cula rezistenta mai este necesar un mod de a calcula interactiunea electronilor
cu oscilatiile elastice ale retelei; in acest scop vom lua in considerare o energie
potentiala suplimentara a electronilor, proportionala in fiecare punct al rete-
lei cu variatia locala relativa a volumului cauzata de oscilatiile retelei. Acest
mod de abordare simplu nu este esential diferit de cel folosit in teoria uzuala
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a conductiei. Prin compararea celor doua ar putea fi dedus si coeficientul de
proportionalitate, dar nu avem nevoie de acesta pentru cele ce urmeaza.

Mai mult, calculele vor fi efectuate folosind ipoteza lui Bloch, si anume
ca oscilatiile retelei sunt in echilibru termic. Rezultatele obtinute cu aceasta
ipoteza sunt in bun acord cu rezultatele experimentale gi, de asemenea, se pot
aduce gi argumente teoretice in sprijinul ideei ca obiectia lui Peierls impotriva
acestei ipoteze nu este la fel de indreptatita pentru o retea reala ca pentru o
retea ideala.

In fine, trebuie accentuat explicit ¢ in cercetarea de fatd cAmpul magnetic
nu este tratat ca fiind o mica perturbatie, ci este luat exact in considerare, chiar
i In aproximatia de ordinul zero. Numai oscilatiile elastice ale retelei gi caAmpul
electric sunt tratate ca fiind perturbatii.

2 Modificarea rezistentei electrice in cAmp mag-
netic transversal

In cadrul mecanicii clasice, ecuatiile de miscare ale unui electron ce se afli
sub influenta unui camp electric si a unui cdmp magnetic perpendicular pe cel
electric sunt foarte usor de integrat. Migcarea paraleld cu caAmpul magnetic
este uniforma. Pe directia perpendiculara, ea este, in cazul cel mai simplu, o
translatie uniforméa de-a lungul unei drepte perpendiculare pe ambele campuri;
in cazul general i se adaugd o oscilatie in jurul acestei drepte ca axi. In orice
caz, media temporala a componentei vitezei paralele cu cimpul electric este nula.
Daca utilizam acest rezultat pentru problema noastra, atunci rezulta ca gazul
electronic nu are o componenta a curentului electric paraleld cu campul electric.
Daca 1nsa acest gaz este supus influentei miscarii termice a retelei, atunci este
posibil ca axa traiectoriei fiecarui electron sa sufere o deplasare seculara si prin
aceasta si fie generat un curent electric paralel cu campul electric. Se poate
vedea ugor ca lucrurile se intdmpla Intr-adevar in acest fel, daca privim actiunea
perturbatoare a oscilatiilor retelei ca pe un fel de frecare gi presupunem cé forta
de frecare este proportionala cu viteza si de sens opun acesteia.

Notand cu —a (a > 0) factorul de proportionalitate, ecuatiile de miscare
in sistemul de coordonate care are ca axa x o paralela la directia intensitatii
campului electric F' si ca axd Oz o paralela la directia intensitatii cAmpului
magnetic H sunt urmatoarele:

dv, e
m-- = —eF — EvyH — Uy, (A)
dv e
many = vaH — auy, (B)
dv,
m = —auv,.
dt

In cele ce urmeaza vom face abstractie de migcarea de-a lungul axei Oz.
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Migcarea cea mai simpla, paralela cu suprafata xy, este data de

dvy,  dvy 0
a — dt
Se obtine imediat:
eFa ¢FH
Vo == ey WT T o et
Cautam solutia generald in forma:
eFa Lo %FH T+
Vp = —————+v,, vy=——""S—F—+0v,
‘ a? + i—zHQ v a? + %HQ Y
si obtinem pentru A si B ecuatiile:
dv, e, dv, e
m—= =—v H—a m—2=-v H—av,
dt c ¥ dt c® Y

sau, pentru marimea

ecuatia:

du " eH
m—=|(—-a+i— |u
dt c

Solutia acestei ultime ecuatii este

_agy ;eH
u=Ce mle'me!, C = complex

Din cauza factorului de amortizare, termenii suplimentari v;, si v, sunt nein-
teresanti pentru discutia noastra, astfel incdt ne putem limita la solutia simpla.
In primul rdnd observim c& componenta v, a vitezei, deci si componenta
curentului electric proportionala cu ea, s,, sunt diferite de zero. Rezistivitatea

electrica este definita astfel:

Sz

daca frecarea este consideratd mica, atunci s,, fiind datorat frecarii, este mult
mai mic decét s, si poate fi neglijat in numitorul lui (1). Atunci (1) devine

S
=2ZF
P 2

Este poate interesant de observat ca, in acceasi aproximatie, constanta lui Hall,

definitd in general prin

sy F
s2+s2 H
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devine

1F

sy H

In cazul absentei frecirii, problema poate fi tratati usor si in cadrul meca-
nicii cuantice, iar rezultatele sunt foarte asemanatoare celor obtinute mai sus,
clasic. Daca pornim de la potentialul vector A, = A, =0, A, = Hz, atunci
hamiltonianul problemei discutate este:

5 +eFz (2)

2 eH \? 2
Dy + | Py + o +p;

unde m este masa efectivd a electronului, iar —e, sarcina acestuia. Se vede
imediat ca py si p. comutd cu W, astfel incat aceste marimi pot fi considerate
ca fiind numere, daca scriem functiile proprii in forma:

f(2) et (Pyy+p=2)

Expresia pentru W poate fi atunci rescrisa astfel:

2
opr o mw <x+ Dy el ) N p? e?F?  eFp,

w = Pz b e
2m 2 mwo + mw? 2m  2mw?g  mwo
2 2 2 2 2
N (T 2 D le’F
= — —_— —_— —_— F — —
2m 2 (& =@0)" + o Tt mwd’

unde wy este frecventa (circulard) Larmor si

Dy eF

Xrog = — R
mwy  Mwg

Din aceasta forma pentru W se vede imediat ca acel factor al functiei proprii
care nu depinde decét de z este cunoscuta functie proprie ¢ (z — ) a oscilato-
rului de masa m, frecventa wy si pozitie de echilibru z; daca exprimam acum p,.
cu ajutorul lui g si p, cu ajutorul numarului de unda corespunzitor [ = p,/h,
atunci functiile proprii devin:

el _;mwo ;
wn,wo,l =@ (.’L‘ - -%.0) € lhuoye TR acgyezlz7 (3)
iar valorile corespunzatoare ale energiei:
1 h?
2
En,xo,l = FI,OJO (TL -+ 5 + %l + eF.TO, (4)
daca nu luam in considerare constanta aditiva
1e?F?
z 5
2 mwyg
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xo este valoarea medie a lui z; valoarea medie a componentei v, a vitezei
este de aceea derivata temporala a lui xg. Daca nu are loc nici o perturbatie,
atunci v, = 0. Este de presupus ca si in acest caz, sub influenta miscarii termice
a retelei, x¢ nu ramane constant, ci se modifica cumva in timp; vom urmari acest
aspect in detaliu in cele ce urmeazi. In acest caz, curentul electric in directia
poate fi calculat direct din definitia lui: se considera o suprafata perpendiculara
pe axa x; atunci aceasta componenta a curentului electric este egala cu diferenta
dintre numarul de electroni care trec in unitatea de timp din semispatiul negativ
in semispatiul pozitiv gi numéarul celor care trec din semispatiul pozitiv in cel
negativ, multiplicata cu sarcina electronului. Densitatea de curent se obtine
prin Tmpartirea rezultatului la marimea suprafetei considerate.
Pentru a calcula rezistenta electrica trebuie luat in considerare si curentul

in directia y. Deoarece
1 n e
Vy = — —z
v\ MY c

obtinem din calculul mediei:

_ 1 n eH 1 n eH el (5)
v, = — —T | = — —7 = —
Y Py c m Py c 0

m mwo

adica un rezultat care corespunde exact valorii clasice a vitezei medii perpendi-
culare pe ambele cAmpuri. Se vede astfel ci din luarea in considerare in mod
sumar a legaturii nu rezultd decit efectul Hall normal.

Densitatea de curent in directia y este

621/

Sy mcwg ’ ( )

unde v reprezinta numarul de electroni din unitatea de volum.

3 Interactia cu oscilatiile retelei

Asa cum a fost aratat in introducere, vom cerceta acum influenta unei pertur-
batii, a carei energie este proportionala cu dilatarea locala volumica:

W' = Ddivd

unde U este deplasarea unui punct al retelei, iar D, un factor de proportiona-
litate.

Pentru a ugura calculul ponderilor statistice, este avantajos sa consideram ca
introducem ca domeniu de baza un cub cu muchiile paralele cu axele de coordo-
nate, lungimea unei muchii fiind L si s impunem ca toate proprietatile spatiale
ale sistemului sa fie periodice cu perioada L in toate directiile coordonatelor.
Pentru functiile proprii ale electronului, conditia de periodicitate in directia x
nu poate fi riguros indeplinita; daca insa luam in considerare faptul ca functiile
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proprii ale oscilatorului tind exponential catre zero cand variabila spatiala tinde
la infinit, putem Intotdeauna alege L suficient de mare, pentru a fi mai mare
decét intervalul in care aceste functii proprii sunt semnificativ diferite de zero,
iar apoi functiile proprii pot fi cu usurinta continuate periodic. Tot din acelasi
motiv — al tendintei exponentiale catre zero — integrarea functiei proprii dupa
x, cand acesta parcurge latura cubului poate fi inlocuita prin integrarea de la
—o0 la +o00.

Din conditia de periodicitate rezulta ca numerele cuantice ! si xg pot avea
doar valori discrete:

{ l=2g (g — intreg) 1)
Ty = —WCLES + m’z}o Q%g’ (¢ — intreg)

Descompunem migcarea termica a retelei in unde plane consecutive. Intrucat
doar undele longitudinale provoaca o dilatare, ne vom limita numai la acestea:

? A —wt x —1 —wt
7=y 7, 7?:f[b?e(?? ) e (77 )},

unde %? este un vector intreg si f = ‘?‘ Asa cum este bine cunoscut din

teoria corpului solid, marimile b sunt operatorii:

07 Va7 I8 by <8

unde M este masa retelei continute in cubul cu latura L, N— este numarul de

e . .. o . + . — .
ocupare a oscilatiei proprii corespunzatoare, iar Al ), respectiv A(?) sunt acei

operatori care transforma N? in N7> + 1, respectiv N? - 1.

In cele ce urmeaza vom neglija dispersia undei elastice si vom efectua calcu-
lele considerand constanta viteza de propagare a undei, astfel incéat

w=wf.

Sub influenta miscarii termice a retelei, electronii vor efectua tranzitii de la o
stare la alta. Deoarece perturbatia este lineara in b, tranzitia electronului de la o
stare la alta este insotita de un salt cu o unitate al numarului cuantic al oricareia
dintre oscilatiile proprii ale retelei. Datorita analogiei cu teoria radiatiei, vom
numi aceste procese elementare ,,absorbtie” si ,,emisie” a unei cuante de vibratie.

Vom mai introduce notatia mai scurta ¢ pentru numerele cuantice ale electro-
nului. Astfel se pot calcula cu ugurinté, in modul cunoscut, cu ajutorul metodei
variatiei constantelor, probabilitatile proceselor elementare. Probabilitatea de
tranzitie In unitatea de timp pentru tranzitia ¢ — ¢’ si absorbtia unei cuante
de vibratie de tipul f este data de

),

21— cos (E“';Eq —w)t
N-

2
E—Eq —w
h

Ot AMw

17



iar pentru aceeasi tranzitie si emisie a unei cuante de vibratie:

%hl;wf ‘ <€_1:(7*7>)>qu 1 Ecz/(;h;yw)t (N? N 1) .
h

Simbolul () 4/q Teprezinta elementul de matrice al functiei din paranteza

(@), = / DY bydr

integrat peste cubul de latura L.
De aici obtinem imediat regulile de selectie:

h
U'=1+f, xyp=120— m—wofy (10a)

pentru absorbtie, si

U'=I1+f, zyp=m1z0— Iy (10b)

mwo

pentru emisie.
Daca aceste reguli de selectie sunt satisfacute, atunci elementul de matrice
este diferit de zero si egal cu

+oo
/ e o (= wo) s (x — ) da

— 00

sau:

+oo
/ ™70 (x — wo) g (z — 2) dr
—o0

pentru o emisie, respectiv o absorbtie. Patratul modulului este acelagi in ambele
cazuri i va fi notat cu Wi, (fz, To, 2(). Aceste functii vor juca mai tarziu un
rol deosebit, de aceea vom cerceta aici mai indeaproape proprietatile lor cele
mai importante.

Pornim de la integrala:

+oo
Jon = / efeT oy, (z — 20) on (x — x0) dx

— 00

astfel incat:

|Jnn/|2 = Wnn’-

Introducem noua variabila de integrare ¢ gi noua functie ®,, (¢):

mwo R
t - z, ®,(t) o on ()
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Functiile @, (¢) sunt atunci functiile proprii normate ale problemei [functiile
Hermite, nota editurii]:

d® @, (t) 2
T"ﬁ‘(?ﬂ“’l—t) q)n(t):()

Dupa cum se stie, pentru aceasta ecuatie exista o functie generatoare:

o0
€—§+2ut—u2 — 2 : ﬁzn
nl "
0

Cu noile notatii, J,,  devine:

+oo |
T = oV s fetgy <t B /mwo%) o, <t _ ,mwo%> dt.
oo h h

Inmultind cele doui serii:

exp [—; (t— m;dofl'o) +2u<t—1/m;:oxo>—u2]:

apoi rezultatul cu 'V ™o fat si integrand dupa ¢ de la —oo la —o0, obtinem o
functie generatoare pentru functiile J:

zuv+(\/>fx \/m($6—10)> ( ﬂf%fm—\/@ug—xo))]-

1 h 1 mwq 2 1
o |~ 1 o g o )| =

x© > n+n’
=Dy et (1)
0

Din aceasta rezulta ca functiile J,,, sunt egale cu functia exponentiala:

exp

1 mwo

exp [~ (o= at)° 12 = {2+ L (oo )|
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multiplicata cu un polinom in

) h mwg ,

si
) h mwg ,
(l Mg fz— 7 (x() - 1‘0)>
sica Wy = \Jnn/|2 depinde numai de marimea:
h mw h
2 _ _r2 0 WA 2 2
« _mLU() fa:+ h (IO ‘TO) mwo (fm+fy)7

conform regulilor de selectie. Asadar, pentru a obtine toti W,  in forma lor
generala completa, este suficient sa cercetam J,,,» numai in cazul special in care
Je = 0si /™2 (x5 — ¥9) = . Pentru a obtine toti W, nu mai este nevoie

. A . . v . A . . 2 h 2 2 T
apoi decat de ridicarea la patrat si de inlocuirea lui o® cu oe ( fi+ fy). In
acest caz special, functia generatoare devine:

2uv+ta(u—v)—a? /4 — Z 2ntn’ , Ck) unvn'. (117)

F(u,v,a) = e T

Se poate verifica usor ca functia F satisface urmatoare ecuatie diferentiala:

0’F 10F a?
M+a804+<14)F

L u2—aQF + UQ—aQF — 2uvL2F + L 1 ua—F + va—F
a2 Ou? Ov? Oudv a2 ’

Inlocuind, in aceasta ecuatie, functia F' cu dezvoltarea sa in serie si com-
pardnd coeficientii aceloragi puteri, obtinem pentru J,,, urméitoarea ecuatie
diferentiala:

P 1 ddpn -n)> a2
+ = +(n+n’+1(n ") 6L>Jnn/—0.

da? a do o? 4

Mai tarziu vom inlocui prin integrale sumele unor expresii in care apar W — urile.
In acest scop este necesar s calculdm W — urile din aceastd ecuatie diferentiali
cu ajutorul metodei lui Kramers. Inlocuim patratul factorului oscilant prin
valoarea sa medie gi obtinem:

1

1
Wnn/’:; > =
\/(n+n’+1)a2—(n—n’) -

(12)
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Se poate constata normarea pornind de la reprezentarea:
Wnn’ (042) = Wnn’ (xQ +y2) =

2

“+ oo
= ‘/ €D, (s+y) @y (s)ds

—+o0 —+o0
- / / TG, (54 ) B (£ + 1) By () Buy (1) dsdlt

Rezulta:

—+o0 —+o0 o
/ Won (z2 + y2) dxdy = 271'/ Won (042) ada (12a)
—o00 —0o0 0

+oo +o0 +oo +oo
= / / / / ezz(sft)q}n, (s+y) P, (t+y) Por (8) Py (t) dsdidzdy.

Integrarea dupa x conduce, exprimata cu ajutorul simbolului lui Dirac, la
rezultatul 27 (s — t); integrarea dupd ¢ se poate apoi efectua ugor si se obtine
pentru membrul drept al ecuatiei (12a):

—+o0 —+o0
277/ / (I)n (5 + y) q)n (S + y) @n’ (S) (Pn’ (5) dey~

Datorita normaérii functiilor ®, integrarea dupa y are rezultatul 1, iar apoi ultima
integrala este tot 1; raiméne agadar:

/ W (a2) adoa =1
0
Ins# factorul numeric din (12) este astfel ales, incat

1 / ada B
™ 2 4
\/(n+n’+1)a2—(n—n’) -

unde limitele de integrare sunt solutiile pozitive ale ecuatiei care anuleazd nu-
mitorul.

1

)

4 Functia de distributie stationara

Pentru a calcula curentul, trebuie obtinuta mai intai functia de distributie sta-
tionara. Se poate ardta ugor ca functia Fermi

1
exp (—%) +1

Xq =
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unde ¢, este energia fara termenul cu camp electric:

1 h? 5
g =hwo(n+ = |+ —I° (13)
2 m

satisface aceasta conditie in aproximatia in care sunt luati in considerare numai
termeni lineari in dezvoltarea dupa puteri a intensitatii campului F.

Pentru a demonstra aceasta, trebuie calculata derivata temporala a lui xg.
d < . N N . .
% este egal cu numarul de electroni care trec in starea e, In unitatea de timp,
minus numarul acelora care parasesc aceasta stare, in unitatea de timp:

dx
o thatZZfW”” L

unde expresia dintre acolade este:

1—COS(Eq/;Eq +w)t
(Eq/;Eq _w)Q
E—E,
1—(:05( T —w)t

2
By—By _ |
3

Membrul drept se anuleaza pentru F' = 0, ceea ce rezulta din stationaritatea
cunoscuta a functiei Fermi pentru acest caz special. Membrul drept depinde de
F numai prin intermediul expresiilor E, — E,, agadar F' apare numai in combi-
natia eF (z(, — zop). Termenul de ordinul intai in dezvoltarea dupd puteri a lui
F este agsadar produsul dintre aceastd expresie si o functie pard de (zf, — o).
Intrucét totul este sumat dupi xp, acest termen al dezvoltarii dispare si aser-
tiunea noastra este demonstrata. Este important ca asupra temperaturii nu a
fost facuta nicio presupozitie.

- [Xq’ (1_Xq)N?_Xq(1_Xq/) (N7+1)} "

+ [Xq’ (1= xq) (N7 + 1) —Xq (1= xg') N?}

5 Curentul

Trecem acum la calcularea componentei z a curentului, conform metodei discu-
tate mai sus (Sectiunea 2). Alegem suprafata x = 0 drept ,perete”:

T PO I I I WL

n’ Ll £o<01‘ >0 7

1 —cos (E“’;Eq —w) t

(Eq/—Eq )2
— —w
3

[Xq (1—xq) N? = Xo (1= Xq) (N? + 1)}
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1 — cos (EQI;EQ +w)t

2
Ey=Fq _
R

Eliminam mai intdi f, si f. cu ajutorul regulilor de selectie si apoi inlocuim
sumarile dupd I, ', , zg, x{ si f, prin integrari. Ponderea fiecirui element de in-
mi

tegrare dl, dl’, df, este egala cu L/2m, ponderea lui dzg si dxj este ™ (L/27),
conform ec. (7).

Xq (1= xq) (N? + 1) —Xq' (1= xq) N?}

eD? L\° mwg\2 0 ’ /
S =~ o (27r> (T) mz/m<o,zg>odldl Yodrodzof Won

n,n’

1 — cos (E“’;Eq — w) t

2
Ey=Fs _
h

1 — cos (Eq/;Eq +w) t

By=Bqy _ 2
i

Introducand noile variabile u =1 +1', v =1 —I’, se obtine:

Wan [Xq (I =xg )N = xq (1 = xq) (N + 1)]

+

+[Xq (1_Xq’)(N+1)_Xq’ (1_Xq)N]

1 eD? L\’ mwgp\2 0 ,
Sm__ith <277> ( h ) ('?tz/mo<0,m6>0 dudvdfzdodrof

n,n’

1 — cos (E“';Eq 7w>t

2
By=Bq _
h

E —E
1—005( i q—O—w)t

2
Ey—By _
A

Intai integram dupé u. Folosim caracterul de functie § a fractiilor

W [Xq (1—=x¢)N —Xxg (1- Xq) (N + 1] + (15)

[Xq (1 _Xq’)(N+1) - X¢’ (1 _Xq)N}

1 — cosQt
02
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prin aceea ca introducem pentru u, in ceilalti factori de integrare, solutia ecuatiei
si cd integram numai fractiile. Ambii termeni conduc la acelagi rezultat:

t2m 1
Tt
b vl

Introducédnd acest rezultat in formula (15) si derivind dupa ¢, obtinem:

m eD? L\’ mwg \ 2
S = T M (%) ( h ) '

> / dvdzodzhdf, (A+ B),
x0<0,2(>0

n,n’

unde:

A= |{);|Wnn’ [Xq (1 - Xq’)N - Xq' (1- Xq) (N + 1)]7

B= |i|w g (1= Xgt) (N 4+ 1) = Xy (1= xg) N]..

In A, inlocuim w cu solutia ecuatiei

Ey —E,—hw =0, (17a)

iar in B, cu solutia ecuatiei:

By — By + hw =0. (17b)

Acum dezvoltam S, dupa puterile intensitatii cAmpului electric F'.
Termenul de ordinul zero dispare, intrucit in aceastd aproximatie A = B =
0. Pentru F = 0, ecuatiile (17a) si (17b) devin

g —€qg—hw=0 (18a)

E¢ — &g+ hw=0 (18b)

Intrucit y, este functia Fermi de variabild €, si N este functia Planck de
variabild fuw/kT, anularea lui A si B datoratd relatiilor (18a) si (18b) poate fi
verificata ugor.

Pentru a obtine termenul de ordinul intai, inlocuim in N pe hw cu gy —
gq — eF (x{, — x0), respectiv cu g4 — g¢ + eF (xg — z()), si il dezvoltdm dupa
eF (x{, — x¢). Primii termenii ai lui A gi respectiv B devin:

f eF (z — x0)
A= =W,y ——2———2
" ol kT

N(N+1)(xqy —xq) num.gresita.in.orig. (19a)
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.,
B, — iWnn’ eF (xg — )

B =T N(N+1)(xqy —xq) num.gresita.in.orig. (19b)
v

Factorii N (N 4+ 1) (x4 — Xq) mai depind, prin u, de F', dar daca ne limitdm
doar la termenii de ordinul intai in F', este nevoie doar sa punem F = 0 in acesti
factori, agadar sa privim pe u ca solutie a ecuatiilor (18a), respectiv (18b), ceea
ce vom face de aici Inainte.

Inlocuind acum A; si B; in formula pentru S, si introducand noile variabile
=) — Zo, S = T+ Xo, se obtine:

7 eF eD? L\° mwg \ 2
Y o) A —By).
Sm 2 kT Mhw <27(> ( i ) T;n:, / dvd?”dsdfwr( 1 1)

Limitele de integrare pentru integrarea dupa s sunt —r si +r, iar cele pentru
integrarea dupa r sunt 0 si +00. Deoarece integrandul nu depinde de s, putem
efectua ugor integrarea dupa s:

TeF eD? [ L\° fmwg\2 9
R <27T> ( . ) ;/drdvdfzr (A, — By).

Integrandul depinde numai de 72; intrucét se integreazi numai pentru valori
pozitive ale lui r, putem Inlocui peste tot, conform regulii de selectie (10), pe
r = xy — Zo prin Lfy si integra dupa f, de la 0 la 4-o0:

mwo

eF eD* ([ L\’ [ h )

Introducand pentru suprafata f,, f, coordonate polare:

fz = f'cosO, f,=f'sind
si integrand dupa 6 de la 0 la 7, S, devine:

r2eF eD?> (L\° h s
__ ek i I A —B
Sz 2 kT Mhuw <2w> wog;,/df dof” (A = By

Intrucat integrandul este o functie pari de v, putem alege ca limite de inte-
grare 0 gi 400 si inmulti rezultatul cu 2. Atunci putem inlocui |v| cu f, (conform
regulilor de selectie):

F eD? (L\° h
5, = m2 S ~) 2 /d’dz’3A—B .
" kT Mhw <27r> wog; fdf-17 (A = Br)
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Pentru a continua calculul, mai avem nevoie de expresiile pentru ¢, si €4/,
din care [ gi I’ sunt eliminati cu ajutorul regulilor de selectie gi a legii conservarii
energiei.

Pentru A; se obtine

hw h? 2
fo= (e 1)+ o w —wo (0 — )] -

2f2

ey = (n+n +1>+—f2 [w—wo (0 =) + -

2f2
si pentru B; :

h? hw
gg=— (n+n +1)+ff + 0 [w—l—wo(n’—n)]z-i-?,

212

w‘g*

[w + wo (0 fn)]Q - %

eg = - (n+n' +1)+—f2

2f2

Introducem pentru simplificarea scrierii notatiile:

hw
zle{QO(nJrnH)Jr g2y 27;}2@ wo (1’ — n)] —Eo} (20a)
X' = le{h;"O(n—l—n—l—l)—i-hﬂ 2f2[w+w0(n—n)] —EO} (20Db)
si
hw
§:ﬁ»

cu care curentul devine:

D2 2F 1 f/3f
_ 12
S0 = L7558 BT Shway Z/df AT W NN 1)

1 1 n 1 1
X5 11 eXt5 1 X541 X5
unde & reprezint# densitatea materialului: § = M/L3. Pentru paranteza patrat
din integrand vom introduce si notatia K:

(21)

1 1 1 1
K= € - g + T s (22)
eX 341 Xt 41 X341 eXNt3 41
Acum putem calcula foarte ugor rezistenta. Conform definitiei, rezistenta
este egala cu raportul dintre componenta intensitatii cAmpului electric pe direc-

tia curentului si modulul densitatii curentului.
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Daca notam cu s, si s, componentele densitatii curentului, atunci rezistivi-
tatea este

Sz

23
s%—l—si (23)

Pt =
s, provine numai de la cAmpul magnetic si este diferit de zero chiar si cand nu
are loc o miscare termica a retelei (vezi Sectiunea 2); dimpotriva, s, este cauzat
de aceasta migcare termica. Daca efectul perturbator al oscilatiilor retelei poate
fi considerat ca fiind mic, atunci s, este semnificativ mai mare decat s, si aceasta
ultim& marime poate fi neglijatd in numitorul din (23). Se obtine componenta
8z a densitatii curentului impartind componenta curentului S,, din formula (21)
la L2, suprafata sectiunii transversale a bucitii de metal. Am calculat mai sus
componenta sy, ec. (6). Daca introducem acum aceste valori in (23) si tinem
seama de neglijarea discutata anterior, obtinem:

D w11
"~ 3973 Shwe? v2 kT

13
P Z / df’dfzj;—sznn/N (N +1)K. (24)

6 Discutarea semnificatiei fizice a formulei re-
zistentei

Pentru a prezenta expresia (24) intr-un mod mai transparent, trebuie si utilizim
un procedeu de aproximare, Intrucat sumarea dupi n si n’ nu poate fi efectuata
in mod riguros. Pentru cAmpuri magnetice mici, aceasta sumare poate fi inlo-
cuita, In cea mai grosiera aproximatie, printr-o integrare. Termenii W,  sunt
insd definiti numai pentru valori intregi ale lui n si n’; de aceea, pentru a putea
efectua integrarea, trebuie mai intai inlocuiti prin expresiile aproximative (12).
Incepem prin a face observatia ca polinomul de sub radical din (12) este pozitiv
numai intre radacinile functiei, cAnd n + % sin — % sunt pozitive. De aceea,
aceste radacini pot fi alese ca limite de integrare, deoarece se afla intotdeuna in
cvadrantul n + % >0sin — % >0.

Introducem mai intai noile variabile p = n+n’ + 1 si ¢ = n’ —n. Atunci
avem aproximativ

1 dpd

S W K~ - / / S LY (25)
27 2 2 at

n,n’ \/ba® —q° —

Integram mai intai dupa p. Integrarea este foarte ugor de efectuat, daca
functia Fermi este inlocuitd cu functia treapta. Atunci functia

1 1
eX’%+1 €X+%+1

este egald cu 1 in intervalul —£/2 < X < +£/2 si egald cu zero in afara acestui
interval; nsd Intrucdt X este o functie lineard de p, expresia (26) privitd ca

(26)
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functie de p este egald cu 1 intr-un interval p; < p < py si egala cu zero in afara
lui. Atunci integrala dupa primul sumand al lui K este egald cu

P2

P2 dp 2 ol
/ ——® ____2 [\/paQ g2 4] (27)
P14 / ])Ckz — (22 — S%i7 &

p1
(ceea ce se poate fi transpus Intocmai asupra celui de al doilea sumand, care il
contine pe X').
p1 §i po sunt solutiile ecuatiilor

£ . 3
- = —_ = =
X + 2 0si X > 0
asadar
kT mwy 1 5
- - — P
P1 71(4}() B yf?é? q + )
kT mwy 1 o
= — — —_— P
=t Ty gttt

unde P este o notatie pentru alti termeni, neinteresanti. Coeficientul lui ¢2 sub
radicalul din partea dreapta a ecuatiei (27) devine

mwo a?\  f?
(1475 %) =7

dici introducem pentru o? valoarea sa:

(f2 +f3) -

Integrarea dupd ¢ a fieciruia dintre sumanzii din partea dreaptd a lui (27)
este echivalenta cu cvadratura unei jumatati de elipsa, care are una dintre axe
egala cu radacina patrata a termenului ce nu-l contine pe ¢ din expresia de
sub radical a sumandului, si cealaltd axd mai mare cu factorul f,/f; asadar,
aceasta integrare are ca rezultat termenul ce nu-1 contine pe ¢ multiplicat cu
(w/2) (f./f). Diferenta celor doua integrale dupa g este atunci egala cu diferenta
termenilor ce nu-1 contin pe ¢, multiplicati cu acelasi factor, agadar

p2
2 / at kT f
= 2 _ g2 dg = 2n— €22
a? [ pat—a 4] q tho f

P1

h
mwo

Cel de al doilea sumand al lui K conduce la acelasi rezultat, astfel incat:

oo KT

n,n’

Daci inlocuim acest rezultat in expresia (24), atunci obtinem pentru rezis-
tivitate
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_ D? m? i
T 1673 dh2we? 12

P S [ arapoen v+ ) (28)

Dupa introducerea coordonatelor polare f, = fcosf, f/ = fsin#, integra-
rea dupa unghi poate fi efectuata foarte usor gi, dupa ce mai inlocuim si f prin

E= Z—;ﬂ = h,;“Tf , atunci obtinem
D? m? 1 5 o/T et
== 5 d 29
Pt 93 ShTuS 22 (kT) /0 : (e6 —1)° ¢ (%)

Limita superioara de integrare este exprimata, iIn modul cunoscut, prin tem-
peratura caracteristicd © a metalului. In aproximatia in care cuantificarea poate
fi neglijata, rezistenta nu depinde agadar de cAmpul magnetic, astfel incat, con-
form modelului nostru, dependenta de cAmp poate fi privita drept un efect tipic
cuantic. Mai trebuie observat ca, daca se transpune calculul lui Bloch pentru
conductivitate in absenta campului magnetic asupra modelului nostru, se obtine
exact formula (29).

7 Modificarea rezistentei in campuri magnetice
mici

Pentru a obtine acum, ca urmatoare aproximatie a calcului nostru, dependenta
de cAmp pentru cAmpuri magnetice slabe, trebuie sa aproximam suma dupa n
si n’ mai exact decAt am ficut-o pand acum. Dacéd pornim de la integrala ca
aproximatie de ordinul zero, putem imbunatati aproximatia prin adaugarea unor
termeni corectivi. Este cunoscut faptul ca formula de sumare Euler-MacLaurin
oferd pentru termenii corectivi o dezvoltare in serie. Aici vom calcula numai
primul termen al acestei serii. Formula sumarii este atunci:

ZZf(n—i-;,n'—i-;) =/0m/ooof(x,y)dxdy+

n=0n’=0

1 [ 1 [
il (0, y) dy + — ,0) da.
g [ 0wy [ @0

Formula nu poate fi folositd in aceastd forma pentru problema noastra, de-
oarece expresia (12) este o bund aproximatie pentru W/, dar derivatele sale
dupi n si »’ nu mai sunt aproximatii bune pentru diferentele termenilor W. De
aceea trebuie sa folosim in calcul expresiile exacte pentru diferentele termenilor
W in consecinta, in loc sa integram de-a lungul primului cvadrant al suprafetei
n, n’, trebuie acum si sumam dupa valori intregi ale lui n si n’. Avem nevoie
doar de valorile la marginea suprafetei si de diferentele dupa normala interioara,
adica expresiile pentru W, ¢ si W, 1 — W, o, iar acestea pot fi calculate usor din
functia noastrd generatoare (11°):
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1 a2 " o? 1 a2 nl 042 2 2
e e —a®/2 e e = —a®/2
W”’On!(2>e ’W"’ln!(2> (2 ”)e

Wn,l - Wn,O = (TL + 1) (Wn+1,O - WI’L,O) —-n (Wn,O - Wn—l,O) .

Daca «a este suficient de mare, atunci W, o privit ca functie de n are un
maxim pronuntat pentru acel numar Intreg care se afla cel mai aproape de
a?/2. Asadar, pentru a calcula suma

Z Who¢ (n)
n=0

1n care ¢ nu se modifica prea repede, este permisa aproximatia in care dezvoltam
aceastd functie in veciniitatea punctului n = o? /2, ca serie de puteri si pastram
numai primul termen:

Z Whop(n) = ¢ <2> Z Who=¢ <2> :
n=0 n=0

In acelasi fel se obtine:

D (Wt = W)@ (n) = Z Wa10)[p (n=1) = ¢ (n)] =~
n=0 n=0

jE:: Wy—10) ¢’ (n) =

= Wl +1) ¢ (n+1) —ng' (n)] = (dﬁﬂf)_

Sa ne Intoarcem acum la problema noastra. Intrucat sumandul este simetric
in n gi n’, marginile n + % =0sin + % = (0 contribuie cu aceeasi marime

Z W K = / Wnn/Kdndn’+
1/2J-1/2

n,n’

1 0K 1
on’ 12 - K),_
T n,OW”’O <3n/>n/0+ ;(Wn,l Who) (K), _,

Integrala a fost calculata in paragraful precedent. Aplicand regula noastra
de calcul de mai sus la sumarea dupa n, obtinem pentru termenul corectiv
urmatoarea expresie:
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i aiK + aiK + Oﬁ K (30)
12 on' n=29 n/=0 on n=22 n’=0 2 on? n=22 n/=0 '
3 Pl P

Notand cu x’ si x” derivatele functiei Fermi dupd variabila u si cu X si
2
respectiv X', valorile lui X si respectiv X’ pentrun = %-,n' =0 :

- 1 B2 f? muw\ 2 13
X—w[smg(f“h) —EO}‘zv

-~ 1 R? f? mw\ 2 3
X _kT{SmfZ?(f_2> ‘EO]W

atunci expresia (30) de mai sus este egald cu:

1h/WO 1]”2 N v 5 N 5
i (e [ (x5) v (x5
+x’<X’—§>—X’<X’+§>+
+1 ﬁ2 f/2f2 (f_|_2@)2 " Y—§ N/ Y+§ (307)
SmkT f4 n) ot 2) X 2
1 A f/2f2 maw\ 2 n ( ~7 § n(~7 3
T8 kT f2 (f_zT) {X <X_2>_X <X+2>H'

Pentru a obtine termenul corectiv al rezistentei, aceasta expresie trebuie
inmultita mai intai cu

‘fN(N+1)

si apoi integrata dupa f si f, de la 0 la co . Este insd convenabil si introducem
2
ca variabile de integrare f gi t = % Atunci trebuie s inmultim cu

1,4 t—1

5 fEN(N+1) 2
si sa integram dupa f de la 0 la oo gi dupa ¢ de la 1 la co. Mai Intai efectuam
integrarea dupa t. Argumentele derivatelor functiei Fermi sunt lineare in ¢. La
integrare folosim proprietatea derivatei negative a functiei Fermi de a avea un
maxim pronuntat pentru valoarea 0 a argumentului. De aceea, ceilalti factori
pot fi priviti ca schimbandu-se lent si dezvoltati in serii de puteri in jurul acestui
punct. Integrarea termenilor care contin derivata a doua ca factor pot fi aduse
la primul caz printr-o integrare prin parti. Rezultatul calculului este
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hwo 1 (
48 (f+2mw t

1
(f+2mw t

X\\__/v
w
=

unde tq, to, t3, t4 sunt solutiile celor patru ecuatii
agadar

_ Byt hwf —t2<1 hwf)
) )

o (7 +25e)” Fo
t Eo
2= Y5, 9>
L (f +2me)?
t Eo
3= V5 ., 93
L (f —2me)?

Ey— hwf hw f

=W omwy2 1= "By
s (f—2752) 0

Deoarece valoarea maxima a lui hwf este egald cu k©, valoarea lui hwf/Eq

este foarte micad pentru toate valorile pe care le poate lua f. De aceea, putem
dezvolta (31) dupa puterile acestei marimi si obtinem:

124 m w
h%ohwf ( ES’4 )

Aceast expresie trebuie acum multiplicatd cu f2N (N + 1) si integrata dupa
f. Introducem din nou ca variabild de integrare pe & = hwf/kT si multipli-
cdm cu factorii de dinainte de sumarea din (24); atunci obtinem modificarea
rezistivitatii ca fiind:

D? mw3 (kT)?
3273 126h5wle?v? 8E}

Apy =

e/T ¢ e/T 3
kT)? [ 2)? 5s__©
( )/0 5(65_1)2“(27”“))/0 S

d 32
)f] (32)

Impértind aceasti expresie la valoarea rezistivititii pentru H = 0 (29), ob-
tinem modificarea relativa a rezistivitatii
Apy 1 RTwg 1
p 128 muw? E3

[(zmw )? + (kT)? ﬂ (33)

cu:
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e/T I
1, = H———d
! /0 ¢ (e6 —1)° :

8 Cazul limita al campurilor magnetice intense

Conditia pentru utilizarea aproximatiei discutate in paragraful precedent este
validd daca hwo < kT. Inci un caz poate fi discutat ugor: este cazul in care
campul magnetic este atat de intens, Incit toti electronii se afla in starile al
caror numar cuantic n este egal cu zero. Ne putem convinge imediat ca in acest
caz expresia noastra (24) pentru rezistentd depinde linear de cAmpul magnetic,
deoarece din suma dupd n si n’ trebuie luat in considerare aici numai primul
termen, cu n = n’ = 0. Functiile Fermi nu mai depind de cAmpul magnetic, asa
incat doar factorul de dinainte de integrala din (24) si

h
Wo,0 = exp <— f/2>

2mwyg

depind de H. Factorul este proportional cu H, si Wy o poate fi dezvoltat intr-o
serie de puteri; cdnd valoarea maxima a exponentului este mica fata de 1, adica
in cazul in care este satisficuta conditia

(kT)?
2mw?hwg

seria poate fi tdiatd dupa termenul al doilea gi din (24) obtinem pentru rezisti-
vitate In acest caz limita:

_D* w1 f’3f —
pt167r3(5ﬁw62y2sz{ /df - f= N(NV+1) K= (35)

LY, _
fﬁ/dfdfz ; N(N+1)K}

<1 (34)

z

unde 2K este valoarea limitd a lui A:

— 1 1
K = -
e T Bl T e R E)

Pentru a putea discuta expresia (34), trebuie estimata integrala. Mai intéi
observam ca argumentelor functiilor Fermi de K 1i se poate da forma urmatoare:

1 2 2 §_1mw2 f h 2
kT(f 2P>_2_kT2 (Z‘%w2>
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1l mw? [ f h

kT 2 < f: 2mw
astfel incat nici unul nu poate lua valori negative. Functia Fermi este insa
semnificativ diferita de zero numai pentru valori pozitive mici ale argumentului.
Deoarece cel de al doilea argument dispare doar pentru f = 0, asadar pentru
& = 0, putem dezvolta functia corespunzatoare dupa puterile sumandului & al
acestui argument si obtinem astfel pentru K :

mw? [ f h 2
BT (f - zmwfz> :
f

2
Introducem din nou, ca in paragraful precedent, f sit = (f—) ca variabile

2
fz> e

K =-¢Y

de integrare. Pentru prima integrala, trebuie efectuatd mai intdi urméitoarea
integrala dupa ¢t de la 1 la oco:

1/°°t—1,
2 ), &2 X

si apoi rezultatul trebuie multiplicat cu

kTN
(H1Y i

maw? KT €\?
2k Tt (1 - 2muw? t) dt (36)

si integrat dupi €. Pentru urmétorul calcul vom presupune ca kT > mw?, ceea

ce nu reprezint# o restrictie semnificativil pentru temperatura, deoarece mw?/k
este de ordinul 1°. Acum putem calcula integrala (36) ca integrald peste derivata
functiei Fermi, dupa metoda obignuita: se dezvolta factorii in acel punct in care
argumentul derivatei functiei Fermi se anuleaza si apoi se integreaza seria termen
cu termen; aici, ne putem limita la primul termen. Daca mai introducem

1 1 kKT 1
u==-[(1-—==
2 2mw? t

ca variabild de integrare, atunci obtinem pentru (36) rezultatul aproximativ:

1 /°° du ~j 0708

Vel Trem@)(+em(—w)  VE V&
unde j = 0,708. Integrarea dupa £ duce atunci la urmatorul rezultat pentru
prima integrald a acoladei din (35):

5 ,.0/T
i) [ ervavena

Dupa un calcul asemanator se obtine pentru a doua integrala:
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1. (kTN (97
_Lo(rh /2
23<hw> /O EB2N (N +1)dg

Introducénd aceste rezultate in (35), obtinem pentru rezistivitate:

. D? m? 1
=J 1673 dhwe?v? kT

kT\® ; 1h (kT\' ;o kT
Loon [ 2= _ -k
O\ hw 27 om \hw /2 pw?
si pentru modificarea relativa a rezistivitatii:

Bpe 3, [Topphwy 1 KT D)
P 2 Is kKT 2muw? Iy

Pt

9 Efectul in cAmp longitudinal

Atunci cand campul electric gi cel magnetic sunt paralele, calculul rezistentei
este foarte asemanator celui pe care l-a efectuat Bloch pentru cazul absentei
campurilor. Miscarea electronului paralel cu cele doua campuri este o misgcare
accelerata. Astfel, In contrast cu cazul cAmpului magnetic transversal, nu exista
stari stationare In ambele campuri si cAmpul electric trebuie privit drept cauza
a modificarii temporale a functiei de distributie. Atunci trebuie determinata
cu metodele obignuite acea functie de distributie care raméne stationara sub
influenta cAmpului electric gi a migcarii termice a retelei.

Pentru a determina aceasta functie de distributie pornim de la x4+ 14, unde
Xq este functia Fermi si ¢, este o corectie, astfel aleasa incat sa fie proportionala
in prima aproximatie cu intensitatea cAmpului electric F. Cand punem conditia
de stationaritate luam In considerare numai termenii lineari in F', ceea ce in-
seama c& termenii patratici din F' sau produsul F'y vor fi neglijati. Modificarea
temporala a functiei de distributie in ansamblul ei, care trebuie sa se anuleze
in cazul stationar, se compune din doi termeni. Un termen contine influenta
campului electric si este, aga cum se gtie,

el 9 (xq +q)
h al
Conform presupozitiei ficute anterior, el este egal cu:

eF Oxq

h o’
unde [ Inseamna din nou numarul de unda al electronului pentru miscarea pa-
raleld cu cAmpul magnetic. Celalalt termen contine modificarea cauzata de
migcarea termica a retelei. Pentru a calcula acest termen, mai avem nevoie de
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probabilititile de tranzitie. Insi acestea pot fi obtinute foarte usor, daci in
formulele noastre (8a si b) punem F = 0. Deoarece F' apare numai in factorii
(1 — cos Qt) /92, trebuie doar s punem e, — &, pentru diferentele de energie
din Q. Modificarea functiei de distributie datorata ciocnirilor, devine atunci:

dx i
(dtq - dt(l) ciocniri Mhu 8t Z Z Z fWTm/

n’ l//

'{[(Xq/ +¢q’) (1- Xq — wq)N - (Xq +wq) (1- Xq' _1/%1') (N +1)]-

1 — cos (e"';q + w) t

2
(5 +)

+ [(Xq’ +g) (1- Xq — ¥q) (N+1) -

l—cos(E /hs“ —w)t

(7 )
~ e 3 5 5o &

g
nlw0

= (Xg +%q) (1 = X — ¥g) N]

'{[Xq’ (1 _Xq)N_Xq (1 _Xq’)(N"‘ 1) + Yy

(1= Xq) N =xq(N+1) =g (xg N — (1 = x¢) (N + 1))]+[(Xq/ + 1/Jq’) (1= Xq

+[Xq’ (1_Xq)(N+1)_Xq(1_Xq’)N+

+g (1= Xg) (N +1) + XgN) + g (Xg (N +1) + (1 — Xq’)N)}

17c05(%7w)t

2
€4/ —€q

daca termenii in care apar 141, sunt neglijati. Aceasta expresie poate fi sim-
plificatd daca utilizam regulile de selectie (10a,b), care sunt valabile si in acest
caz. Cu ajutorul lor elimindm f, si x{ si inlocuim apoi sumarile dupd celelalte
numere de unda prin integrale. Obtinem:
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dyg  dby S os(L Car
<dt + dt Ciocm‘rii M hw 8t; 2 di dfmdfnynn’A (39)

unde A este o prescurtare pentru acolada din (38).

Este de observat cd x, nu depinde de numarul cuantic xy. Pentru 14, vom
cauta o solutie care are aceeagi proprietate. Singura functie din partea dreapta
a lui (39) care mai depinde de z( este W,,,/, dar intrucat ea nu depinde decit de
diferenta x(,—xo, pe care am exprimat-o deja prin intermediul lui f,, dependenta
de z¢ dispare complet. Mai departe, integrandul din (39) i contine pe f; si fy
numai in combinatia f2+ fy2, astfel Incat se poate efectua usor o integrare polara:

qu d¢q L /+oo /
A4 -rq A 4
< dt i dt >ciocnim (27‘1’ 2 th 8t Z df 'f ann ( 0)

Vom folosi acum in maniera obignuita legea de conservare a energiei pentru
a elimina pe f’. In acest scop descompunem integrala din (40) in doui inte-
grale, din care una se refera la procesele de emisie, iar cealalta, la procesele de
absorbtie. Apoi folosim caracterul de functie § al factorilor oscilanti de tipul
(1 — cos ) /O, pentru a efectua integrarea dupi f’; atunci, dupd cum stim,
termenii de ordinul zero din F' dispar. Dupa efecutarea derivarii dupa ¢ se obtine

dy,  di 1 D2
(dtq + dtq)ciocni” = Ei(sﬁwz ; / dl/ I:(fQWnn’F)I + (fZWn’rL’A)II:I

unde:

L=ty [(1=xg) N+ xg (N +1)] =g [x¢ N+ (1= xg) (N +1)]

A =y [(1_Xq)(N+1)+XqN]_1/’q [Xq’ (N+1)+(1_Xq’)N]

si indicii I respectiv I inseamnd c& pentru f’ si f, trebuie introduse In paranteze
solutiile ecuatiilor

¢ —€q+hw=0, U—=1+f,=0

respectiv:

Eq/—Eq—hw:O, l/—l—fZ:O
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Acum putem formula conditia de stationaritate:

kT mX R A7 Shw?
S [ (P WD) + (P W) ] =0 (12)

Este de presupus ca functia de distributie stationara perturbata se obtine
din cea neperturbata printr-o mica translatie in [ :

x(n, )+ (n,l) =x (n,1—1), (43)
deci:
_ B2 -
Yg=x(nl—=1)—x(n,l) ~ kalqu (1—xq)-
De aceea este adecvat sa propunem urmatoarea forma pentru 1, :
772
Vg = leXq (1= xq) Co,

unde acum consideram pe C; in general ca o functie de numerele cuantice.
Pentru C,; obtinem din (42) urméatoarea ecuatie integro-diferentials:

1 D?
—eF'xq (1Xq)lJFM(SwQ;/dl/{[fQWnWNXq/ (1*Xq)]1+

+ [f*Wan Nxq (1 — Xq)],, 'Cy —1Cy) =0} . (44)

Pentru temperaturi mai joase (T' < ©) se poate aplica, pentru rezolvarea
acestei ecuatii, acea metoda folosita de Bloch [10] pentru cazul in care nu existd
campuri gi tragem concluzia ca in prima aproximatie C = const. satisface
ecuatia (44). Conditia esentiald pentru aplicarea metodei lui Bloch, si anume
cal' —1 = +f, sd fie foarte micd pentru temperaturi joase, este indeplinita si
in cazul nostru. Pentru temperaturi inalte insa, ecuatia noastra este mult mai
dificil de rezolvat decit ecuatia lui Bloch, Intrucat dependenta de n si n’ este
foarte neclard. De aceea ne vom limita aici la cazul temperaturilor joase.

Valoarea constantei, pe care o numim acum din nou [, este usor de dedus
din ecuatia (44): se multiplica ecuatia cu I, se sumeazd dupa n de la 0 la +o0
si se integreaza dupa [ de la —oco la +00. Se obtine:

1 D2
_eFZ dl Px, (1 - Xq)+4 el

VA B N
-;;/dmz <2+ 5 >(1—1)-
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: { [fZWnn'Xq' (1 - Xq) N}I + [f2Wnn’Xq (1 - Xq’) N] II} =0.

Deoarece expresia din acolada de sub integrala celui de al doilea termen este
simetrica in variabilele cu gi fara semnul ,,prim”, rezultatul sumarii si al integrarii
sumandului cu factorul asimetric (I’ +1) (I’ — 1) /2 este nul si obtinem:

—eFZ/dl Pxy(1—xq) =
=5 (WJZZ / didl’ (I (45)

: {[f2Wnn’Xq’ (1—xq) N]I + [fQWnn’Xq’ (1—xq) N] 11} :

Membrului stdng i se poate da o alta forma printr-o integrare prin parti:

eFZ/ dl Py, (1= x,) =

mkT kT
= eF;/qul :47T2%6F1/.

La ultima transformare am folosit formula care exprima numarul starilor Z,dl
cu un anumit numar cuantic n si al caror numar cuantic [ se afla intr-un interval
de lungimea di [7]:

1 muwg
ar2 h

Dar [ este, aga cum se poate vedea imediat din (43), numirul de unds mediu

pe directia celor doua cAmpuri. Pentru densitatea de curent se obtine imediat:

Zypdl = L3dl.

hl
S, = —ev—
m
si pentru rezistivitate:
F mF
== =— _.
g Sz ewhl

Cu valoarea lui [ dati de ecuatia (45) se obtine

D?  muwq '
PL= 3903 5u2en? kT Z/dldl

{[f2 Wi Nxq (1 Xq)]1+ [fQWnn’Xq (I_Xq’)N]U}'

Introducind acum pe f, si f’ ca variabile de integrare in loc de [ si I’ si
folosind identitatile
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[Xq’ (1 - Xq)]j = [(N =+ 1) (Xq’ - Xq)]j s

[Xq (1= xg)];r =[N+ 1) (xg = Xa)ly7 >
obtinem pentru rezistivitate formula:

D? mPwy 1 , ,
_ LY Wi N (N +1)- 4
PLU= 1673 shwe?r? k:Tnn,/df e S I Woe N (N +1) (46)
1 1 1 1

+

exp(ng)Jrl exp(X+%)+1 eXp(X’*%)+]. eXp(X’+§)+1 ’
unde X si X’ au semnificatia din (20). Integrarea trebuie efectuatd doar dupd
valorile pozitive ale lui f’ si f,.
Pentru a prelucra in continuare expresia (46) putem folosi exact aceleagi me-
tode pe care le-am folosit pentru expresia (24) a rezistentei in cAmp transversal.
Integrarea dupa n si n’, utilizdnd expresiile (12) pentru W/, conduce evi-
dent la acelasi rezultat ca acela din cazul cAmpului transversal. Acest lucru
poate fi confirmat cu usurinta gi prin calcul direct. Singura diferenta apare la
integrarea dupa azimut in planul f’, f.: In cazul de fatd avem ca factor integrala

/2
/ cos? 0 sin Hdb
0

in loc de

/2
/ sin® 046,
0

ceea ce compenseazd exact diferenta dintre factorii numerici din (46) si (24).
In scopul calculrii corectiilor pentru cAmpuri magnetice mici, putem prelua
neschimbat rezultatul nostru (30’). Acum insd trebuie s& multiplicim aceastd
expresie cu 1/ (2752) si sa integram dupa t de la 0 la co. Dupa un calcul foarte
asemanator cu acela din cazul efectului in cAmp transversal, obtinem

D? meg 1

Ap, = KT)® I
Pt 1673 ShowSe2v? 242 (kT)
si
A 1 h2w?
L (47)
p 16 Ej

In cazul limitd al cAmpurilor magnetice puternice se poate de asemenea, folosi
aceeagi metoda ca cea din paragraful precedent. Rezultatul este

2 (I I
B _ 1) {3/2.’”0 L KT 13/2}_1,
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10 Discutarea rezultatelor

Rezultatele noastre sunt continute in formulele:

D? m? 1 5 e/T et
=—————— (kT S d tru hwy — 0 (29%
Pt 247_(_3 5h7w6 621/2 ( ) /0 § (ef _ 1)2 §7 pentru o — ( )

Apy 1 h'w? 1
p 128 muw? E3

I
(2mw2)2 + (kT)2 17] , pentru hwy < kKT (33%)
5

Apt IQ/Q h,wO 1 kT I13/2
2Pt _ 1 0624 2270 - ~1 tru hwo % Ei ¥
p 00 {15 KT 2muw? I o pentru o Fo (BT
A 1 hz 2
% =1 EO;O, pentru hwy < kT (47%)
0
A mw? [ I- huw 1 kT I o
o= o (SRR e L et o2 B (45)

In cazul limita (29) rezistenta trebuie si fie identica cu cea pe care am obtine-
o daca am rezolva problema pentru H = 0 cu metoda lui Bloch. Rezultatul
nostru, insa, este mai complet decét cel al lui Bloch, deoarece formula noastra
(24) pentru rezistentd este consideratd valabild si pentru 7' ~ O, asa Incat si
(29) trebuie privitd ca valabild in acest domeniu de temperatura. Griineisen
[11] a ardtat ci formula (24) explicd bine datele experimentale si in domeniul
T~ 0.

Pentru campuri magnetice mici, calculele noastre conduc, atat in cazul longi-
tudinal, cat gi in cel transversal, la o dependenta patratica de cAmpul magnetic
a modificarii rezistentei. Rezultatele teoretice sunt insa dificil de comparat cu
datele experimentale, intrucdt coeficientul masurat al legii patratice depinde
puternic de puritatea gi prelucrarea materialului cercetat; fiecare dintre aces-
tea conduce la o rezistenta suplimentara care, din motive de simetrie, depinde
patratic de cAmpul magnetic si aceste efecte nu pot fi separate.

Pentru campuri magnetice foarte intense, calculul nostru arata ca, atat in
cazul transversal, cit gi in cel longitudinal, modificarea rezistentei depinde li-
near de campul magnetic. Panta dreptei care reprezinta grafic aceasta legitate
intr-o diagrama, in care Ap/p se ia ca ordonatd si H ca abcisi, este, conform
lui Kapita, practic independenta de puritatea si tratarea materialului. Conform
formulei noastre (37), panta depinde de masa efectiva a electronului. De aceea,
se poate determina valoarea masei efective prin compararea cu rezultatele expe-
rimentale. Urmaétoarul tabel contine raportul m/u dintre masa efectivd si masa
obignuita a electronului pentru unele metale:
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Metal Cu Ag Mg Cd Al As Sb Bi
m/p 0,7 1,0 0,1 0,4 0,5 1,1-10"2 8,3-107% 3,3-107*

Pentru metalele din primele trei coloane ale sistemului periodic se obtin
asadar valori normale. In cazul bismutului ins&, se obtine o valoare foarte mici a
masei efective, ca o consecinta a puternicei dependente a modificarii rezistentei
de cAmp. Un rezultat aseménitor a obtinut si Peierls [12], prin compararea
teoriei lui a diamagnetismului la temperaturi joase gi In cdmpuri magnetice
intense cu masuratorile lui de Haas i van Alphen; el obtine pentru magnetonul
efectiv al miscarii pe traiectorie a electronilor de bismut o valoare de 0,5-10718,
care duce la o valoare a raportului m/u = 1,8 - 1073; concordanta cu valoarea
ce rezulta din calculul nostru este agadar doar calitativa.

Despre dependenta pantei de temperatura se poate spune doar putin, in-
trucat nu au fost facute cercetari sistematice asupra acestui subiect. Kapita
a facut masuratorile numai la trei temperaturi, care sunt prea indepartate de
temperatura caracteristicd, agadar temperaturi pentru care formula noastra nu
reprezinta o dependenta simpla de temperatura. Pare totusi ca panta ce rezulta
din teorie creste mai lent cu scaderea temperaturii decat cea masurata.

Compararea dintre experiment si teorie al celuilalt parametru al legii lineare,
cel care determina pozitia punctului de intersectie al dreptei cu axa absciselor,
este mai greu de facut decadt in cazul pantei, deoarece acest parametru, con-
form lui Kapita, depinde puternic de tratarea si puritatea metalului. Conform
calculului nostru, domeniul de valabilitate al legii lineare incepe de abia pen-
tru intensitati ale cAmpului care sunt atit de mari, incat toti electronii se afla
in stari pentru care numarul cuantic n este egal cu zero. Limita inferioara a
intesitatii cAmpului care satisface aceasta conditie este data de

1 /2mwo 2 1 [2eH\?
_ = — _— = .
272 h 272 hc

In loc de comparatia cu punctul de intersectic cu abscisa, este convenabil
sa facem comparatia pentru aceasta intensitate de cAmp critica, cu scopul de a
determina numérul electronilor pe centimetru cub, v. Daca facem presupozitiile
obignuite despre densitatea electronilor, se obtine pentru aceasta intensitate cri-
tica a cAmpului o valoare de ordinul 10® Gauss. Experimental insa, legea linears
este valabila pentru multe metale deja pentru caimpuri avand ordinul de marime
10° Gauss. In aceste cazuri trebuie si facem, asadar, presupunerea ci valoarea
lui v este mult mai mica decat valoarea pe care o obtinem daca privim numarul
electronilor de conductie ca fiind egal cu numéarul atomilor pe centimentru cub.
Pentru metalele alcaline nu suntem obligati sa facem o asemenea presupunere,
intrucat din rezultatele masuratorilor lui Kapita nu rezulta valabilitatea certa
a legii lineare, nici pentru intesitatile cele mai mari ale cAmpului magnetic.

Dimpotriva, pentru metale precum cadmiul gi bismutul, legea lineara este
sigur valabils, deja pentru campuri avand ordinul de marime de 3 - 10* Gauss;
trebuie agadar sa tragem concluzia ca in aceste cazuri, v este mult mai mic
decat se considers in mod obignuit. In cazul bismutului s-a ajuns la aceeasi
concluzie si prin alte metode: Peierls [12] obtine din proprietitile diamagnetice

42



valoarea v = 2 - 10'9; Bellia [13] obtine din constanta Hall, v = 1,2 - 1019; si,
recent, Eucken si Forster [14] obtin din cercetéri asupra lungimii drumului liber
al electronilor de bismut valori pentru v cuprinse intre 1,63 -10'7 si 10.9 - 107,
Conform formulei noastre (49) se obtine o valoare v ~ 5 - 10'7. Concordanta
rezultatelor care se obtin cu ajutorul diferitelor metode este desigur foarte putin
exacta, dar totusgi se poate trage concluzia ca numarul electronilor de conductie
ai bismutului este semnificativ mai mic decdt numarul atomilor.

La sfarsit doresc sa Imi exprim multumirile domnului profesor Heisenberg
pentru a-mi fi sugerat tema acestei lucrari gi pentru ajutorul permanent acordat
pe parcursul elaborarii ei, ca si domnului Dr. Bloch pentru nenumarate discutii
interesante despre problemele tratate.
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Bucuresti, unde mi-am sustinut examenul de bacalaureat in anul 1926. Din
toamna 1926 pana in vara 1929 am studiat matematica, fizica si chimia la Uni-
versitatea din Bucuregti. Dupa o intrerupere de un an, in care mi-am facut ser-
viciul militar obligatoriu, am inceput sa studiez fizica, matematica si geofizica
la Universitatea din Leipzig. Aici am urmat cursurile gi seminariile urmatorilor
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Haurwitz.
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On the change of metals resistance
in magnetic field

Serban Titeica

Editor’s note: This is the English translation of Serban Titeica’s Ph.D.
thesis, approved by the Department of Mathematics and Natural Sciences of
the University of Leipzig, 1934; scientific adviser: Werner Heisenberg. The
thesis was published in German, in Annalen der Physik (Leipzig), 5. Folge, 22,
Heft 2, 129-161 (1935). In its original version, it has no abstract. However,
in order to facilitate reader’s effort, a short presentation written by Titeica in
a report about his scientific activity, was inserted here, and named, somewhat
abusively, ” Abstract”.

Abstract:

In this paper, I deal with the electronic theory of the change of the elec-
tric resistance of a metal in a magnetic field. Such a change was known to
the experimentalists from much time ago, as they had proved that, at least for
weak magnetic fields, it is proportional to the square of the field. The theories
available in this domain could explain only qualitatively the aforementioned
dependence. But Kapitza’s experiments, made in 1928 with very strong mag-
netic fields, have shown that, for such fields, the change of the resistance is
proportional to the field, and that the longitudinal effect has the same order of
magnitude as the transverse one. As the current theories could not explain these
results, I chose as starting point for my research an effect which was neglected
in the previous papers: the quantization of the electronic orbit of an electron in
a magnetic field. I proved that, in this way, I can completely explain Kapitza’s
results.

The mathematical approach used in this work is that one already familiar
in quantum statistical mechanics: I integrated the Schrodinger equation using
Dirac’s method, in order to obtain the transition probabilities between various
quantum states; then, I solved the continuity equation of the Fermi statistics,
in order to obtain the stationary distribution on the energy levels. When the
magnetic field tends to zero, the discrete spectrum tends to a continuous one,
and the sums over the whole discrete spectrum tends to the integrals over the
continuum one. The difference between the sum and the integral, given by
the rest of Euler’s summation formula, contains the quadratic effect, previously
mentioned. For very strong magnetic fields, only the first term in the series is
important, and we get the linear low discovered by Kapitza. As the quantization
does not depend on the direction of the magnetic field with respect to the
current, our theory provides also the explanation of the second result obtained
by Kapitza.
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1 Introduction

For a long time, it is known that the resistance of a metallic conductor is in-
fluenced by the presence of a magnetic field, and the change of the resistance
is, at least for small values of the magnetic field, quadratic in this quantity.
Qualitatively, this effect can be explained simply: the magnetic field curves
the electronic trajectory, so the electron which leaves a point A will travel on
a longer way, to reach a certain point B of the crystal lattice. But a longer
electron path means a larger number of collisions with the lattice ions, so an
increase of the resistance. As the effect must be independent of the orientation
of the magnetic field, the series expansion of the resistance in powers of the
magnetic field will contain only even powers; for low fields, the series can be cut
after the quadratic term.

In this approximation, it is not difficult to develop a quantitative approach
and to calculate the coefficients. The problem has been solved by Sommerfeld
[1], for a degenerate electron gas. However, the theoretical results cannot ex-
plain the experimental findings; firstly, according to this theory, a magnetic field
parallel to the electric current should not have any influence on resistance; but,
in fact, the effect of a longitudinal magnetic fields is not only present, but it has
the same order of magnitude as the transversal one. Secondly, the value of the
coefficient, obtained theoretically, is much smaller than the experimental value.
It is important to mention that the value of this coefficient depends strongly on
the sample preparation, as shown by Kapitsa [2]. Thirdly, as Kapitsa’s exper-
iments have shown [2], for larger magnetic fields, the quadratic dependence is
replaced by a linear one. So, a plot of the relative dependence of the resistance
on the magnetic field is linear, and its slope is independent of the sample prepa-
ration; however, the starting point of this line depends on sample preparation.

In order to obtain an agreement between theory and experiment, Frank [3]
applied Sommerfeld theory, treating carefully the magnetic field. The first two
difficulties, mentioned in the previous paragraph, persist in Frank’s theory too;
however, for the magnetic field dependence of the resistance, Frank obtains
a complicated formula, which gives a quadratic behavior for small fields, and
saturates at large fields. As, near the inflexion point, the dependence is linear,
Frank considered that his theory explains Kapitsa’s results.

In order to remove the first difficulty, Bloch [4] tried to take into considera-
tion the effect of the magnetic field on the electron spin. In a magnetic field, a
spin parallel to the magnetic field is privileged, in the sense that, according to
Pauli principle, such an orientation has an influence on the electronic velocity
distribution, which produces a change of the resistance. Clearly, this change is
independent on the direction of the magnetic field. The detailed calculations
give a quadratic dependence on the magnetic field, but the coefficient is still too
small.

The problem has been also considered by Peierls [5]. Peierls improves the
Sommerfeld model, taking into consideration the crystal lattice forces. It is
well known that the wave function of an electron in a lattice is a modulated
plane wave [6], but the energy dependence on wave numbers is more compli-
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cated than in the case of a free electron. The dependence of the collision time
(the time between two successive collisions of the electron with the lattice) on
field direction is essential for the Peierls’ approach of resistance change in a
magnetic field. This anisotropy explains the similar behaviors in transverse and
longitudinal field. As the detailed aspects of this anisotropy are not known,
Peierls’ theory cannot produce quantitative conclusions. To obtain the correct
order of magnitude of the change in resistance, it is compulsory to postulate an
surprisingly high anisotropy. The field dependence can be obtained, but only
qualitatively: for small fields, the quadratic law is obtained, as expected; how-
ever, for large fields, one obtains a saturation. Experimentally, the saturation
is observed for semiconductors only; so, the linear dependence, experimentally
observed for metals, cannot be obtained from Peierls theory.

There is one more effect of the magnetic field which was not been yet taken
into consideration, in order to explain the change of resistance, namely the
quantization of electrons in magnetic field. This quantization plays an important
role in the theory of diamagnetism (Landau [7], Teller [8]) as, according to the
quantum theory, and contrary to the situation predicted by classical physics,
the susceptibility of the electron gas is different from zero. This is why we might
expect that this quantization has an effect on the resistance, and the goal of
this work is to study this effect.

The effect of a magnetic field on the electrons bound in a crystal lattice is a
very difficult theoretical issue. However, Peirls [9] has shown that the presence of
the magnetic field can be taken into account considering that the electron mass
is replaced with an effective one. In our calculations, we shall limit ourselves
to this approximation; the spectral term and the eigenfunctions will correspond
to the same functions for free electrons, having this effective mass. This sim-
plification of the eigenfunctions is considerable, but, unfortunately, seems very
difficult to be avoided. For the calculation of resistance, it is also necessary to
evaluate the interaction of electrons with lattice elastic oscillations; to do this,
we shall consider an additional potential energy of electrons, proportional, in
each point, to the relative increase of the local volume, produced by the lattice
oscillations. This simple approach is not essentially different from that used
in the traditional theory of electric conduction. By comparing these two theo-
ries, the proportionality coefficient could be obtained, but this exercise is not
necessary for our approach.

More than that, we shall do our calculation in the hypothesis made by Bloch,
i.e. the lattice oscillations are in thermal equilibrium. The results obtained using
this hypothesis are in good agreement with experiment; also, we can argue that
Peierls’ objections concerning this hypothesis are less motivated in the case of
a real lattice, than in the case of an ideal one.

Finally, we have to stress that, in the present research, the magnetic field is
not treated as a small perturbation, but it is taken into account exactly, even
in the zeroth-order approximation. Only the elastic oscillations and the electric
fields are treated as perturbations.
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2 The change of resistance in a transverse mag-
netic field

In classical mechanics, the equations of motion of an electron moving in a mag-
netic and an electric field, mutually perpendiculars, can be integrated very easily.
The movement parallel to the magnetic field is uniform. In the simplest situa-
tion, the transversal movement (with respect to the previous one) is a uniform
translation, along a line perpendicular on both fields; in the general case, an
oscillation having the center on this line, is added. In any case, the time average
of the component of the velocity, parallel to the electric field, is zero. If we use
this result for our problem, one gets that the electron gas has not a component
of the electric current, parallel to the electric field. But if this gas feels the
influence of the thermal movement of the lattice, it is possible that the axis of
the trajectory of each electron is affected by a secular drift and, in this way, an
electric current parallel to the electric field can be generated. We can easily see
that this is indeed the case, if we consider the perturbation produced by the
lattice oscillations as a sort of friction, and presume that the friction force is
proportional to the velocity and opposite to it.

Denoting —« (a > 0) this proportionality constant, the equations of move-
ment in an orthogonal system, with the Ox axis parallel to the electric field F
and Oz axis parallel to the magnetic field H, have the following form:

dvg
m ;t = —eF — %vyH — avg, (A)
d
m% = %va — oy, (B)
dv,
m-—- = —av;.

We shall hereafter disregard the movement along the Oz axis.
The simplest movement, parallel to the Oxy plane, is given by:

dvy,  dvy
dt — dt
One easily obtains:
eFa °FH
Vpg=———F——, Uy=——"SF5—.
‘ a? + i—;H 2’ a? + i—;H 2
We are looking the general solution in the form:
eFa SFH ,

/
Vg = ——(——5 =tV Vy=——"F""—"3-—"7-17,
a2+§—2H2 a2+i—2H2 Y

and we get for (A) and (B) the equations:
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m%z—fv'H—a m%ZEU’H—av'
dt y ’ @ v
c c

or, for the quantity

the equation:

du n eH
m—=|(—-a+i— |u
dt c

The solution of this final equation is:

U= Ce_%teiiTHct, C = complex
Due to the damping factor, the contributions of the terms v}, v; are irrele-
vantly for our discussion, so we can restrict our attention to the simple solution.
Let us firstly notice that the component v, and consequently the component
of the electric current, proportional with v,., are non-zero. The electric resistance

[resistivity] is defined by:

28z ZF'
52+ s

p= /1 (1)
If the friction can be considered small, the term s,, being a consequence of
friction, is much smaller than s,, and can be neglected in the denominator of
(1). Then, (1) takes the form:

S
=2ZF
p 2

It might be interesting to notice that, in the same approximation, the Hall
constant, defined in general through the equation:

sy F
s2+s2 H

becomes

1F

_gﬁ

If the friction is absent, the problem can be easily solved in the quantum
mechanical case too, and the results are very similar to those just obtained,
classically. If we use the vector potential in the gauge A, = A, =0, A, = Hz,
the Hamiltonian of the problem under scrutiny is:

7 +eFz (2)

2 eH \* 2
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where m is the effective electron mass, and —e, the electron charge. It is easy
to see that p,, p, commute with W, so these quantities can be considered as
numbers, if we write the eigenfunctions as

f (z) enPyytr=2)

The Hamiltonian can be expressed as:

2
W= P2 mw? (x—l— Py eF) p? e’F?  eFp,

T 2m 2 mwo mw% 2m Qmwg mwo
2 2 2 2172
ps MW 2 D le*F
= T —x eFxo+ - ;
om T2 @m0 ol e Tt g 2
with wg - the Larmor frequency and
py  eF

o = — 3"
mwy MW

From this form of the Hamiltonian, we can see immediately that the factor
of the wave function which depends on z only, ¢ (x — x¢), is the well-known
eigenfunction of an oscillator of mass m, frequency wy and equilibrium position
xo. Expressing now p, in terms of zg and p, in terms of its quantum number
| = p./h, the eigenfunctions of the Hamiltonian W are:

Yol = ¢ (¥ — o) ¢ g Y1 TR0y gilz (3)
and the corresponding eigenenergies:
1 h?
Emmo,l = hLUO n—+ 5 + %l -+ eFxo (4)
if we disregard the additive constant
1 e2F?
2 mwd

xo is the average of x; so, the average of v, is the time derivative of xg. In the
absence of any perturbation, v, = 0. It is natural to presume that, in this case
too, due to the thermal movement of the lattice, 2y does not remain constant
in time, but varies somehow with time; we shall hereafter examine in detail this
aspect. In this case, the electric current in the = direction can be calculated
directly, from its definition: we consider an area perpendicular on the Oz axis;
the z—component of the electric current is the difference between the number of
electrons travelling in a unit time from the negative to the positive half-space,
and the number of electrons travelling from the positive to the negative half-
space, multiplied by the electron charge. The current density is obtained by
dividing this result to the value of that area.
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To calculate the electric resistance, we have to take into account the current
in the y—direction too. As
1 eH
i \ Pyt
we get, from the expression of the average:

_ 1 eH 1 eH el
v Dy + 71‘ = Dy + 71’0 = — (5)

Y m m mwo

i.e. a result corresponding exactly to the classical value of the average of the
velocity, perpendicular on both fields. We can see that, in this simplified model,
we obtain only the normal Hall effect.

The current density in the Oy direction is:

€2V

S, =
Y mcwo

where v in the number of electrons in a unity volume.

3 Electron-lattice interaction

As explained in the Introduction, we shall investigate the influence of a pertur-
bation whose energy is proportional to the local volume expansion:

W' = Ddivd

with o - the displacement of a lattice point, and D - a proportionality factor.

In order to ease the evaluation of statistical weights, it is convenient to con-
fine the system into a cube of size L, parallel to the coordinate axes, and to
assume that all the spatial properties of the system are periodical, with period
L, along all coordinate axes. For the electron eigenfunctions, the periodicity
condition cannot be rigorously fulfilled in the Ox direction; but, if we take into
consideration that the oscillator eigenfunctions tend exponentially to zero, for
large L, we can always choose L large enough, in fact larger than the interval
where these eigenfunctions are significantly non-zero; after that, the eigenfunc-
tions can be easily continued, as periodic functions. Due to the same property -
exponentially decrease of these functions at large distances - the integrals over
the values of z can be extended to an integral from —oo to +oo.

From the periodicity condition, one can conclude that the quantum numbers
l, xo will have only discrete values:

l=2%g (g — integer) )
o=, 4 2y (gf — integer)
mw? mwo L
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We decompose the lattice thermal movement in consecutive plane waves. We
shall restrict ourselves to longitudinal waves, as only these waves are responsible
for dilatation:

i??fwt % —t ?770.)25
=3, 77:f[b7e( ) ol )]

where %? is an integer vector, and f = ‘7‘ . As we know from the solid state

theory, the quantities b are the operators:

h h
bL =\ —— /N 1AL, b =1/ =——, /N> AZ
TNV TR T T e VT
where M is the mass of the lattice contained in the cube of size L, N7 is the

occupation number of the corresponding eigen-oscillation, and A(?Jr ), A(?T ) are
the operators which transform the states with occupation numbers N7, in states
with occupation numbers N7 +1, N? - 1.

We shall hereafter neglect the dispersion of elastic waves, considering a con-
stant propagation velocity of the waves, according to the relation:

w=wf

Under the influence of the lattice thermal movement, the electrons will jump
from a state to another. As the perturbation is linear in b, this jump is accom-
panied by a shift of the quantum number of any normal lattice oscillation, with
the value £1.Due to the analogy with the radiation theory, will shall call these
elementary processes ”absorption” and ”emission” of a vibrational quanta.

We shall use a shorter notation, ¢, for the electron quantum numbers. In
this way, we can easily compute, using the method of variation of constants, the
probability of elementary processes. The transition probability per time unit

for the transition ¢ — ¢’, with the absorption of a f -type quanta is given by:

2 E/—Eq
o D2 (T 17003( > fw)t
athwaKe( )>qq, E,—E, 2 N? (92)
(P -w)

Similarly, for the same transition, with the emission of a vibrational quanta:

21— cos (E“/;Eq —w)t

2
Ey—By _
R

The symbol (®),,, defines the matrix element of the function @ :

o D2 f]<e—i<7ﬁ>> |

ot hMw

(N7 + 1) (9b)

(@), = / By fydr
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where the integral is extended over the cube of size L.
From the previous formulas, we immediately obtain the selection rules:

l’:l+fzv x():xO_

fy (10a)

mwo

for an absorption, and

h
I'=1+f., xbzxofm—wofy (10b)

for an emission.
If these selection rules are satisfied, the matrix element is non-zero, and has
the value:

+oo
/ ezfzz@n’ (.T - Io) Pn (.Z‘ — $0) dx

— 00

respectively:

+oo )
/ e~ (z — z0) on (x — x0) dx
—00

for an emission, respectively for an absorption. The squared modulus is the
same in both situations, and it will be denoted W,/ (fz, zo, z() - Later on, these
functions will play a key role, so we shall investigate here their most important
properties.

Let us start with the integral:

+oo
Tt = / ezfzxﬂan’ (I - IO) Pn (I - .’Eo) dx

— 00
which has the property:
|Jnn’|2 = Wnn’-

Let us make a change of integration variable and of function:

_[mwo _ 4/ B
t= R P (t) = mwOSDn (z)

Now, the functions ®,, (t) are the normalized eigenfunctions of the problem [the
Hermite functions, editor’s note|:

d? @, ()
dt?
As we know, for this equation there is a generating function:

2 ] on
e*%+2ut7u2 — Z \/i‘ (I)n (t) u™.
5 !

+(@2n+1-1#) &, (t)=0
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With these new notations, J,, can be written as:

+oo
Jnn’ = e 7nu0 g fot (p (t — m;;o xO) (Pn’ (t - ‘/ m;;o x6> dt

Multiplying the two series:

@D
"
kel
|
N | —
/N
~+
I
=
S
8
o~
N——
N
+
[N}
<
/N
~+
I
=|
S
8
o~
N——
|
<
[\v]
1
Il

N Vi mw o
= Z n!! P (= hox() v (b)
5 !

N
then multiplying their product by e’V ™o =t and integrating over ¢t from —oo

to 400, we obtain a generating function for the J functions:

2uv + ( \/ fx mwo (370 x0)> <" miw()fz - m;{}o (Ié) 1‘0)>] )

exp {_17“,{3 — 1T (g — )+ L fe (w0 +w6)} =

4 mw
> > 27L+n/ ,
= Z Z nin/l S 0"
5% In’!

From here, we get that the functions J,,,,» equal the exponential function:

exp

1 & 2 1 muwy 7
exp {_4mwo (zo — a0)” f2 — ZfoQ + if”” (zo +x6)}

multiplied by a polynomial in

( Ffl \/W o — fEO))
(imfx - \/?(IG - 130))

and
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and that W, = \Jnn/|2 depends only on the quantity:

h
2 _ 2y
a—m fo+

mwo

(00— at)* = = (72 4+ £2),

according to the selection rules. So, in order to obtain the general, complete
form of all the W,,,s functions, is enough to study J,,,,- in the special case when
Je =0 and /™ (x4 — x9) = a. We can obtain all the Wnn functions, simply
taking the square of this quantity, and replacing o with —f— mwO ( 2+ f;) . In this
special case, the generating function is:

2n+n

F (u’ v, a) _ €2uv+a(u7v)fa Z Z Y ” (a) unvn/. (117)
nmn-

It is easy to check that the function F' satisfies the following differential
equation:

0°F 10F a?
aa2+aaa+(l‘4>F—

1 82F+ 2P, O'F (2 ) (LOF L 0F
22 Y a2 o " oudw o2 “ou o0 )

Replacing, in this equation, the function F' with its series expansion, and com-
paring the coefficients of corresponding powers, we find that J,,,s satisfies the
following differential equation:

P 1 d T —n')?
+ = +<n+n’+1(nn))Jnn/—0.

da? a do o?

Later on, will shall replace by integrals, the sums of some expressions by
integrals, containing the W functions. To do this, it is necessary to calculate
the W functions from this differential equation, using Kramers’ method. We
shall replace the square of the oscillating factor, by its average value, obtaining;:

Wi ~ & ! . (12)
71'\/(n—l—n’—l—l)oﬂ— (n—n')? — %4

Let us note the normalization starting with the representation:

Wnn’ (042) - Wnn’ ($2 + y2) =

+o0 2
= ‘/ e D, (s +y) By (s)ds| =
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+oo +oo
:/ / e, (54 y) Dy (t+y) Bor (5) D () dsdt

One obtains:

+oo  ptoo oo
/ Won (ac2 + y2) dxdy = 271'/ Won (aQ) ado
—o0 —0o0 0

+o0 +o0 “+oo +oo
= / / / / e, (s +1y) D, (4 y) P (s) Prr (t) dsdtdxdy.

The integration over = gives, using Dirac’s symbol, 270 (s — t) ; after that, the
integration over ¢ can be easily done, and one obtains for the r.h.s. of (12a) the
following result:

+oo +o0o
o / / By, (5 +y) D (54 ) s (5) Dy (5) dsdy.

Due to the normalization of functions ®, the integration over y gives 1, and,
after that, the last integration gives 1 again, so:

o0
/0 Wns (a2) ada =1
The numerical factor in (12) is chosen in such a way, that:
1 / ada
T \/(n—l-n’—l-l)ozz—(n—n’)2—O‘T4

where the integration limits are given by the positive solutions of the equation
which gives the zeros of the denominator.

=1

)

4 The stationary distribution function

In order to calculate the current, we must firstly obtain the time-independent
distribution function. It is easy to show that the Fermi function

1
exp (— 2572 ) + 1

where ¢, is the energy without the contribution of the electric field:

Xq =

1 h?
g4 = hwo <n + 2) + —12 (13)

is time-independent, if we restrict ourselves to linear terms in the electric field
F.
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We shall demonstrate this property of x,, calculating its time derivative. It
is the difference between the number of electrons arriving in the state €,, minus
the number of electrons leaving this state, in a time unit:

~ D? 9
Xqg = Mhw ot %:%:fwnn’ {}

where the expression between the accolades is:

1 — cos (Eq';Eq +w) t

7
(ququ 7w)
3
E, —E
lfcos( o qfw)t

2
Ey—Bqy _
R

The r.h.s. of the equation for X, is zero if I’ = 0, due to the well-known
stationarity of the Fermi function, in this special case. Also, the r.h.s. depends
on F only through the functions E, — E,, so F enters only in the combination
eF (z(, — xo) . The first order term in the series expansion in F is, consequently,
the product of this combination, and an even function of (zf, — zp). Due to
the summation over zj, this first-order term vanishes, and our statement is
demonstrated. It is important to notice that we did not impose any restriction
on the temperature.

= [xq' (1_XQ)N?_Xq(1_Xq’)(N7+1>:| +

+ [Xq’ (1—xq) (N? + 1) —Xg (1= Xxg') N?}

5 The current

Let us calculate now the z—component of the current, using the method exposed
in Section 2. Choosing as "wall” the plane z = 0, we have:

S A DD X Y W

n Ll w<0z)>0 7

1 —cos (E"/;Eq — w) t

2
E  —FE
q a
(P )

1—c0s(qh_ —I—w)t

[Xq (1= Xq') N7 = Xxg (1 = Xq) (N7 + 1)}

{Xq (1—x¢) (N7 + 1) = Xg' (1= Xq) N?}
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Firstly, we get rid of f, and f, using the selection rules, and secondly, we
replace the summation over I, I', zo, z( and f, with integrals. The weight
of each differential dl, dl’, df, is L/2m, and of dxg and daxg is ™5 (L/2m),
according to (7).

eD? L\’ mwgo\2 0
= — — — dldl' df ,dzodz! !
5 M hw (27r> ( h ) ot Z/xo<o,x6>o fudzodzo fW,

n,n’

1 — cos (Eq';E" —w) t

2
E, —E

q a
(B )

1 — cos (E“I};Eq +w) t

2
E / —FE
et T4
(P57 =)

Introducing the new variables u =1+ ', v =1 — I’, one gets:

Wi § [Xa (1= xg) N = xg (1 = xg) (N +1)] +

[Xq (1—=x¢) (N +1) = x¢ (1_Xq)N}

eD? L\° mwo\2 0
= — = dudvdf,dxodaxl f-
S Mﬁw <27T> ( h ) 3t Z//$0<0;9310>0 uav f o IOf

n,n

Wans § [xa (1= xg) N = xg (1 = xg) (N +1)]

1fcos( q/; +w)t

2
E  —FE
q a
(P )

We shall first integrate upon u. Using the J-function properties of the ratios

+[Xq(1*Xq’)(N+1)*Xq’(1*Xq)N}

1 — cosQt
02 ’
by the fact that we introduce for u, in all the other integration factors, the

solution of the equation, and integrate only the ratios. Both terms give the
same result:

t2m 1
Tt
b ol
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Introducing this result in eq. (15) and taking the derivative upon ¢, we get:
R eD? L g (mw0)2
* = T Mhw \ 27 h

> / dvdzodzhdf, (A+ B),
1 Jx0<0,25>0

n,n

where:
A= |'1]j| Won [Xq (1 - qu) N — Xq’ (1 o Xq) (N + 1)} ’
B= ﬁWHn’ [Xq (1 —Xq) (N +1) = xg (1 = xq) N].

In A, we replace u with the solution of the equation:

Ey—Eyj—hw=0 (17a)

and in B, with the solution of the equation:

Ey—E,;+hw=0 (17b)

Now, we shall expand S, in the powers of the electric field F.
The zero-order term is zero, as in this approximation, A = B = 0. For
F =0, eqn.(17a), (17b) take the form:

g —€q—Tw=0 (18a)

g —€qt+hw=0 (18b)

As xq is the Fermi function of variable €4, and N is the Planck function of
variable fiw/kT, the vanishing of A and B due to the relations (18a), (18b) can
be easily checked.

In order to obtain the first order term, we make in N the replacement hw —
eq — €q + €F (z( — x0) , respectively fiw — g4 — e — eF (x9 — x() and expand
in powers of eF (z(, — xo) . The first terms in A, B are:

eF (z), — x

Ay = Lo SN (1) (= o) (199)
eF (zg — xf

B = —|£‘ Wnn/%]\] (N +1) (Xq’ - Xq) (19b)

[egs. (19a), (19b) are incorrectly numbered in the original paper, as (18a),
(18b), respectively, editor’s note]

The factors N (N + 1) (xq — Xq) still depend, through w, on F, but if we
restrict ourselves to first order contributions in F', it is necessary to put F' =0
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in these terms, i.e. to consider that u is the solution of eq. (18a) or (18b),
respectively. This will be indeed our choice, from now on.

Replacing now A; and Bj in the formula for S,, and in the new integration
variables r = x(, — zg, s = x(, + x0, one gets:

meF eD* [ L\’ /mwo\?
Se= S irame (o) (550 S [ avarasiter (4, =)

The integration is done for s € (—r,7), and r € (0,00) . As the integrand is
s—independent, the integration over s is trivial:

relF eD? [ L\’ /mwy\?2 9
Se= S (ar) () 3 [ariedtrt o),

n,n’

The integrand depends on r2 only; as one integrates only over positive values
of r, we can replace allover, according to the selection rule (10), r = xf — xo

with meO fy and integrate over f, from 0 to oo :

eF eD? (L\° /[ h
S, = —m— il S
kKT Mhw \ 27 mwy

Introducing for the surface f,, f, the polar coordinates:

> / dfpdfydvf? (A; — By) .

n,n’

fo = f'cosO, f,=f'sind

and integrating over 0 from 0 to m, we obtain for S,:

r2eF eD* (L\® h R
Szii?kiTth (27r> mwo;/dfdvf (A1 = By).

As the integrand is an even function of v, we can integrate over (0,00) and
multiply the result by 2. Then we can replace |v| by f. (according to the selection
rules):

- kKT Mhw \ 27 mwo

n

5
s, = 2£ eD? <L> h Z/df/dfzf/S(Al_Bl)'

We can progress with our calculation using the expressions for ¢, and ¢,
from which [,1’ are eliminated using the selection rules and the energy conser-
vation law.

For Ay, we get:

fiw h? m
eq:7(n+n’+1)+%f3+ﬁ[w7wo(n’fn)]2—7,
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m‘g

h? hw
ey = (nn + 1)+ 24 S o —wo (0 = )+ T

2f2
and for B :
hw hw
gg=—(n+n+1)+ f2 2[w+w0(n—n)}2+—,
2 22 2
e . s hw
v =5 (n+n' +1)+ff 2f2[w+wo(nfn)] -5

With the notations:

! {hwo(n+n+1)+f2 fQ[w wo(n’—n)f—Eo} (20a)

T kT 2
X’zk}T{mo(nJrn+1)+f2 2f2[w+wo(n—n)]2—E0} (20b)
and
hw
£:ﬁ7

we obtain the following expression for the current:

9 D2 2F

Sa = 3273 kT 6hww

/df dfzf LW N (N 4 1)

1 1 n 1 1
X7§+1 x+g+1 X7—+1 X'+§+1

where & is the density of material, § = M/L3. We shall denote by K the expres-
sion inside the square bracket:

(21)

1 1 n 1 1
X541 XtE 1l X541 X5
Now, it is very easy to calculate the resistance. According to its definition,
the resistance equals the ratio of the electric field intensity along the direction
of current flow, and the module of the current density.
If s,, s, are the components of the current density, the resistance is:

(22)

Sz

—_ 23
s%—l—si (23)

Pt =
s, comes uniquely from the magnetic field and is non-zero even in the absence

of a thermal movement of the lattice [see Section 2]; just contrarily, s, is
generated by this thermal movement itself. If the perturbative effect produced
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by the lattice oscillations can be considered to be small, then s, is significantly
larger than s,, and this last quantity can be neglected in the denominator of
(23). One obtains the component s, of the current density, by dividing the
current component S, from (21) to L?the area of the transversal section of
the metal. We already calculated the component s, eq. (6). If we introduce
now these expressions in (23) and take into account the neglect discussed in the
previous lines, we get:

_ D? mPuw, 1
" 3273 Shwe? kT

13
Pt Z/df’dfz‘me/N(N +1)K (24)

6 Physical meaning of the general formula for
resistance

In order to put the general formula (24) in a more transparent form, we have
to use an approximation scheme, as the summation over n, n’ cannot be done
rigorously. For small magnetic fields, this summation can be replaced, in the
crudest approximation, by an integration. As the terms W, are defined only
for integer values of n, n’, prior to proceed to the integration, they must be
replaced by the approximate expressions (12). Let us start with the remark
that the polynomial under the square root in (12) is positive only between the
roots of the function, when n + % are positive. This is why these roots can be
chosen without problems as integration limits, as they are always situated in
the sectorn+% >0, n’+% > 0.

Introducing the new variables p = n+n' + 1, ¢ = n’ — n, we have the
approximate relation:

1 dpd
Y WK = 2—//¢K. (25)
n,n' T \/pa? —q? — <

We shall firstly integrate over p. This is a very easy task, if the Fermi function
is replaced by a step function. In this case, the function
1 1
X5 11 X541
is 1 inside the interval —£/2 < X < /2 and 0 outside. But, as X is a linear

function of p, the expression (26) considered as function of p is 1 in an interval
p1 < p < p2, and 0 outside this interval. So, the integral over the first summand

of K is:
p2
P2 dp 2 ot
- O 2 __ 42 27
[ |- @)

y4e q~ — 7 P1

(26)

(the same can be done with the second summand, involving X’). p;, ps are the
roots of the equations:
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SO:

kT mwy 1 o
=—-——F¢— — P
P1 hAA)O B fz2q + )

KT, w1
p2 - th h fZQq

where P denotes other terms, without interest for our investigation. The coef-
ficient of ¢ under the square root in the r.h.s. of eq. (27) becomes

mwg o2 _ F?
‘(“*h ﬁ>__ﬁ

if we replace o with its value

+ P,

(f2 +f3) -

The integration over ¢ of any of the summands in the r.h.s. of (27) is equivalent
to the quadrature of a half-ellipse, having one of its axes equal to the square
root of the term non-containing ¢ in the expression under the square root of
the summand, and the other axis - larger by a factor of f,/f. Consequently,
the result of this integration gives the term non-containing ¢, multiplied by
(w/2) (f./f). The difference of these two integrals over ¢ is, in this way, the
difference of terms non-containing ¢, multiplied by the same factor; the result
is:

h
mwo

P )" KT f
i 2 _ 2 _ Y| go=onltedz
a? [ pat—a 4] a4 tho f

P

1

The second summand of K gives the same result, so:

kT [

n,n’

If we replace this result in (27), we get for the resistance the following for-
mula:

D? m?2 1

Pe = 1673 Sh2we? 12

S [ardpoen v+ ) (28)
After introducing polar coordinates:

f. = fcosf, f' = fsinf

the angular integration can be done easily and, substituting f with

63



g_E_hwf
T kKT kT

we get:

D? m? 1 5 o/T 5 s
P 543 SHTwb 212 (kT) /0 ¢ (ef — 1)2d£ (29)
The upper limit of this integral is expressed, as usual, in terms of the char-
acteristic temperature of the metal, ©. Consequently, in the approximation in
which the quantization can be neglected, the resistance does not depend on the
magnetic field, so, according to our model, this dependence can be considered
as a typically quantum effect. It is worth noticing also that, if we apply Bloch’s
approach for conductivity, in the absence of the magnetic field, to our model,
we obtain exactly the formula (29).

7 The change of resistance in small magnetic
fields

In order to obtain now, as the next approximation of our calculation, the field
dependence, for small magnetic fields, we have to approximate the sum over
n, n’ in a more precise way that we did previously. If we consider the integral
as a zero order approximation, we can improve this result, by adding higher
order corrections. It is well known that Euler - McLaurin summation formula
gives a series expansion for such corrections. We shall evaluate here only the
first term of this series. The summation formula is:

sz<n+;n’+;> :/Ooo/ooof(x,y)d:cdw

n=0n’=0

1 [ 1 [
g Lo [ g o

The formula cannot be used in this form, for our problem, because (12) is a
good approximation for W,,,/, but its derivatives with respect to n, n’ are not
any more good approximations for the differences of the W terms. This is why
we have to use in our calculations the exact expressions for the differences of
the W terms; consequently, instead of integrating over the first quadrant of the
surface n, n’ , we have now to sum up over integer values of n, n’ . We need
only the values at the border of this surface and the differences in the direction
of the inner normal, i.e. the expressions of W,, o and W, 1 — W,, o, and these
expression can be easily obtained from our generating function (11°):

1 /a2\" o2 1 /a2\" ! /a2 2 2
W _ [ % —a/2 W _ [ % = —a/2
n,O—n!<2>€ ’ n’l_n!<2> <2 n>e ’
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Wn,l - Wn,O = (TL + 1) (Wn+1,0 - Wn,O) -n (Wn,O - Wn—l,O) .

If o is large enough, then W, o, considered as a function of n, has a sharp
maximum near that integer which is closest of a?/2. So, in order to calculate
the sum:

Z Wn,OSO (n)
n=0

where ¢ is not varying too fast, it is allowed the approximation in which we
expand this function in the neighborhood of n = a2/2, as a power series, and
we keep only the first term:

> o? — a?
Z Whop (n) = ¢ <2> Z Who=¢ (2> :
n=0 n=0

In the same way we get:

> (Waa=Wap)e () => n(Wno—Wa10)[p(n—1)—p(n)] ~
n=0

n=0

> =Y n(Wao—Waor0) ¢ (n) =
n=0

2
2

dny'
= S W00+ 1 (a4 1) = ! ] = (47
s
Let us come back now to our problem. As the summand is symmetric in n
and n/, the borders n + % =0and n + % = 0 give the same contribution:

Z Wi K :/ / Wnn’Kdndn/“’
ey —1/2J-1/2

1 o 0K 1 o
= Wio | =— - Woai—Who) (K) ,_g.
35 Wao (G )+ g5 20 (W = W) (),
n=0 n= n=0
The integral has been calculated in the previous paragraph. Applying our
calculation method, just previously used, to the summation upon n, we get for

the corrective term the following expression:

i 87[( + 87[( +0472 82K (30)
12 877‘, n:%,n’zo an n:"—z,n’:o 2 871/2 n:“—;,n’zO .

2

Denoting by x’, x” the derivatives of the Fermi function x with respect to
the variable u and by X, X’ the values of X, X’ respectively for n =

2
« 12 .
S,n' =0:
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O [

— 1 [h? f? maw\ 2
X:H{Smf%<f+25> —EO] -

— 1 [n*f? mw\ 2 3
X_kT[&nf%(f_Qh) —EO}H

we obtain for the expression (30) the following result:
1 hwo 1 flz 1 [ 3 N 3
mw{(”zfg XA\X =5 ) = (X Ty
X/ (X’ - g) . (X’ + g) +

1 R? f/zf2 mw\2| , (= § n(< &
kT 1 (f+27) {X (X_2>_X (X+2>]

1 K2 f/2f2 maw\ 2 v (~ £ v (< & ,
Y8mET (f_QT) [X (X_2>_X (X+2>]} (307

In order to obtain the corrective term for the resistance, we have to multiply
this expression by

and then integrate upon f’ and f, from 0 to oco. It is convenient however to
2

introduce the integration variables f and t = ;—2 We have then to multiply the

expression with

t—1

1,4 —
5 fAN(N+1) P
and to integrate upon f from 0 to co and upon ¢ from 1 to co. We shall first
evaluate the integral over t. The arguments of the derivatives of the Fermi
function are linear in . While integrating, we use the property of the negative
derivative of the Fermi function, of having a sharp maximum when its argument
has the value zero. This is why the other terms can be considered as slowly
varying, and can be expanded in power series in the neighborhood of this point.
The integration of therms containing the second derivative as a factor can be
reduced to the first case, integrating by parts. The result of this calculation is:

hwo{ 1 (1 1>+
AR ) 12 /- amwn 2 \ 2 12
B e (fr2ge)” 2 6

=

8m
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g
+
[ 1720
I
=

where t;...t; are the solutions of the four equations X — g =0,...
S0:

)
o (f+272) 0
t Eo
2= 0 93
Z(f+2m2)’
t Eo
3:2—7
o (f—2me)’
Ey—hwf ( hwf)
=2 (122l
o (f—2me)’ Eo

As the maximum value of hwf is kO, the value of hwf/Ey is very small
for all the values of f. Consequently, we can expand (31) in the powers of this
quantity; we obtain:

hwo f£i<f2+4m;”2>
12" B3 '
This expression must be multiplied by f4N (N + 1) and integrated upon
f- We introduce again, as integration variable, the quantity £ = hwf/kT and

multiply by the factors preceding the summation in (24); so, we obtain the
change of resistivity as:

D? mw3 (kT)®

Apy = .
Pt = 3278 126K5uSe? SED

e

) e/T , & 2 /T .
(kT)/O 13 Wd&ﬂmw) /0 £Wd§ ) (32)

Dividing this expression by the value of the resistance in zero field, H = 0
(29) we get the relative change of this quantity:
Apt _ 1 h7w8 1
p 128 muw? E3

[(2mw2)2 + (kT)? Z] (33)

with

/T 3
H:/o gu(eﬁ—l)ng
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8 The limit case of strong magnetic fields

The approximation discussed in the previous section is valid if the condition
hwo < kT is fulfilled. Another case can be easily analyzed: when the magnetic
field is so high, than all the electrons are situated on the state having the
quantum number n equal to zero. We can check immediately that, in this case,
our expression (24) of the resistance depends linearly on the magnetic field, as
out of the sum over n and n’ we must take into consideration only the first term,
corresponding to n = n’ = 0. The Fermi functions do not depend anymore on
the magnetic field, so only the factor preceding the integral in (24) and

h
Wo,0 = exp ( e f/Q)

are H—dependent. The factor is proportional to H, and Wy ¢ can be expand as
a power series; when the maximum value of the exponent is small compared to
1, i.e. the condition

(kT)*
2mw? hwy
is fulfilled, the series can be cut after the second term, and (24) gives the fol-
lowing expression for the resistance, in this limiting case:

D? m2 1 , f/3f .
= N(N+1)K-
Pt 1673 Shwe2v? kT {wo /df df f- (N +1)

<1 (34)

h 73 _
—%/df’dfz ffsz(N-i- 1)K} (35)

where 2K is the limit value of K:

1 1

K=

oo o (B 57) 9] 1 oo (B 57) )]

In order to be able to discuss the formula (34), we have to evaluate the
integral. Let us first remark that the arguments of the K—dependent Fermi
functions can be put in the following form:

LR et & 1 mw? (f b\

ET \8m’? = 2f2 2 kT 2 \f. 2mw’”®

1 [ Rh , mw? i3 1 mw? [ f h 2

kT<2mf3+f§)+2kT 2 <fz+2mwfz> =
1

2 2
o (£ - t) +6
muw

kT 2
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so none of them can take negative values. But the Fermi function is significantly
different from zero only for small positive values of the argument. As the second
argument vanishes only for f = 0, consequently for £ = 0, we can expand the
corresponding function upon the power of the summand £ of this argument and

therefore we obtain for K :
mw? (f b Y
ET \f, 2mw’” '
f

2
We shall introduce again, as in the previous paragraph, f and t = (ﬁ) as

K=&

integration variables. For the first integral, we have to start with the calculation

of:
1 [*t-—1,|muw? KT €\?
- 1
2 /1 2 X ' ( ) « (36)

2%k T " 2mw?t
The result of this calculation must be multiplied by

(g>5§5N(N+ 1)

and integrated over £. For the next calculation we shall presume that kT >
mw?, which is not a significant restriction for the temperature, as mw?/k is of
the order 1°. Now, we can calculate the integral (36) as an integral over the
derivative of the Fermi function, following the usual method: the integrand is
expanded in the neighborhood of that point, where the derivative of the Fermi
function vanishes, and then the series is integrated term by term; in fact, we
can restrict ourselves to the first term. Introducing as integration variable the

quantity:
1 1 ET 1
Y7o 2maw? t

we obtain for (36) the approximate result:

L du _ . _oms
VE ) oo (Itexp(u?)) (I+exp(—u?)) V& V&

where the numerical value of the integral is 7 = 0.708. Integrating now over £
in the first integral of the accolade in (35), we get:

BT\°® [©/T
() [ ervavena

After a similar calculation, the second integral gives:

T .0/T
51 () [ e v ae
0

T
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Introducing these results in (35), we obtain for the resistance change (prob-
abil omis din gresala A in textul original):

_.proom 1
=J 1673 dhw?e?v2 kT

kT\® S 1h (kT\' ;KT
Lown [ 2= A el
O\ hw 92" 9m \hw /2 w?
and for the resistance relative change:

Apt_?).{fg/zﬁwo 1 kT 113/2}_1

Pt

[5 kT 2 mw? I5

PR, (37)

9 The effect in longitudinal fields

If the electric and magnetic fields are parallel, the calculation of resistivity is
very similar to that done by Bloch in the absence of fields. The movement of the
electron parallel to the two fields is accelerated. So, contrary to the situation
encountered in the case of a transverse magnetic field, there are no stationary
states in both fields, and the electric field must be considered as the cause of
the temporal change of the distribution function. So, we have to calculate, in
the usual way, that distribution function, which remains stationary under the
influence of the electric field and of the lattice thermal motion.

We shall obtain this distribution function in the form x, + 14, with x,—
the Fermi function, and 1,— a correction, chosen in such a way, as its first
approximation is proportional to the intensity of the electric field F. While
imposing the stationarity condition, we take into account only the terms linear
in F, so the quadratic terms in F' or the product F'y will be neglected. The
whole temporal change of the distribution function, which should vanish in the
stationary case, contains two terms. Omne term contains the influence of the
electric field and is, as it is well known,

23 9 (xq +q)
h ol

According to the presumption just mentioned, it is in fact:

eF Oxq

h o’
where [ is again the electron wave number, for the movement parallel to the
magnetic field. The other term contains the change due to the lattice thermal
motion. In order to calculate this term, we also need the transition probabilities.
But these quantities can be obtained very easily, if in our formulas (8a,b) we
put F = 0. As F enters only in the factors (1 —cosQt) /Q2, we must only
put €, — g4 for the energy differences entering in €. Then the change of the
distribution function, due to collisions, becomes:
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dxg , d¢ _
(), i T S T
Wi {[(Xq’ + 7/’(1/) (1- Xq — ¢q) - (Xq + ¢q) (1- Xq' — 1/’(1’) (N + 1)} :
1—cos(€' = +w>

2
(6/ eq +UJ)

—(Xg +%q) (1 = X — ¥g) N]

+ (g +%g) (L= xg =) (N +1) —

n' Uz

'{[Xq/ (1- Xa) N — Xq (1- Xq/) (N+1)+ (e

((T=xg) N =xg (N+1)) =g (xg N = (1 = xg/) (N + 1))]+[(Xq’ +1g) (1= Xg — tg) (N +1)

1—005(%4—@0)15

_ 2
(Eq/h £q i UJ)

+ g (T =xg) (N+1) = xqg (1 = xg ) N + by

wq’((1*Xq)(N+1)+XqN)+¢q(Xq/(N+1)+<1*Xq/)N)]'

1 — cos <5"/;8q — w) t

2
Eq1—E
( q/h : w)

Yo [(1=Xg) N+ xg (N +1)] =g [xg N — (1 = xg/) (N + 1)]

if the terms containing the products v, 14 are neglected. This expression can
be simplified, if we use the selection rules (10a), (10b), which remain valid in
this case too. With these rules, we eliminate f, and z{, and then replace the
summations over the remaining wave numbers by integrals. We finally get:

dyg | dib\ .
<d;+d;)“ thatz / ( )dldfszWA (39)
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where A is an abbreviation for the accolade in (38).

It is worth noting that x, does not depend on the quantum number z,. For
14, we shall look for a solution having the same property. The only function
of the r.h.s. of (39) which depends also on ¢ is W,/ , but, as this depen-
dence enters in fact through the combination z(, — o, which has been already
expressed in terms of f,, its xy dependence disappears completely. Further on,
the integrand in (39) contains f, and f, only in the combination f2 + f7, so the
integral can be easily done in polar coordinates:

dX dw B L2 +oo
(dtud;)ml_ = SthatZ/ / A f WA (40)

We shall use now, as usual, the energy conservation law, in order to elim-
inate f’. So, we shall split the integral appearing in (40) in two parts; one of
them refers to the emission processes, the other one - to the absorption pro-
cesses. Later on, we use the delta-function properties of oscillatory factors like
(1 — cosQt) /92, in order to integrate over f'; in this way, the zero-order terms
in F disappear. After taking the derivative with respect to ¢, one obtains:

dy, dv 1 D?
(dtq + dtq>col - A Shw? ;/dl/ [(f2Wnn’F)1 + (fQW""'A)H} )

where:

I'=1vy (1 —Xg) N+ Xq (N +1)] — g [Xq’N+(1_Xq’)(N+1)]

(41)

A =y [(1_Xq)(N+1)+XqN]_¢q[Xq’ (N+1)+(1_Xq’)N]

and the indices I, respectively II means that for f’ and f, must be introduced
in those parentheses the solutions of the equations:

g —€g+hw=0, UI'=l+f, =0
respectively:
ey —€g—hw=0, I'=1—f,=0
Now, we can write the stationarity condition:

eF h 1 D?

“rrm X X S 42)

72



X [ W), + (W), ) =0

We can presume that the perturbed stationary distribution function can be
generated from the unperturbed one, through a small translation upon I:

consequently:

_ R -
¢q:x(n,l—l)—X(n,l):mllxq(l—xq).

This is why it is appropriate to propose the following form for 1, :

2
Py = leq (1- Xq) Cy,

where the coefficients C; are some functions of the quantum numbers. For Cy,
we obtain the following integral-differential equation:

1 D?
Py (1= X1+ i 2 [ Al ([P W Ny (1= 1) +

+ [/ W Nxg (1 = xg)],;, (I'Cy —1Cy) =0} (44)

For low temperatures (1" < ©) we can use, in order to solve this equation,
the method proposed by Bloch [10] for the case in which the fields are absent,
and conclude that, in a first approximation, C' = const satisfies the equation
(44). The main condition for the applicability of Bloch’s approach, namely that
I! — 1 ==+f, to be small for low temperatures, is fulfilled in our case too. But,
for high temperatures, our equation is much more difficult to solve than Bloch’s
one, as the dependence of n and n’ is very unclear. This is why here we shall
restrict ourselves to the case of low temperatures.

The value of the constant, which we shall denote again I, can be easily
obtained from eq. (44): we multiply the equation by [, we sum up upon n from
0 to oo, and we integrate upon [ from —oco to +o00. The result is:

5 1 D?.
—eF Y dl Pxq (1= Xg) + -5 51

I+ 1=
! i
-En Z /dldl (2 +— >(z —1)-

: {[f2Wnn'Xq' (1—Xq) N}[ + [fQWnn’Xq (1—xq) N] II} =0.

As the expression between accolades under the integral of the second term is
symmetric in the variables with and without the ”prime” symbol, the result of
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the summation and of the integration of the summand with the antisymmetric
factor (I’ +1) (I"’ — 1) /2 is zero, so the previous equation takes the form:

—eF Y [ O; dl Pxq (1= xg) = (45)

8W5w2122/d1dz' —1y°

. {[fQWnn’Xq’ (1 - Xq) N]] + [f2Wnn’Xq’ (1 - Xq')N]][}

The Lh.s. can be put in a simpler form after an integration by parts:

eFZ/dl Px,(1—xq) =

ka
= FZ/qul—élﬂ' %eFV
At the last transformation of the previous calculation we used the formula which
express the number of states Z,,dl with a certain quantum number n and with
the quantum number [ in an interval of length dl [7]:

1 mwo
h

But [ is, as we can immediately see from (43), the average wave number on
the direction of the two fields. For the current density, one easily obtains:

Zndl = —2I3dl.

Bl
S, = —ev—
m
and for the resistance:
_ E _ mF
= s,  ewhl

With the value of I obtained from eq. (45), one obtains:
D?  muwg
dldl’ (1
PU= 3073 sw2e? kT Z/
. { [f2Wnn/NXq/ (1 - Xq)][ + I:fQWnn’Xq (1 - Xq/) N] II} .

Introducing now f, and f’ as integration variables instead of | and I, and
using the identities:

g (1= x)]; = (N +1) (Xg — Xg)];

[xg (1— Xq’)]u =[(N+1)(xq — Xq’)]u )
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we obtain for the resistivity the formula:

D? mPfwy 1
-2 Mo 1 AF'dfs ' fof W N (N +1)- 46
= T gt 2 | AT AV NV (a0
1 1 1 1

+

cxp(X—%)—i—l oxp(X+%)+1 CXp(X’—%)—l—l cxp(X’—O—%)—Fl
where X, X has the meaning resulting from (20). The integration must be done
over the positive values of f’ and f,only.

We shall transform the r.h.s. of the expression (46) with exactly the same
methods used for the resistance in transversal field, eq. (24).

The integration over n and n' using the expressions (12) for W, gives,
evidently, the same result as in the case of a transverse field. This fact can be
easily proved through a direct calculation. The only difference shows up at the
azimuthal integration in the f’, f, plane; here, we have the integral:

/2
/ cos? 0 sin 0df
0
instead of
/2
/ sin® 040,
0

which compensate exactly the difference between the numerical factors in (46)
and (24).

In order to calculate the correction for small magnetic fields, we can take
directly our result (30”). However, now we have to multiply this expression by
1/ (2752) and integrate over ¢ from 0 to co. After a calculation very similar to
that already done for transversal field, we obtain:

D?  m?u? 1

Ap = kT)® I
pL 1673 ShowSe2v? 242 (KT)" I
and
A 1 hw?
el “2}0, (47)
p 16 Ej

In the limit of strong magnetic fields, we can also use the same approach,
familiar from the preceding section. The result is:

A 2 (1 1 kT I
B _ 1) {w.ﬁwo b .13/2}1

Is kKT 2muw? Iy

(1)

(0]



10 Discussion of the results

Our results are expressed by the formulas:

D? m?2 1 s e/T s
Pt= o3 SHTwb 212 (KT) /0 3 (€ —1) &, if hwy— 0 (*29)

Apt 1 h7w(2) 1 2\ 2 2[7 .
—_— = — [ (2 kT)" — fuw, kT *33
p 128 mu? B3 (2mw®)" + (RT)" 7| if o < (*33)
Apy Ig/o wo 1 KT I3)2 )
— =1.062¢ - — — — -1 hwy 2 E *37
P {15 KT~ 2muw? I » if hwo £ Bo (*37)
Apl 1 h2w8 .
P 16 Eg ) Zf 0 K ( 7)
Ap, mw? (lgjs hwy 1 KT I3/ .
—— =424— < L= — — = . -1 hwy 2 B *4
kT \ Is kT 2mw? Iy o of wo £ Bo (*48)

In the limit considered in (29), the resistance must be identical with that
obtained if we would solve the problem for H = 0, using Bloch’s method. How-
ever, our result is more complete than that of Bloch, as our formula (24) is valid
for T' ~ O too, so (29) can be considered as valid in this temperature range too.
Gruneisen [11] has shown that the formula (24) explains well the experimental
results in the range T ~ © too.

For small magnetic fields, our calculations give, both in the transversal and
longitudinal case, to a quadratic dependence of the resistance change, of the
magnetic field. However, it is difficult to compare the theoretical results with
the experimental ones, as the coefficient of the quadratic term, given by exper-
iment, is strongly dependant on the purity and processing of the sample; each
perturbation contribute with an extra change in resistance which, for symmetry
reasons, is also dependant of the square of the magnetic field, and these various
effect cannot be separated.

For very intense magnetic fields, our calculations show that, both in the
transversal an longitudinal case, the change of resistance depends linearly on
the magnetic field. The slope of the line, describing this dependence, in a
plot where Ap/p is represented as a function of H, is, according to Kapitsa,
practically independent of the material purity and processing. According to our
formula (37), the slope depends on the effective electron mass. So, the effective
mass can be obtained through a comparison with the experimental results. The
following table gives the ratio m/u for several metals:

Metal Cu Ag Mg Cd Al As Sb Bi
m/p 0.7 1.0 01 04 05 1.1-1072 83-107% 3.3-107*
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For the metals of the first three columns of the periodic system, one obtain,
as we can see, normal values. For bismuth, however, one obtains a very small
value for the effective mass, as a consequence of the strong field dependence
of the resistance change. A similar result has been obtained by Peierls [12],
by comparing his theory of diamagnetism at low temperatures and in strong
magnetic fields, with the measurements of de Haas and van Alphen; he obtained
for the effective magneton of the orbital movement of Bismuth electrons a value
of 0.5 - 10718 giving the value m/u = 1.8 - 1073; so, the agreement with the
value obtained from our calculation is only qualitative.

We cannot say much about the temperature dependence of the slope, as
no systematic investigations of this issue have been done. Kapitsa reported
measurement for three temperatures only, which are too far away from the
characteristic temperature, so temperatures for which our formula does not give
a simple temperature dependence. It seems, however, that the theoretical slope
increases when temperature decreases, slower than the experimental one.

The comparison between the theoretical predictions and the experimental
results for the other parameter of the linear law - giving the intersection of the
aforementioned line with the abscise axis - is more difficult than for the slope,
as this parameter, according to Kapitsa it depends strongly on the material
processing and purity. According to our calculation, the validity range of the
linear law starts for intensities of the magnetic fields which are high enough, to
have all the electrons in states with quantum number n = 0. The lower value of
the field satisfying this condition is given by:

1 (2mao\*? 1 (2eHN\Y?
272 I 272\ he -

Instead of comparing the intersection of the line with the H axis, it is convenient
to compare this critical field, in order to find the density number of electrons
(per cubic centimeter), v. With usual presumptions concerning the electron
density, one obtains for the critical intensity of the magnetic field a value of
the order 108 Gauss. The experiment shows that the linear law is valid, for
many metals, already for fields of about 10° Gauss. In such cases we must
consequently presume that the value of v is much smaller than if we presume
that the number of electrons equals the number of atoms per cubic centimeter.
For alkali metals, we are not forced to make such a presumption, as, according
to Kapitsa’s measurements, it is not clear that the linear law is valid, even for
highest values of the magnetic field.

Contrarily, for metals like Cadmium and Bismuth, the linear law is already
valid for fields of about 3-10* Gauss; we have to conclude that, in such cases, v
is much smaller as generally considered. For Bismuth, the same conclusion has
been also reached from other approaches: Peierls [12] obtains, from diamagnetic
properties, the value v = 2-10'6; Bellia [13], from the Hall constant, v = 1.2-10%;
and, recently, Eucken and Forster [14] obtain, from researches on electron free
path in Bismuth, values of v in the range 1.63-10'7 and 10.9-10'7. Our formula
(49) gives a value of v ~ 5 - 10'7. The agreement of results obtained through
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various approaches is clearly far from being exact, but we can however conclude
that the number of conduction electrons in Bismuth is significantly smaller that
the number of atoms.

Finally, I want to express my thanks to Professor Heisenberg for suggesting
me the theme of this work and for the continuous support given during its elab-
oration, as well as to Mr. Dr. Bloch, for numberless of interesting discussions
on the problems under study.
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summer of 1929, I have studied mathematics, physics and chemistry at the Uni-
versity of Bucharest. After a break of one year, when I served for my compulsory
military service, I started to study physics, mathematics and geophysics at the
University in Leipzig. Here I followed the courses and seminaries of the following
professors and lecturers: Heisenberg, Hund, v. d. Warden, Weickmann, Bloch,
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The transverse magnetoresistance in
high magnetic fields as a hopping
conduction problem

Alexandru Aldea and Ladislau Banyai

In most solid state transport problems one considers that the charge carriers
are (quasi-) free electrons weakly scattered by phonons or random potentials.
This picture covers successfully the description of conduction process presented
in standard textbooks. However, in the last two decades, there is an increas-
ing interest towards the properties of very low mobility materials, where other
approaches are needed. The new picture that emerged considers besides the mo-
bile, weakly scattered electrons, also electrons of low mobility, that are localized
and only due to some small perturbation (as for example a phonon absorption or
emission) may jump from site to site. This idea was forwarded by Kasuya and
Koide [1] in 1958 in the frame of the impurity conduction problem in semicon-
ductors and later developed by many other contributors. It was only recently
recognized [2], [3] that actually the ideas of this hopping conduction mechanism
were contained in an early paper by Titeica [4], in 1935, in a seemingly different
field.

Titeica was the first who attacked the quantum mechanical theory of mag-
netoresistance and described the transverse effect as due to the hopping of the
center of the cyclotronic motion. Titeica’s formula served Davydov and Pomer-
anchuk [5] to interpret the Shubnikov - de Haas oscillations in bismuth and is
still today the basic formula in the field, although many extensions, to more
complicated cases than that considered in the original paper, had been per-
formed. In the formal and conceptual improvement of the theory one should
mention the works of Kubo, Hasegawa, Hashitsume [6] and Adams, Holstein [7].

The aim of this paper is to give a modern presentation of Titeica’s theory
of transverse magnetoresistivity with some emphasis on its hopping transport
aspects. Actually, some aspects of the transverse magnetoresistance problem
are better understood today due to the progress realized in the understanding
of the general hopping problem.

The classical Boltzmann theory of electric conduction of weakly scattered
free electrons relies on the kinetic equation with electric and magnetic fields:

on—-  On—o h =
k X _
8t +ﬁ<ﬁ+mck Xﬁ) (1)
= > Wgpmg 0 -7g,) —Wepng, (1-7p)]
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. -
for the average occupation number 73 of a state of wave vector k. (The

— —
use of the wave vector k instead of the velocity @ = ik /m is convenient for
the connection with the quantum mechanical treatment.) The transition rates
satisfy the detailed balance rule:

e — &7,
Wop, = We,pexp (kT) (2)
where g5, = h?k?/2m is the (kinetic) energy of the free electron. The collisions
giving rise to the transition rates W, are due to some scatterers we shall not
specify.

In the absence of the external fields eq. (1) can be justified (although not
completely rigorously) on quantum mechanical grounds, in the thermodynamic
limit, for large times and small coupling to the scatterers. Then the transition
rates are given by the Golden Rule of quantum mechanics.

In what concerns the external fields, their introduction in the above men-
tioned way can be justified only if they are weak. Since here we are interested
only in effects that are linear in the electric field (Ohm’s law), this limitation is
important only with regard to the magnetic field. One will call these fields for
which eq. (1) is valid - classical fields.

Another complication occurs due to the fact that, actually, the electrons
themselves are sources of the fields and therefore the fields should be regarded
as self consistent. However, as it is written down, eq. (1) describes only situa-
tions of flow that are homogenous in space and, therefore, due to the supposed
fixed position positive compensating charge, the electric field coincides with the
external one, and if the average velocity of the electrons is not too big, the
magnetic field also can be identified with the external magnetic field.

One is interested in the stationary solutions of eq. (1) with d.c. fields, for
which one computes the average electric current density

%
- e _ hk
I =, ®3)
k

(Here © is the volume of the periodic box to which we restricted the system.
Of course, at the end the limit 2 — oo should be performed with the rule

%
o
If the scattering is elastic, than there is a relaxation time:

-1

(o) = (2 {Wm (1 - Z)] 4)

e

through which one can express the solution of eq. (1). Then, choosing the mag-
netic field along the Oz axis, one finds for the components of the conductivity
tensor:
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Bl
0 =" (r) )
Opz = Oys = Osg = 05y =0 (8)

where wy = % is the cyclotronic frequency,
1 _
=27
%

is the average density of electrons and the notation

has been introduced (f being the Fermi function).
For strong (classical) magnetic fields, keeping only the leading terms in the

expansion in powers of = one obtains:
TWo

ne2 1 /1 ()

Opp = Oyy =~ — 5 ( —

vy m wi \T

2

ne 1
Opy = —Opyg = — — 10
y= oy (10)

Although egs. (5) - (10) were obtained only for elastic scatterings, some of the
results may be shown to hold also for inelastic scattering. Namely, egs. (8) and
(10) and the independence of 0., on magnetic field are generally valid. On the
other hand, the high field limit of the transverse conductivity is modified to

1 (27)°% h2e?
= S [ [0 00 -1 () e
(11)
One may observe from egs. (5)-(11) that there is a fundamental difference
between the transverse and longitudinal conductivities. If the relaxation time
becomes infinite (no scattering) one gets o,, — oo while 05, — 0 and o,y —

ne? 1

T

81



The explanation resides in the character of the classical motion of a free charge
in crossed electric and magnetic fields, which is oscillatory in the direction of
the electric field and uniform in the direction perpendicular to both fields.

The longitudinal and transverse resistivity are defined by:

1
pI=7

zz

pL — UZZ
0%, + o2,
One may see that, if there is a constant relaxation time, then these resistiv-
ities are equal and independent of wy. Another peculiarity resulting from egs.
(10) and (11) is that

. o2 SR [ W f (e2) (1= £ (e)) (ke = 10)?
Pl = ST (

a formula which incidentally coincides with the Bloch approximation for the
resistivity in the absence of the magnetic field. Therefore one should not expect
strong magnetoresistive effects, when the Bloch approximation gives reasonable
results for wg = 0.

Now it is important to see exactly, how strong the magnetic field may [must]
be in order to keep the validity of the description of the conduction problem
through eq. (1). In the absence of an electric field one may observe that the
stationary (equilibrum) solution of eq. (1) is the Fermi function of free electrons.
Therefore the equilibrum itself has no knowledge of the magnetic field. This is
correct for the classical electron, but quantum mechanics tells different.

According to quantum mechanics, the stationary states (Landau states) of
an electron in a constant magnetic field (oriented along the Oz axis) are given
(in the gauge A = (0, Hz,0)) by:

exp (i (kyy + k.2
Ui, (7) = on (o — X) SR £ 1e2) (13)
/LyL.
where the center X of the oscillator functions ¢, is
Tk,
= —— 14
. (14)

The energy of such a stationary state

1

h2k?
En, Xk, = th <’I’L + > + =

2m

2
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depends only on the quantum numbers k., and n.

Therefore, the motion along the magnetic field is still a free motion, while
in the transverse plane is a relatively complicated one.

One expects that for hwy < kT, the thermal fluctuations will smear out
the quasi-discrete character of the spectrum and one may ignore the quantum
mechanical description. But for iy > kT, one must take into consideration the
quantization effects.

In the absence of an electric field, one would consider then the rate equation
for the average occupation number 7, of the Landau states v = (n, X, k,) :

on,
ot

== Woum, (1 =7ir) = Wyt (1= 1,)]
o

which is at least as well justified as the corresponding rate equation in the
absence of the magnetic field. The heart of the problem is the introduction of
the electric field, which is entirely different in the two cases, of longitudinal and
transversal electric field.

In the case of a longitudinal electric field E), Titeica [4] took into account
the fact that the motion along the magnetic field is still free and introduced the
electric drift term analogously to the classical case:

on, On,e

5 ok, 2B =- > Wous, (1 =7) = Wynny (1-1,)]  (15)

Again, the form of the drift term may be justified for weak Ej (in the linear
approximation) on the basis of the quantum mechanical Liouville equation.

The expression of the average longitudinal current density also is analogous
to eq. (3):

Jz = %Zﬁuh,r]:;

Equation (15) resembles eq. (1) but it has no relaxation-time type solu-
tion for the elastic scattering and special approximation methods should be
devised for its solution. Titeica applied Bloch’s approximation method to solve
this equation for scattering on acoustical phonons and computed the respec-
tive magnetoresistive effect for classical (fuwy < kT') and for (hwy > ep,kT).
He found for the classical fields a coincidence with the Bloch approximation of
the classical problem. No such connection with the classical description has yet
been proved for the exact solution in the case of an arbitrary scattering process.

The most difficult and most interesting problem, we shall insist on, is that
of a transverse electric field F . Since in the transverse plane (to the magnetic
field) the motion is not free, the transverse electric field cannot be introduced
in the above described way. One should not be confused by the plane wave
character of the wave function eq. (13) at least in the Oy direction, because it
is essential that the energy does not depend on k,.If one would ignore this and
would write down an equation like eq. (18) in the Oy direction, as one may
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convince himself,it would not have solutions that behave linearly with respect
to E for small fields. Therefore, a new mode of formulating the electric field
problem is necessary.

The first step, performed by Titeica [4], was to find the stationary so-
lutions of the Schroedinger equation in crossed magnetic and electric fields

(ﬁ =(0,0,H); ﬁ = (F1,0, O)) . He has found that they are just the ordinary

Landau functions eq. (13), with a shifted coordinate of the center of cyclotronic
motion:

o _hky _cEL
T mwy mwo
and a shifted energy
- 1 h%k?2 =
€n,)~(,kz = th <n—|— 2> + 2m +€EJ_X (16)
Than he wrote down the rate equation
O ™ Wopmiy (1 — i) — Wi (1 — 715)] (17)
It - ~ vv' by v’ v'vity v

for the average occupation number of these states (v = (n, X, k,)).
The exact steady state solution of eq. (17),due to the detailed balance
property

Wi = Wyrg exp (W) (18)
is the Fermi function f(ep) i.e. thermal equilibrium in the presence of the
electric field F|. The problem then arises, how to use this equation to describe
the required steady flow state and how to compute the current flow. These
problems are closely related.

Looking at eq. (16) one may observe that the shift of the energy due to
the electric field looks like the potential energy in the constant electric field
E, (along the Oz direction) of an electron put in the center of the cyclotronic
orbit. This is actually related to the fact that the wave function in the OX
direction is localized around X. Therefore, along this direction we are more
closely to a coordinate description than to a velocity description (that would
correspond to plane waves). Titeica’s idea was to assimilate the whole charge
transport problem in strong magnetic films, along the OX axis as given only
by the migration of the center of the cyclotronic orbit. This seems to be a
reasonable approximation for strong enough magnetic fields, for which, roughly
speaking, the period of cyclotronic motion is smaller than the collision time
(woT > 1), or what amounts to the same, the radius of the cyclotronic orbit is
smaller than the collision distance. In this case, the coordinate of the electron
coincides ”effectively” with the coordinate of the cyclotronic motion.
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With this assumption, one writes down the average electron charge density
(supposed to depend only on z) as

p(x)zeZﬁyé(a:—X) (19)

and the average flow of the electric charge through a plane transversal to the
OX direction, having the coordinate x, as:

@) = e; o (x B X) 0 (X/ - x) Wopnig (1 —gr ) — Waphg (1 — 1y

(20)

Now the problem becomes a typical hopping transport problem in one di-
mension (with the extra quantum numbers n, k.) (See ref. [9] for a detailed
discussion of the hopping problem.)

In such a hopping system one has to take into account that actually for
each given configuration described by p (x) it corresponds a given self-consistent
electric field determined by the (one-dimensional) Poisson equation and this is
the field that has to figure in eq. (17) instead of the homogenous external field.
This self-consistent picture, as we have mentioned earlier, can be avoided only
in the stationary flow state. On the other hand, one cannot obtain a stationary
flow with localized electrons without introducing external sources (applied to
the ends) in the rate eq. (17) (no cyclic boundary conditions being available).

Let us suppose, that by introducing such external sources to the ends, i.e.
modifying only the rate equation with X close to the ends of the sample, one
has obtained such a steady flow state. In this steady flow state, the electron
charge density should be the same as in the absence of the electric field (which
was completely compensated by the fixed positive charge of the ions) and con-
sequently the self-consistent electric field coincides coincides with the constant
external electric field E;. Then one may compute the average current of eq.
(20) putting ny = f(¢,) (e, - without electric field!) and keeping the electric
field dependence up to terms of first order in E| in the transition rates one has:

o (@) sza(xf X)o (X ) Wour b, (1= ) (X = X') (21)

Since the flow is constant along the sample, one may compute instead:

. 1 e
ix = Lllgloo fm/o dz j, (x) (22)
that gives:
o (a) = S > Wawrfo (1= fo) (X = X (23)
]l‘ x 2L kT l/l/ v

85



From this relation one has immediately for the transverse conductivity

Onw = %TL wafy (1—f) (X - X" (24)

which is Titeica’s basic results.

Now one has still to verify whether the modification of the rate equation
(17) only at the ends is sufficient to produce the requested solution. One may
easily verify that f(e,) is the stationary solution of eq. (17) (in the linear
approximation with respect to the electrical field) if and only if the condition

ZWuu’fu(lffu’)(XquV/):o (25)
v,v!
is satisfied. Now, it can be shown that the transition rates given by the electron-
phonon interaction are decreasing, even functions of (X, — X,/). Therefore,
for any X, sufficiently far from the end condition (25) is well satisfied. This
reasoning justifies the way we obtained eq. (24).
Let us look now to the weak magnetic field limit of the quantum mechanical
formula, eq. (24).(This limit is not meaningless, since one may have

1 kT
- <L w KL —
T h

and there should be be an overlap with the validity of the classical theory).
Replacing X through k, by using its definition eq. (14) one has

1 e2n? 1 2
= S5 T 5 E vv' Jv 1- v’ — kK,
wa 2m2kT L, —~ W fu ( 1) <ky ky)

This expression can be put under the form

—lezl/wdt =5t { [k,, V] “ LAt (hy, V) .y
Ter =T 2 om2kT 0 fy “° v VISP Ty v VISP Ty
(26)

where the brackets (...) indicate an average over the equilibrium density matrix
(of the second quantization formalism) of the Landau problem described by the
hamiltonian H. The operator V' is the electron-phonon interaction hamiltonian.
Under this form it is easy to perform the wy — 0 limit by replacing H with the
hamiltonian of free electrons. Inserting this complete system of free electron
states one arrives at (in the infinite volume limit):

amwzgggloioezig}) é/dk/dkw K k’)f( )( f(a?))(ky_

(27)
which coincides with the strong magnetic field limit eq. (11) of the classical
theory. This is a nice check of Titeica’s formula.
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In what concerns the non-diagonal conductivity o, Titeica’s observation
was that the average velocity along the Oy direction in a state ¢y is:

_ H E
Oy = [ 705 (3 T} =52

mwo

Therefore, like in the classical theory, for weak scattering (wo7 > 1), one has

1 ne?
oy = ~Oyz = -7 - (28)
Twenty years after Titeica’ paper, the transverse magnetoresistance problem
was reanalyzed by several authors within the frame of the linear response theory
for the quantum mechanical density matrix. Kubo, Hasegawa and Hashitsume
[6] started from the Kubo formula [8] for the conductivity expressed through
the quantum mechanical correlator of the velocities

2 poo B
Oy = %/ dte*St/ d\ {(z' (—ihA) 2’ (1)), s — +0 (29)
0 0

These authors assume, that the coordinate of the relative motion £ = © — X
may be considered bounded (in an effective sense in strong magnetic fields) and
that there are no correlations at infinite times. Then formula (29) reduces to
the correlator of the cyclotronic motion velocities:

2 oo B
ammzziit/a dte‘“t/w AN (X (—ihA) X' (1)), s — 40 (30)
0 0
Taking into account that the cyclotronic coordinate commutes with the unper-
turbed hamiltonian (the interaction being the electron - scatterer interaction
V') one has again a typical hopping problem, where the time derivative of the
coordinate is nonvanishing only due to the perturbation:

ie

X' =S [V,X]=

ih mwo [V’ ky} (31)
Therefore, in the lowest order approximation with respect to V, one finds again
eq. (26), which is just Titeica’s result.

This theory, although enlightening, is still far from rigour. No explicit proof
of the "boundedness” of the relative coordinate has been given and the straight-
forward applicability of perturbation theory to eq. (30) is not at all evident.
A more careful analysis of this latter problem reveals [9] that eq. (25) is again
the necessary condition to be satisfied. If this condition wold not be satisfied
(for any X in the Q@ — oo limit), then in each even order of the perturbation
series (excepting the lowest) there would appear diverging terms, showing the
inapplicability of simple perturbation theory.

A contribution to the clarification of the importance of the neglected corre-
lations (containing the relative coordinate) is the paper of Adams and Holstein
[7]. These authors have computed all the contributions of order V2 of the
linear response theory and found none others than those retained in ref. [6].

87



They have performed also an extensive computation of both the longitudinal
and transverse resistivities in several ranges of the magnetic field, for different
scattering mechanisms.

Here we must remark that, as it stands, formula (24) cannot be applied to
elastic scattering, giving a divergent answer. The reason is again to be found in
the inadequacy of the perturbational treatment.

We may conclude, that these developments actually have not succeeded to
replace the basic assumption of Titeica, about the description of the charge
transport as the cyclotronic center migration, by a first principle derivation;
but they have increased the confidence in the correctness of the picture.

As we have seen, for the transverse magnetoresistance Titeica’s theory pro-
vides a simple formula, while for the longitudinal one there remains the difficult
problem of solving a complicated rate equation. This is one of the reasons
why transverse magnetoresistance is considered more interesting, being more
accessible for unbiased comparison between theory and experiment.

The field and temperature dependences given in low (fwg < kT) or very
high (fuwwg > kT) magnetic fields given by Titeica’s formula eq. (24) are strongly
dependent on the type of the scattering mechanism and therefore less significant.
However, in the intermediary region, the formula exhibits for low temperatures
(degenerate statistics) [5] a very important oscillatory effect - the Shubnikov -
de Haas effect, giving rise to maxima of p; for the values of the magnetic field
satisfying

1
Erp = <n—|—2> hwy, n=20,1,2,...

This is independent of the nature of the scattering mechanism and is well con-
firmed by experimental data.

Among other interesting phenomena explained with the help of eq. (24)
one should mention also the so-called magneto-plasmonic oscillations [10], that
occur at arbitrary temperature in the case of scattering by optical phonons.
Here the maxima occur whenever the optical phonon frequency coincides with
a multiple of wq, giving rise to a one-dimensional elastic scattering term in eq.
(24).
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